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ARTICLE INFO ABSTRACT

Keywords: In evaluating competency-based education, effective test instruments must address real-life complexities. The

Competency-based education impact of subject-specific, linguistic, and contextual task features, alongside central personal characteristics, on

?sses.sment the empirical challenge of such tasks is unclear. We developed mathematics tasks from 30 real-world contexts,
est items

each with three questions of varying complexity, administered through a systematically rotated experimental
design to 535 German grades 9 and 10 students. Various student variables were collected. Generalized linear
mixed models revealed that contextual and mathematical task features significantly contributed to task difficulty
variance. Language features had no intermediate-level influence, while students' mathematical self-efficacy
moderated low task context familiarity's impact. These findings guide the construction of reality-based mathe-
matics tasks to tailor empirical difficulty.

Educational relevance: In the context of worldwide competence-orientated education, it is crucial to reform in-
class and national tests. Traditional task formats are limited in representing authentic problems. In most
school subjects, a lack of understanding exists in designing reality-based competence-oriented tasks that ensure
fair test conditions and meet the subjects' normative demands. This study addresses this gap by empirically
investigating the interplay of subject-related, linguistic, and contextual aspects of reality-based tasks in mathe-
matics. Teachers and researchers can use these insights to improve competence-oriented performance situations,
sparking further questions. These findings encourage similar studies across subjects for broader applicability.

Mathematical competence
Language competence

1. Introduction relevance (Verschaffel et al., 2000), a need for reform in task culture

arises (Stein et al., 1996). Therefore, research on reality-based tasks,

Preparing students for real-world challenges is a fundamental goal in
education (Stacey, 2015). Consequently, many countries' school edu-
cation reforms in the last millennium have emphasized stronger
competence orientation based on educational standards (e.g., Klieme
et al., 2004; National Council of Teachers of Mathematics, 2000).
Competence-oriented education imparts subject knowledge and equips
students with skills to use this knowledge in authentic situations,
fostering their participation as responsible citizens in society (Niss,
2003; Stacey, 2015; Weinert, 2001). In mathematics teaching, with
traditionally features tasks with minimal context and limited real-world
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which have a serious contextual embedding and real-life relevance
(Boaler, 2001; Den Heuvel-Panhuizen, 2003), has gained increased
attention.

Consequently, the reform efforts of school tasks that had already
begun (Stein et al., 1996) and related research activities have signifi-
cantly intensified, for example, in the field of mathematics (Verschaffel
etal., 2020; Vos, 2018). However, the findings concerning reality-based
tasks are primarily limited to the learning situation, with minimal
application to performance. Both in school examination formats (Driike-
Noe & Kiihn, 2017; Scheja, 2017; Vos, 2013) and in international large-
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scale assessments with competence-oriented frameworks (Mullis &
Martin, 2017; OECD, 2019), primarily less complex, context-neutral,
and highly linguistically reduced reality-based tasks are used owing to
various framework conditions, including test duration, psychometric
test fairness, or educational policy acceptance (Tout & Spithill, 2015).

Accordingly, despite the initially differentiated approaches with
relatively few complex tasks (contexts) (Ferrara et al., 2011; Vondrova
et al., 2019), our knowledge about reality-based tasks is still limited,
particularly regarding how heterogeneous student groups are affected
by various task dimensions. A knowledge gap exists concerning the
interaction of reality-based task variables that have empirically been
demonstrated to be significant for the solution processes (mathematical,
linguistic, and contextual features), and student characteristics (math-
ematical, linguistic, and contextual knowledge; mathematical self-
efficacy; and socioeconomic status). Therefore, we aim to experimen-
tally examine systematically controlled mathematical reality-based task
characteristics in their interaction with student characteristics. This will
provide the necessary diagnostic and supportive insights into reality-
based application tasks in mathematics and further (replicative)
research approaches for other subjects. This is because the lack of
knowledge about the differentiated descriptive difficulties in realistic
tasks is a desideratum that exists in many school subjects (El Masri et al.,
2017).

2. Theoretical background

Following the objective of preparing students for real life, it is crucial
in the school context to address the phenomena that can be encountered
in the real world (Gravemeijer et al., 2017). In this framework, the
school's situation of confronting the real-world problem is authentic to a
limited extent. Hence, to address relevant aspects of a real-life topic, the
problems considered must not be mere brief descriptions of the situation
clothed in real facts (Niss et al., 2007). Rather, the aim is to address
questions relevant to real-world contexts through the application of
mathematical models. The processing of these problems, referred to as
reality-based tasks below, involves numerous cognitive proc-
esses—differing from classic internal mathematical tasks. The term
“modeling cycle” is established to represent such solution processes
(Depaepe et al., 2015). While nuances in modeling cycles may exist
among subjects and within the mathematical discipline (Komor et al.,
2021; Perrenet & Zwaneveld, 2012; Verschaffel et al., 2000), the
expanded model in Fig. 1 (based on Blum and Leiss (2007) incorporates
elements proven empirically relevant. According to Giere (1999), this is
a representational conception of a model, accordingly representing an
idealized description of mathematical solution processes of reality-based
tasks. This is influenced by a complex interplay of personal and task-
related factors, described in detail in Section 2.1 (central influencing
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points in italics).

(1) By successfully reading the task (personal: language competence),
students recognize the textually transmitted (task: number of characters
and linguistic complexity) real-world situation the task is embedded in.
Against the background of contextually relevant experiences (personal:
socioeconomic status and contextual prior knowledge/task: familiarity of the
context), students form a situation model as an individual mental rep-
resentation of the task consisting of an understanding of the context and
the relevant question. (2) They then need to identify the relevant in-
formation from the text for a successful solution of the mathematical
task (personal: language competence/task: total number of data). This re-
quires the initially more complex situation model to be reduced to the
so-called real model, containing only the relevant factors. (3) Depending
on the complexity of the question (task: cognitive level and number of
procedures), this real model is transferred into a mathematical model (e.
g., a linear equation) of a specific mathematical subject area (personal:
intra-mathematical competence/task: curricular position). (4) Based on
this, an intra-mathematical solution to the problem is generated using
mathematical procedures (personal: intra-mathematical competence),
which may require a longer process of mathematical processing (per-
sonal: mathematical self-efficacy/task: cognitive level and number of pro-
cedures). (5) This intra-mathematical result must be interpreted
regarding the received lifeworld context (personal: intra-mathematical
competence and contextual prior knowledge). (6) Finally, the plausibility,
appropriateness, and correctness of the result must be evaluated at
various process stations, for example, based on lifeworld considerations
(personal: socioeconomic status and contextual prior knowledge/task: fa-
miliarity of the context) or mathematical control strategies (personal:
intra-mathematical competence). It is important to bear in mind that these
six stages do not have to be passed through linearly and that all process
activities are not only determined by cognitive factors but are also
influenced by motivational factors (task: interestingness of the context).

Tasks requiring these six stages to be solved show a high degree of
difficulty for students (Daroczy et al., 2015; De Bock et al., 2003). In
their overview of the current state of research on reality-based tasks,
Verschaffel et al. (2020) show that students are only rarely confronted
with complex real-world situations, even in competence-oriented
mathematics classes, and that research activities in this area often
focus on the classroom learning situation with such tasks. Consequently,
there are few empirical studies on the complex interplay of solution-
relevant factors in competence-oriented performance situations with
reality-based tasks. We present the central findings from these studies
below.

2.1. Student characteristics

Various student characteristics influence mathematical performance
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Fig. 1. Expanded modeling cycle of reality-based tasks.
(Based on Blum and Leiss (2007)).
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in reality-based tasks, such as intra-mathematical competence
(Berkowitz & Stern, 2018; Fuchs et al., 2006; Pongsakdi et al., 2020),
language competence (Boonen et al., 2016; Peng et al., 2020; Prediger
et al., 2018), cultural and socioeconomic background (Lubienski, 2000;
Piel & Schuchart, 2014; Werning et al., 2008), mathematical self-
efficacy (Pajares & Graham, 1999; Schunk & Pajares, 2009; Williams
& Williams, 2010), and contextual prior knowledge (Arleback &
Bergsten, 2013; Stillman, 2000; Thevenot, 2017). However, it is largely
unclear to what extent these student characteristics in connection with
specific characteristics of reality-based tasks influence the probability of
students solving such tasks. More extensive findings are available at
least on these specific task characteristics. The limitation here, however,
is that their interaction has not been adequately studied thus far, with
these characteristics considered instead in isolation, so that individual
findings are available on the following three task characteristics in
particular: 1) mathematical, 2) linguistic, and 3) contextual.

2.1.1. Mathematical variables

Studies have investigated the various difficulty features of (reality-
based) mathematics tasks. Among the most established constructs in the
analysis of mathematical test items is the distinction of different cognitive
levels in successful item completion. For instance, as one example of the
over 20 existing revisions (Marzano & Kendall, 2006) of the so-called
Bloom's taxonomy (Bloom et al., 1956), Anderson and Krathwohl
(2001) as well as the National Assessment Governing Board (2022)
distinguish three levels of complexity (low, moderate, and high), which
describe the different mathematical activities: (1) recall, (2) compre-
hension, and (3) application. Particularly regarding the consideration of
reality-based tasks, it is crucial to indicate that this distinction, suc-
cessfully employed in various studies, refers exclusively to the (intra)
mathematical activities, that is, in the modeling cycle; in particular, to
the fourth and partly the third step. Accordingly, it can be assumed for
such complex reality-based tasks that difficulty is enhanced with an
increase in the cognitive level of the mathematical activities (Embretson
& Daniel, 2008).

In addition to the type of cognitive process, the degree of cognitive
load is an important factor. It increases with the number of procedures to
be performed and the amount of numbers to be processed. In Cognitive
Load Theory (Sweller, 2010), the limitation of working memory is
central (Zheng & Gardner, 2019). As each additional procedure is
typically associated with the processing of additional data, these two
task characteristics are highly correlated (Raghubar et al., 2010) and can
be considered one element. Owing to the reduced situation descriptions
in traditional mathematics tasks, the so-called extraneous load, caused
by superfluous and possibly distracting data, is often minimized
(Nurjanah & Retnowati, 2018). Realistic and authentic problem situa-
tions, however, are characterized by complexity and typically entail
irrelevant information, so although the students' interest in the context
could increase (Hidi & Harackiewicz, 2000), the external load is also
likely to increase, with an empirically ambiguous result for the task's
probability of solution. Accordingly, in realistic tasks it can be assumed
that the total number of data in the context and the amount of numerical
data to be identified for answering the question influence the difficulty of
data selection and thus also the correct completion of the task (Voyer,
2011).

Moreover, the subject area within which the operations are located
plays an important role. Each mathematical topic has specific re-
quirements related not only to its complexity but also to typical learner
misconceptions (Russell et al., 2009); therefore, this should be consid-
ered when analyzing task difficulty (Turner et al., 2015). Empirical
studies show, however, that it is not the major mathematical top-
ics—geometry, probability, numbers, or algebra—that are associated
with different levels of difficulty (Kim-O, 2011). Rather, it is the
curricular position and thus the intensity of previous engagement with a
topic that explains the difficulty of the related mathematics tasks. The
empirical difficulty is affected by how long ago the topic addressed in
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the task was introduced or how intensively it is repeatedly addressed
within a spiral curriculum. For example, Pollitt et al. (2007) indicated
that the different curricular locations of a test requirement in different
subject groups had a considerable influence on the solution rate (59 %
vs. 79 %) in the different test groups.

Within the framework of national educational standards or large-
scale assessments, typically, a single criterion (e.g., the cognitive level
in TIMSS 2023 (Mullis et al., 2021)) or a more summary criterion (e.g.,
the combination of cognitive level and cognitive load in the German
educational standards (Blum et al., 2016)) is used to describe the general
task difficulty. Even if research projects sometimes differentiate between
these characteristics (Ferrara et al., 2011; Pongsakdi et al., 2020), the
number of such studies is still relatively small and the variance expla-
nation of task difficulty remains unsatisfactory. Accordingly, El Masri
et al. (2017, p. 61) conclude that previous research can only explain
20-23 % of the variance and that research is still needed to improve
methods of predicting item difficulty.

2.1.2. Linguistic requirements

Forming a situation model, which is an individual's mental repre-
sentation of the described situation is crucial in solving mathematical
tasks (Leiss et al., 2019). Words, sentence structures, and text features
are the central sources from which the building of students' mental
models takes its starting point. Therefore, the linguistic requirements of
a task can be assumed to play a central role in task difficulty. It is well
understood for general text comprehension that linguistic characteris-
tics can cause difficulty; however, the exact effects in subject-specific
task contexts are still relatively unclear. Neri and Retelsdorf (2022)
examined 40 studies on the influence of different word-, sentence-, and
text-level variables on science and mathematics task performance and
showed that language characteristics usually associated with difficulty
generation (e.g., word frequency, sentence complexity) only inconsis-
tently caused empirical task difficulty. Other studies that investigated
linguistic simplification of mathematical text tasks failed to find an
impact on the solution rate, whether in primary (Haag et al., 2015) or in
secondary school (Walkington et al., 2019).

A significant limitation of most large-scale tests and related studies is
the construction of a non-biased test, particularly regarding the lan-
guage competencies of non-native speakers (Abedi, 2011). Thus,
mathematical task texts are generally short (number of characters) and
lexically and syntactically simple (linguistic complexity) (Osterholm &
Bergqvist, 2012). For example, the texts of sample mathematics tasks in
studies such as those based on the PISA 2012 (OECD, 2012) or TIMSS
2019 (Mullis & Martin, 2017) had an average length of only 318 and 235
characters and a readability index (LIX; Bjornsson, 1968) of 26 and 18,
respectively, appropriate for grades 5 and 3. They were thus far below
the average linguistic level that can be assumed for the tested regular
students.

In contrast to the task level, relatively stable empirical findings
regarding the influence of language-related personal characteristics
exist. High correlations have repeatedly been found between learners'
general language competencies and their ability to solve mathematical
tasks (Ding & Homer, 2020). However, the extent to which students'
general language competencies moderate the linguistic demands of
mathematics tasks is largely unclear (Shaftel et al., 2006) and initial
studies show that math-specific language skills in particular also need to
be considered (Vanluydt et al., 2021). More targeted research into the
interaction effects between students' (content-specific) language com-
petences and mathematical test tasks' linguistic features is therefore
warranted (Neri & Retelsdorf, 2022).

2.1.3. Context variables

“The real world is a complex and messy place, thus real-world task
contexts should reflect this reality and the embeddedness of the task
should [...] be at least wrapper where task solvers must consider the
context” is a conclusion of Brown (2019, p. 76), who analyzed the
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contexts of reality-based tasks in mathematics education, in final ex-
aminations and large- scale assessment, based on a literature review.
According to Smith and Morgan (2016), three central aspects can be
identified as intentions for this contextualization of mathematics tasks in
mathematics didactic research: the meaning of mathematics in the real
world should be recognized, students should be able to engage with
(mathematical) aspects of the real world, and the context should help in
learning mathematics. Concerning the first two points, there is already a
longer tradition in mathematics didactics research of addressing the
(normative) question of what kind of reference to the real world is used
or should be used (De Lange, 1996; Garrett et al., 2016; Palm, 2008;
Stillman, 1998).

However, empirical findings regarding the performance-related in-
fluence of contexts are less clear. While continuous exposure to real-
world contexts in mathematics seems to have a positive effect on the
image of mathematics in the real world (Gijsbers et al., 2020) and also
on general performance (Vos, 2020), there is still a clear lack of research
on the specific influence of a concrete task context on the individual
solution rate. Julie (2007) and Schukajlow et al. (2012) were able to
show that students evaluate the interestingness of contexts of reality-
based tasks or different task types differently. Accordingly, it must be
assumed that the interestingness of a task context (De Bock et al., 2003;
Graham et al., 2008; Pulkkinen et al., 2022; Renninger et al., 2002;
Scheidemann et al., 2022) as well as familiarity of the task context
(Albarracin et al., 2022; Walkington et al., 2015) has an influence on the
probability of solving a mathematics task. The extent to which these
characteristics interact with other difficulty-generating factors to
explain additional task difficulty is largely unclear.

Furthermore, there are no empirical findings on whether the po-
tential influence of interestingness and familiarity of the task context is
moderated by specific personal characteristics and if so, to what extent.
However, regarding the significance of external life circumstances and
internal psychological factors for interest formation, it can be assumed
that socioeconomic background (Cooper & Dunne, 1999; Halim et al.,
2021), mathematical self-efficacy (Bong et al., 2015; Talsma et al., 2018),
and contextual prior knowledge (Ainley et al., 2002; Stillman, 2000;
Thevenot, 2017) are possible influencing factors for dealing with more
or less interesting and familiar contexts.

2.2. Research questions

Based on this background, the following research questions were
formulated:

1) To what extent can the empirical difficulty of reality-based tasks
be influenced by systematic variations in mathematical characteristics?

2) To what extent can (a) linguistic aspects and (b) real-world
context-related aspects of the task explain additional variance in
empirical difficulty?

3) To what extent do student characteristics moderate the influ-
ence of different task characteristics on empirical difficulty?

3. Methods
3.1. Redlity-based tasks

To address the research questions, mathematical tasks with reference
to reality were specifically designed. They covered a broad spectrum of
mathematical complexity and fulfilled certain requirements regarding
contextual and linguistic features. Only content-related characteristics
in the areas of math, language and task context were investigated.
Structural aspects such as answer formats (Katz et al., 2000), item po-
sitions (Le, 2007), and test environment (Drijvers, 2018) remained
constant.

3.1.1. Task contexts and linguistic characteristics
A lengthy expository text presented the context for each task based
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on authentically situated problems. Compared with large-scale assess-
ments, this should target mathematical literacy much more closely.
First, expository texts about real-world topics were written to include
data and functional connections, but no (mathematical) questions
(Fig. 2).

Thirty contexts (CO1 through C30) were created covering a wide
variety of topics, including wind power, Netflix series, hibernation,
postal charges, jewelry production, moving walkways at airports, den-
tists, and YouTube. All tasks contained in the sense of Elia and Philippou
(2004) one or two representational graphics, which, however, did not
contain any information beyond the text and were therefore not inten-
ded to represent an influencing variable, but merely had a comparable
illustrative and motivating function for all tasks (Dewolf et al., 2014).
The extent to which a task was considered interesting for the pupils was
recorded using the mean value of a pupil survey. For this purpose, all 30
contexts were assessed by at least 150 students (mean [M] = 240,
standard deviation [SD] = 58, min = 152, max = 308) regarding the
interestingness of the context (C7)4 on a 4-point Likert scale (1: not
interesting, 2: slightly interesting, 3: somewhat interesting, 4: very
interesting) (M = 2.2, SD = 0.97). The context-specific mean of this
survey measured the interestingness of the context. For the assessment of
the more abstract level of familiarity, all task contexts were rated by two
coders on a 4-point scale (1: no personal reference, 2: potentially per-
sonal reference, 3: personal environment, 4: personal reference)
regarding the familiarity of contexts (Cg) for students (M = 2.6, SD = 1.2).
Accordingly, interestingness and familiarity with the context are two
aggregated values and not individual assessments.

Compared to the various contexts addressed in the texts, the lin-
guistic features between the 30 contexts were largely consistent: all texts
were in a length range (Ls) with a mean of 2090 characters (SD = 236,
min = 1591, max = 2737) and a similar level of linguistic complexity (L¢)
from the LIX interval [40, 60] (M = 51.8, SD = 4.3, min = 42.1, max. =
59.0). Thus, they presented an age-appropriate reading challenge
(Anderson, 1983).

3.1.2. Mathematical task characteristics

Questions (subsequently referred to as items) were developed only
after the 30 contexts had been created. All require a mathematical
analysis of contextual situations using secondary school mathematical
tools and models from the field of functional relationships (the combi-
nation of a context and an item is referred to as a task see Fig. 3).

For each context, three differently challenging items were formu-
lated at general task complexity (GTC) levels 1, 2, and 3, so that a total of
90 tasks (30 contexts x 3 items at three GTC levels) were available. The
formulated items should, on the one hand, represent authentic questions
about the context described and, on the other hand—and this can be
seen as a limitation in terms of authenticity for some tasks—include
subject-specific varied elements to answer the first research question.
The items were assigned to the GTC levels based on the following four
mathematical characteristics (Maj_4).

3.1.2.1. Number of procedures (Ma;). The minimum number of arith-
metic operations required was counted. An arithmetic operation de-
scribes the mathematical connection between two numerical data,
resulting in a new data element. Simultaneously, this captures the
amount of data needed from the context. For the constructed tasks, this
characteristic covers the interval [1, 9] with an M of 2.68 and an SD of
1.67.

3.1.2.2. Curricular position (Mag). Curricular position plays a major
role in when and how intensively a mathematical topic has been dealt

4 The different mathematical (M;_4), linguistic (Ls_g), and contextual (C7_g)
characteristics of the tasks as well as the different personal variables (Pg_3) are
labeled by capital letters with index.
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Varroa Mites

Most bee colonies suffer from a type of mite known as Varroa, which is a parasite. It multiplies
extremely fast in a hive and damages the larvae of the bees. Even if there are on average only 50
female mites in the hive at the beginning of spring, by late summer there are

already more than 2,500 mites. The mites have a special reproduction cycle

that lasts only 12 days. At the beginning of spring, the first cycle of © ' 7@
reproduction begins when the 50 female mites attach themselves to nurse bees.

These are special bees that are responsible for feeding the bee larvae in their

cells. As soon as a nurse bee feeds a larva in a cell, the mite secretly goes with

it into the bee larva's cell. The mite remains there even when the bee with a wax

cap closes the cell. The female mite now begins to lay eggs in the cell, from which initially only
male mites hatch after about 70 hours. More eggs hatch 30 hours later, all of which are female.
Next, 150 hours after hatching, these female mites are sexually mature, whereupon the male mites
mate with them in the cell. When the nurse bees open the cell lids two days later, the cleaning bees
remove all the male and most female mites. However, a total of 3 mated female mites survive per
infested cell, leting the first reproductive cycle. Now, these 3 female mites can be transported
by nurse bees to the next cells, where the reproduction cycle starts all over again.

The end of the taxi

Tarik is a political science student who earns his living by
driving a taxi. Customers have to pay a basic fee of €3.50 for
a ride in his taxi, to which a fixed price per kilometer is |
added. Until a few years ago, Tarik was able to make a good — s 4
living from his work, earning up to €1,000 on a good >\
weekend. For some time now, however, he has been losing

s to port services such as Ubar,
which means that on many weekends he can no longer even
book a turnover of €300. With Ubar, customers have the
option of booking their journey via an app, whereby no basic fee is charged for the journey. Tarik
now has to work more than before because of Ubar, which is why he is no longer progressing as
quickly with his studies. He will soon have passed his intermediate exams and may no longer be
able to finance his further studies by driving a taxi. While there is no shortage of passengers overall,
many customers now prefer Ubar. Tarik is annoyed because the price per kilometer is even cheaper
with him than with Ubar. For a ride in his taxi, you only pay €2.45 per kilometer, whereas with
Ubar you have to pay €2.80 per kilometer.

y =

Geothermal energy

Huge amounts of heat are stored inside the earth, which can be

used for heating, for example. So-called geothermal systems are

installed for this purpose, which utilize the following facts: Ata

depth of 10 meters, the earth has a constant temperature all year

round, which in Central Europe is 11 °C. From this depth, the

temperature increases constantly, rising by 1 °C every 30 meters. '

The geothermal system works via a pipe system for which a /

vertical hole is drilled into the ground. A fluid circulates in the .j

pipes, which is heated by the geothermal energy at the lowest

point in the borehole. The heated fluid is then pumped back upwards, where it is channelled through
pipes into the building. Once the fluid has released its heat into the building, it flows back into the
warm borehole in the geothermal system circuit. The depth of such a borehole can vary greatly, so
that it can be between 70 and 310 meters for normal residential buildings. While rocky ground, for
example, makes deep drilling difficult, sandy ground makes it easier. This type of energy
generation is advantageous because it only requires space for a relatively small hole in the garden.
In addition, the heat inside the earth is almost inexhaustible, which is why geothermal energy is a
renewable heat source. It is thereft inabl. pared to heating oil or natural gas, making it
an environmentally friendly alternative. The high cost of building such a geothermal heating system
should not be a deterrent, which is why the state subsidizes geothermal heating with financial
grants.

The house of money

In the series "House of Money", 8 criminals are

preparing a major burglary in which they want to ompoo nEomi

rob the banknote printing works in Spain. il il Gl ST fillf

However, they are not after the money in the bank DO - |

vault, so the robbery is a little special. Instead, the

criminals want to get into the bank's printing

works to print money themselves. They want to produce a total of 2,400,000,000 euros with which

to make their getaway. The criminals want to limit themselves to producing 50 euro bills, as these

are not as conspicuous when paying as larger bills. However, production is relatively complex, as
special banknote paper and ink are required. In this way, 7,500 sheets of

')' money paper can be printed in one hour, which requires 10 kilos of
special ink. Each of these sheets of paper has space for 8 rows, each with
« 5 columns of 50 euro bills, which are then cut into individual 50 euro

bills by a machine. Each 50 euro bill has a length of 140 mm and a width
of 77 mm, resulting in a weight of 0.92 g per 50 euro bill. Of these 50 euro bills, 10,000 are always
packed together in a transparent plastic bag to make transportation easier. The criminals escape
from the banknote printing plant at the end of the series, capturing a large quantity of these plastic
bags, each worth 500,000 euros.

Fig. 2. Four examples of task contexts.

with. The mathematical contents addressed in the tasks were therefore
evaluated regarding their curricular position as follows: Level 1, con-
tents of the 5th/6th grade; Level 2, contents of the 7th/8th grade; Level
3, contents of the 9th/10th grade.

3.1.2.3. Difficulty of data selection (Mag). To mimic the central features
of complex real-world problems, all tasks contained more numerical
data (M = 8.09, SD = 2.05) than were necessary to answer the items (M
= 3.17, SD = 1.32). To model the task-specific difficulty of data selec-
tion, we linked these two values—Number of all data (D) and Number of
solution-relevant data (d)—with a hypergeometric distribution.
Assuming a correct number of draws, we determined the probability of
randomly drawing the solution-relevant data from the given total data of
a task:

(@)

reliable assignment of the task characteristics was assumed.

The GTC level for each task was assigned by the maximum of the four
characteristics mentioned above. For this purpose, three levels were
defined for M; [Level 1: one operation; Level 2: 2-3 operations; Level 3:
>3 operations] and My [Level 1: probability <0.025; Level 2: probability
between 0.025 and 0.075; Level 3: probability >0.075]. This resulted in
30 tasks with GTC level 1, 30 tasks with GTC level 2, and 30 tasks with

GTC level 3 (Fig. 3).

In summary, at the first GTC, a functional relationship (e.g. tripling
of mites per reproductive cycle) usually had to be recognized and the
associated size calculated for a given x (50 mites * 3 = 150 mites). At the
second GTC level, the same functional relationship generally had to be
applied several times (50 mites go through five reproduction cycles) and
at the third GTC level, several (different) functional relationships had to
be linked together in context or the functional relationship had to be
formulated in general terms (number of mites after x reproduction cy-
cles). Proportional (House of money), linear (The End of the Taxi and
Geothermal Energy), and exponential relationships (Varroa Mites) were

addressed in the 30 contexts.

3.1.2.4. Cognitive level (May). This criterion only covers the quality of
the (intra)mathematical activities, so that only the formation of the
mathematical model and the mathematical calculations were assessed.
Level 1 activities involve the direct application of basic procedures from
a single mathematical subject area. At Level 2, content from several
mathematical areas must be combined, and at Level 3, a complex
application of various mathematical procedures is required.

In particular, the last qualitative characteristic of the cognitive level,
which was also used in the present study owing to its importance in
numerous (inter)national assessments (see Section 2.1.1), illustrates the
necessity of double coding. Accordingly, all task characteristics were
double-coded by two raters. As the rating was ordinal-scaled, inter-rater
agreement was calculated using linear weighted Cohen's kappa (Cohen,
1968). k-Values between 0.72 and 0.94 were achieved; therefore, a

3.2. Test design

An experimental design was employed with within-item factors

(mathematical, linguistic, and contextual item characteristics). Addi-
tionally, we included students' intra-mathematical skills, language pro-
ficiency, and other personal characteristics as (moderator) variables. For
this purpose, a rotated paper-pencil test design with 18 different test
booklets was constructed using 90 systematically varied reality-based
tasks. Each test booklet consisted of the following four parts:

Part 1: Fifteen reality-based tasks (60 min).

Part 2: Intra-mathematical test (10 min).

Part 3: General language test (5 min).

Part 4: Questionnaire on student characteristics (5 min).

A total of 80 min was spent on each test booklet. The test booklet
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context

How many female mites in total live

in the hive after the first
reproduction cycle in spring?

Which of the following formulae
describes the number of female
mites after exactly 5 multiplication

Which of the following terms
describes the number of female
mites after x multiplication cycles in

Mr. ReiR wants to be driven from a party to his
house, which is 2.5 kilometers away, at night.
How much does he have to pay for this journey if
he drives with Ubar?

T2 ]
-
item

O.. O..

Imagine that the temperature at the lowest point

in the borehole of the geothermal system should

be 5°C higher than originally planned. How many

meters deeper than originally planned would this
: require drilling?

item

O..
O..

How many plastic bags do the thieves need for
all the money they want to make in the “House
of Money” series?

item

O.. S

"F cycles in the hive? the hive? ';;

- 0, 3female mites 0, 50-5 0, 50-x3
é 0O, 50female mites 0, 50-3-5 O, 3-x+50

O, 53 female mites 0, 50-3-3-3 0O, 50-3-x

O, 150 female mites O, 50:-5-5-5 a, 50 - 3%

O; 2500 female mites O, 650-3-3:3-3-3 O, 3-50%

N J . 7 . J
GTClevel 1 GTC level 2 GTClevel 3

Mr. Reil drives from Hamburg Airport to his
home, which is 26 kilometers away in
Blankenese. How much does he have to pay for
this journey if he travels with Tarik?

How deep would you have to drill to reach a
temperature of 19°C at the lowest point in the
borehole of the geothermal system?

How heavy is all the money that the thieves
want to steal in the series “House of Money”?

Mr. Reil drives from Hamburg Airport to his
home, which is 26 kilometers away in
Blankenese. He can either drive with Tarik or
take Ubar. How big is the price difference
between the two options?

O..

A geothermal system for a normal residential

building is given. Which formula can be used

to calculate the temperature T (in °C) at the

lowest point in the borehole if x is the drilling
depth in meters?

0.
How long does it take to print all the money

that the thieves want to steal in the series
“House of Money”?

O..

Fig. 3. Items of the four example contexts at general task complexity (GTC) levels 1-3.

versions differed only in terms of the tasks used in Part 1.

3.2.1. Test with reality-based tasks (Part 1)

As each student could only answer one item per context, a rotational
design was necessary for Part 1 (Table 1). This ensured that the entire
task pool was tested, that there were at least 50 answers for each task,
that each context was used in a constant task block in terms of (math-
ematical) content regardless of the GTC level, and that each test booklet
contained an equal number of tasks from the three GTC levels to
maintain a constant theoretical level of difficulty. Each student had to
work on three task blocks of five tasks in Part 1. The task blocks resulted
from distributing the items for the 30 contexts (C01-C30) and the three
GTC levels (1, 2, and 3) in five-task blocks across the 18 test booklets,
according to the rotational pattern shown in Table 1. In addition, six
reality-based tasks on functional relationships with a wide range of so-
lution rates (35-85 %) were integrated to achieve a stronger link be-
tween the different test booklets for Rasch scaling (Fischer et al., 2021)
(see Section 3.4).

3.2.2. Intra-mathematical competence test (Part 2)

To measure intra-mathematical competence (Pg), a test was con-
structed that consisted of 11 mathematics tasks that exclusively included
content central to the mathematical idea of a functional relationship.

These were intra-mathematical tasks without significant text with an
average processing time of <1 min. One point was awarded for each
correct answer, and no point was awarded for incorrect answers (M =
3.48, SD = 2.01). The test results were Rasch scaled and showed a good
fit to the Rasch model with an average point-biserial correlation of 0.41,
an EAP/PV reliability of 0.78 and a weighted mean square between 0.87
and 1.16. Accordingly, the wle personal scores could be used as a reli-
able measure of the students' internal mathematical competence.

3.2.3. General language test (Part 3)

Students' language competence (P1o) was tested using a modified C-
Test (Eckes & Grotjahn, 2006). The test consists of a narrative text on the
topic of “health in the workplace” and comprises 96 words. Twenty-five
words were evenly distributed throughout the text and the second half of
each word was deleted and replaced by a gap. These gaps had to be filled
by the students, with 1 point awarded for each correct answer and
0 points for an incorrect answer (M = 19.2, SD = 4.81). This test, used in
modified form in other studies, was also Rasch scaled and showed an
average point-biserial correlation of 0.60, an EAP/PV reliability of 0.77
and a weighted mean square between 0.82 and 1.19. The wle values
calculated here can therefore be regarded as reliable indicators of lin-
guistic ability.
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Table 1
Rotational design for the 18 test booklets (TB) in Part 1.
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TB1 B2

B3

TB6 B8 B9

B4 TB5 87

TB10 TB11 TB12 TB13 TB14 TB15 TB16 TB17 TB18

Mat01gtcl
Mat02gtc3
Mat03gtc2
Mat04gtcl
Mat05gtc3
Mat06gtc2
Mat07gtcl
Mat08gtc3
Mat09gtc2
Mat10gtcl

Mat01gtc2
Mat02gtcl
Mat03gtc3
Mat04gtc2
Mat05gtcl
Mat06gtc3
Mat07gtc2
Mat08gtcl
Mat09gtc3
Mat10gtc2

Mat06gtc2
Mat07gtcl
Mat08gtc3
Mat09gtc2
Mat10gtcl

Mat06gtc3
Mat07gtc2
Mat08gtcl
Mat09gtc3
Mat10gtc2

Matligte3  Matllgtcl Matligtc3  Matllgtcl Matligte3 ~ Matllgtcl
Mat12gtc2 Mat12gtc3 Mat12gtc2 Mat12gtc3 Mat12gtc2 Mat12gtc3
Mat13gtcl Mat13gtc2 Mat13gtcl Mat13gtc2 Mat13gtcl Mat13gtc2
Matldgtc3  Matldgtcl Matldgtc3  Matldgtcl Matldgtc3  Matldgtcl
Matl5gtc2  Matl5gtc3 Matl5gtc2  Mati5gtc3 Matl5gtc2  Matl5gtc3

Mat16gtcl
Mat17gtc3
Mat18gtc2
Mat19gtcl
Mat20gtc3

Mat16gtc2
Mat17gtcl
Mat18gtc3
Mat19gtc2
Mat20gtcl

Mat16gtcl
Mat17gtc3
Mat18gtc2
Mat19gtcl
Mat20gtc3
Mat21gtc2
Mat22gtcl
Mat23gtc3
Mat24gtc2
Mat25gtcl

Mat16gtc2
Mat17gtcl
Mat18gtc3
Mat19gtc2
Mat20gtcl
Mat21gtc3
Mat22gtc2
Mat23gtcl
Mat24gtc3
Mat25gtc2

Mat16gtcl
Mat17gtc3
Mat18gtc2
Mat19gtcl
Mat20gtc3

Mat16gtc2
Mat17gtcl
Mat18gtc3
Mat19gtc2
Mat20gtcl

Mat21gtc2 Mat21gtc3 Mat21gtc2 Mat21gtc3
Mat22gtcl Mat22gtc2 Mat22gtcl Mat22gtc2
Mat23gtc3  Mat23gtcl Mat23gtc3  Mat23gtcl

Mat24gtc2
Mat25gtcl
Mat26gtc3

Mat24gtc3
Mat25gtc2
Mat26gtcl

Mat24gtc2
Mat25gtcl
Mat26gtc3

Mat24gtc3
Mat25gtc2
Mat26gtcl

Mat26gtc3  Mat26gtcl

Mat27gtc2  Mat27gtc3 Mat27gtc2  Mat27gtc3 Mat27gtc2  Mat27gtc3
Mat28gtcl ~ Mat28gtc2 Mat28gtcl ~ Mat28gtc2 Mat28gtcl ~ Mat28gtc2
Mat29gtc3  Mat29gtel Mat29gtc3  Mat29gtel Mat29gtc3 ~ Mat29gtcl
Mat30gtc2  Mat30gtc3 Mat30gtc2 _Mat30gtc3 Mat30gtc2 _ Mat30gtc3

Matigtcl
Mat2gtc3
Mat3gtc2
Mat04gtcl
Mat05gtc3

Matlgtc2
Mat2gtcl
Mat3gtc3
Mat04gtc2
Mat05gtcl

Matigtcl
Mat2gtc3
Mat3gtc2
Mat04gtcl
Mat05gtc3
Mat06gtc2
Mat07gtcl
Mat08gtc3
Mat09gtc2
Mat10gtcl

Matlgtc2
Mat2gtcl
Mat3gtc3
Mat04gtc2
Mat05gtcl
Mat06gtc3
Mat07gtc2
Mat08gtcl
Mat09gtc3
Mat10gtc2

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5.
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5.
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5.
anchor task6é

anchor task1
anchor task2
anchor task3
anchor task4
anchor taskS.
anchor taské

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

3.2.4. Questionnaire on students' characteristics (part 4)

To investigate potential moderator effects, three variables were
focused on in a questionnaire. First was the number of books at home
(Elley, 1994; Sieben & Lechner, 2019) on a 6-point Likert scale (1: 0-10
books; 2: 11-25 books; 3: 26-100 books; 4: 101-200 books; 5: 201-500
books; 6: > 500 books) to measure the so-called cultural capital (P11) (M
= 3.21, SD = 1.60). Second, we used three items (Cronbach's alpha =
0.76) to measure mathematical self-efficacy (P12) (e.g., “Mathematics is
one of my strongest subjects™) with a 4-point Likert scale from 1 (not at
all true) to 4 (exactly true) (M = 2.35, SD = 0.83). Finally, after each
task, the students rated their contextual prior knowledge (P13) (e.g., “Did
you know anything about varroa mites before?”) on a 4-point Likert
scale from 1: (“I have never heard of it”) to 4 (“I already knew a lot about
the topic™).

3.3. Sample and data collection

A total of 535 students from two comprehensive schools, S; (n = 343)
and S, (n = 192) participated in this study. S; has a rural and S5 has an
urban catchment area of pupils. The students were in grade 9 (n = 266)
or grade 10 (n = 269) at the time of data collection, with a mean age of
15.21 years (SD = 0.91).

Among the participating students, 48.60 % were girls, 48.41 % were
boys, 3.00 % did not identify as either gender, 72.78 % had no migration
backgrounds, 20.85 % had at least one parent born abroad, and 6.37 %
were born abroad.

The paper-pencil test was conducted at S; on a single school day in
19 classes and Sy on four consecutive school days in 10 classes. To avoid
class effects, different test booklet versions were randomly distributed
within the classes. After a short test instruction, each pupil had 80 min to
work on their booklet. As there were missing values of up to almost 10 %
for individual personal variables, missing values were imputed.

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5.
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor task1
anchor task2
anchor task3
anchor task4
anchor task5.
anchor task6é

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

anchor taskl
anchor task2
anchor task3
anchor task4
anchor task5
anchor taské

3.4. Data preparation and analysis

To answer the three research questions, various psychometric cal-
culations had to be carried out before the planned analyses. First, as each
student could only complete one GTC level item from 15 contexts owing
to the large number of tasks and a rotational design had to be used
accordingly (Table 1), it was necessary to use probabilistic test pro-
cedures from Item Response Theory to map all tasks to a common
metric. For this purpose, the difficulty of each item was approximated
using one-parametric Rasch scaling and the ConQuest software (version
3.0). Initially, all multiple-choice answers were coded dichotomously (0:
incorrect/1: correct) so that an identical rating scale was available for all
items. The stochastic independence of the items from one another was
ensured using only one item per context per respondent. As part of the
Rasch scaling with the IRT software ConQuest, the mean value of the
person parameters was set to 0 (constraints = cases) so that the item
parameters could be freely estimated. To be able to apply the Rasch
model, the tasks also had to fulfill psychometric criteria. Accordingly,
items with a point-biserial correlation of <0.2 or with a weighted mean
square that was too high or too low (< 0.7 and > 1.25) were excluded
from the analyses (Wright, 1994). As all three GTC levels were to be
compared for each context, if an item had a too low point-biserial cor-
relation or a misfit, all other items in the context were also excluded.
Accordingly, the final Rasch scaling was carried out with a reduced item
pool of 22 contexts, each with three items fulfilling the psychometric
conditions. As a result of this calibration process, 66 items were included
in the analyses to answer the research questions, which had logit values
(81_66) between —1.65 and 2.67 (Mean 0.61, SD 0.98) as comparable
difficulty values. The expected EAP reliability of this scaling can be
described as good at 0.77.

Second, to analyze the influence of personal characteristics as
possible main and interaction effects, the three variables of cultural
capital, mathematical self-efficacy and contextual prior knowledge were
used. However, these values were not available for around 10 % of the
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test subjects. To be able to perform analyses with a constant number of
cases and to avoid possible biases, we approximated the missing values
by means of multiple imputation by the mice package (version 3.16.0) in
R (version 4.2.1) in the context of 10 imputation runs. The mice package
uses an iterative Markov Chain Monte Carlo algorithm for the different
runs and the pooling is performed by the robust standard error estimate,
so that a complete data set can be generated (Van Buuren, 2018; van
Buuren & Groothuis-Oudshoorn, 2011).

Third, the multicollinearity between the mathematical, linguistic
and contextual task parameters included in the planned analyses was
checked using bivariate correlations with the Benjamini-Hochberg false
discovery rate control method (see Table 2).

As correlations below 0.8 were consistently found and the same
result was also obtained for the personal variable parameters, no sup-
pression effects were to be expected in joint analyses of these task- and
person-related factors (Table 3).

Accordingly, using the lme4 package (version 1.1-31), various
generalized linear mixed models (GLMM) could be calculated with these
task and person-related variables to answer the three research questions.
When analyzing factors influencing the concrete solution of an item as a
dependent variable, such models prove necessary owing to the design
used in the present project. Their application to a dataset in a long
format enables the simultaneous consideration of random effects
through common contexts and persons and non-normally distributed
responses through dichotomous coding (Berridge et al., 2011).

To answer the first research question, regarding the influence of in-
dividual mathematical factors, after descriptive analysis the four
mathematical factors were first compared with each other within the
framework of four non-nested GLMMs and with a model that included
all factors (Section 4.1). While the first three task characteristics
represent ordinal measures, the use of dummy coding (three-level in-
dicators with level 1 as reference) was necessary for the nominal vari-
able of cognitive level, as strictly linear effects could not be assumed.

Research question 2 on the influence of other non-mathematical task
characteristics and research question 3 on the influence of central per-
sonal characteristics on the solution process were then answered
(Section 4.2). For this purpose, the mathematical factors (Mal-4),
deliberately not z-standardized for reasons of content interpretation,
and the z-standardized linguistic (L5-6), contextual (C7-8) and personal
(P9-13) factors were successively integrated into GLMMs as fixed ef-
fects. Finally, theoretically justifiable interaction effects of the various
factors were considered as interaction terms in the model calculation
(Section 4.3).

In all models, the various p coefficients describe the change in the
probability of solving a task correctly, and the persons (ID) and tasks
(task_ID) were considered as random effects. The analyses were con-
ducted using the glmer function of the Ime4 package in R (Bates et al.,
2015).

Learning and Individual Differences 114 (2024) 102518

Table 3
Means, SDs, and correlations of the personal variables.

Variable M SD 1 2 3 4

1. Intra-mathematical 0.02 193
competence (wle)

2. Language competence -0.37 1.62 0.00
(wle)

3. Cultural capital 321 1.60

4. Mathematical self- 236 0.82
efficacy

5. Contextual prior 2.33  0.50
knowledge

0.19**  0.02
036**  0.05 0.14**

0.14**  0.03  0.18**  0.07

*p < 0.05.
** p < 0.01.
*4% p < 0.001.

4. Results

4.1. Influence of systematic variation of mathematical factors on
empirical difficulty (research question 1)

Table 4 first demonstrates that the intended systematic variation of
item difficulty based on the four mathematical task characteristics
worked and that three GTC levels could be identified.

Fig. 4 furthermore shows the logit values (8) of the 66 tasks sepa-
rately for 22 out of 30 of the remaining real contexts (C01-C30) for each
of the three GTC levels. There was a wide dispersion in the range of
difficulty spectra within the different contexts; therefore, the mathe-
matical characteristics influenced solution rates differently. Addition-
ally, there were instances when the most difficult task in one context was
easier than the easiest task in another context (e.g., C10 and C11).

In addition to the question of the use of mathematical factors for
targeted item construction, the main aim was to investigate which
mathematical characteristic factor has what influence on the logit value
of a realistic task from an item pool with a wide range of difficulty. To
this end, we first investigated the extent to which the dichotomously
coded individual task responses of the students (dependent variables)
could be explained by four different GLMMs, each with a specific
mathematical characteristic as an independent variable (Model 1a-1d).
In this analysis of the 4576 item responses, the 66 tasks and the 535
individuals were considered as random effects.

Table 5 shows that the mathematical variables of Models 1a, 1c, and
1d initially exhibited significantly negative p coefficients. The proba-
bility of solving an item correctly thus decreased significantly with the
increase in three of the four task characteristics analyzed, so that these
characteristics individually contribute to explaining the variance in task
difficulty. However, the joint modeling of the four mathematical vari-
ables shows that only the number of procedures and the cognitive level
remained as significant influencing variables in a common Model 1. In
this context, it also turns out that the cognitive level, coded using
dummy indicators, rose sharply from level 1 to 2 (B4 = —0.69) and this
effect weakens only slightly at level 3 (B4p — f4a = —1.22 — (—0.69) =

Table 2
Means, SDs, and correlations of the task characteristics.
Variable M SD 1 2 3 4 5 6 7
1. Number of procedures 2.67 1.71
2. Difficulty of data selection 0.10 0.23 0.31*
3. Curricular position 1.36 0.57 0.64** 0.02
4. Cognitive level 1.71 0.76 0.67** 0.23 0.74%*
5. Number of characters 2109.21 222.45 0.08 —0.03 0.22 0.28*
6. Linguistic complexity 52.33 4.08 0.02 -0.17 0.03 0.10 0.30*
7. Interestingness of the context 2.14 0.29 0.01 0.01 0.04 —0.01 0.19 —-0.01
8. Familiarity of the context 2.18 1.24 —0.07 -0.11 —0.09 —0.03 0.22 0.13 0.28*
*p < 0.05.
**p < 0.01.

#%% p < 0.001.
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Table 4
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Means and SDs for the Relative Solution Rate and the item difficulty values Logit § of the Rasch

scaling (total and differentiated by GTC level).

M SD  Marci SDarei Marez SDare2 Mares SDares
Solution rate [%] 38.78 17.99 54.14 16.19 37.15 12.12 25.04 12.00
Rasch Logit & 0.61 098 -0.23 0.81 0.68 0.67 1.37 0.73
logit &
2.57 -
1.59 - - = i =
o -7 I- b - =
0.61 - - - - = = -
T I T s cdwm| B4
-37 o -
‘135 = = =

C3 C4 G5

Cc6 C7 C8 C9 C10 CI1

C13 Cl14 C15 Cl16 C18 C19 C20 C21

C25 C26 C27 C28 C30

Fig. 4. Item Difficulty values Logit & of the Rasch scaling of the 66 tasks separated by contexts and GTC level 1 (red), 2 (blue), and 3 (green). (For interpretation of
the references to color in this figure legend, the reader is referred to the web version of this article.)

Table 5
Comparison of the influence of individual mathematical characteristics on item responses.
Model 1a Model 1b Model 1c Model 1d Model 1
B SE B SE i SE B SE B SE
Fixed effects
Intercept —0.56%-0.56* 0.10 —0.52%%%-0,52%** 0.10 0.56*0.56* 0.12 0.06 0.07 0.17 0.26
Mathematical
characteristics
Mal Number of —0.21%%-0.21%* 0.08
procedures
Maz2 Difficulty of —-0.59 0.51 0.35 0.41
data selection
Ma3 Curricular 0.18 0.18 0.25
position
Ma4a_Dummy —1.02%* 0.19 —0.69%%-0.69** 0.23
Cognitive level 2
Ma4b_Dummy —1.56""*-1.56*** 0.25 —1.22%%%-1,22%%* 0.37

Cognitive level 3
Random effects

Person variance/

Item variance

N

Model statistics

0.74 1D/ 0.45 task_ID

4576 responses
535 ID/ 66 task_ID

0.75 ID/ 0.78 task_ID

4576 responses
535 ID/ 66 task_ID

0.75 ID/ 0.58 task_ID

4576 responses
535 ID/ 66 task_ID

0.75 ID/ 0.41 task_ID

4576 responses
535 ID/ 66 task_ID

0.75 ID/ 0.36 task_ID

4576 responses
535 ID/ 66 task_ID

Marginal R%/ 0.075/ 0.321 0.003/ 0.319 0.046/ 0.320 0.079/ 0.319 0.092/ 0.321
Conditional R?
Deviance 5539.7 5571.2 5553.7 5534.1 5526.8
AIC 5547.7 5579.2 5561.7 5544.1 5542.8
BIC 5573.4 5604.9 5587.4 5576.2 5594.3
" p < 0.05.
" p<0.01.
" p < 0.001.

—0.53), but still remained significant.

When comparing the five models, there were some differences in
terms of the conditional R> (Nakagawa et al., 2017), but the difficult
choice between the Akaike information criterion (AIC) and Bayesian
information criterion (BIC, Burnham & Anderson, 2004) did not initially

provide a clear vote. However, the likelihood ratio test (Lewis et al.,
2011) ultimately showed that when comparing the nested Models 1 and
la to 1d, Model 1 had the significantly best model fit (p < 0.01) and
therefore served as the starting point for answering research questions 2

and 3.
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4.2. Additional influence of linguistic, contextual, and personal variables
on empirical item difficulty (research question 2)

To answer the second research question, various nested GLMMs were
calculated to analyze the influence of linguistic, contextual, and per-
sonal characteristics (cf. Table 6).

Based on Model 1, the number of characters and linguistic complexity of
the task texts were integrated within Model 2 as potentially relevant
(research question 2a). The results showed that neither (fy5 = —0.09, p
= 0.31 and P = —0.05, p = 0.58) influenced the individual probability
of solving an item correctly. Models 1 and 2 showed no differences in fit
to the data (X2 (2) =1.76, p = 0.42). In this respect, the small variations
in the linguistic text features, by deliberately keeping them constant at a
medium level (see Section 3.1.1), did not appear to have any influence
on the probability of students solving a reality-based task.

In Model 3, the two context characteristics interestingness and famil-
iarity were also integrated (research question 2b). The output showed a
negative correlation, that is, tasks that are generally considered more
interesting for students have a lower solution rate (§ = —0.24, p < 0.001,
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odds ratio [OR] = 0.79). In contrast, we found that tasks with contexts
with which students should be more familiar had a significantly higher
solution rate than tasks rated as rather unfamiliar (p = 0.18, p < 0.05,
OR = 1.20). The y? difference test showed that Model 3 fit the data better
than Models 1 (3% (4) = 14.03, p < 0.01) and 2 (¥ (2) = 12.27, p < 0.01).

4.3. Personal variables as direct or moderator effect on empirical item
difficulty (research question 3)

In Model 4, which had better fit values compared to Model 3 (X2 (18)
= 209.48, p < 0.001), five additional personal characteristics were
added to analyze related main and interaction effects (research question
3). In this respect, the interaction effects between individual intra-
mathematical competence (Pg) and the mathematical task characteris-
tics (Mj_4); between individual language competence (P19) and lin-
guistic task characteristics (Ls & ¢); and between socioeconomic status
(P11), mathematical self-efficacy (Py2), contextual prior knowledge, and
the context variables (Cy ¢ g) were analyzed. As theoretically expected,
the four variables of intra-mathematical competence (f = 0.32, p < 0.05,

Table 6
GLMMs on the influence of mathematical, language, and personal variables on the probability of solving a task (with moderator effects).
Model 1 Model 2 Model 3 Model 4
i SE i SE B SE i SE
Fixed effects
Intercept 0.17 026 017 0.26  0.02 0.25  0.00 0.25
Mathematical characteristics
Mal Number of procedures —0.21***  0.08 —0.22***  0.08 —0.20"** 0.07 —0.21* 0.07
Maz2 Difficulty of data selection 0.35 041 0.35 0.41 0.33 0.39 0.29 0.39
Ma3 Curricular position 0.18 0.25 0.18 0.25 0.29 0.23 0.31 0.24
Ma4a_Dummy Cognitive level 2 —0.69%* 0.23 —0.69** 0.23 —0.68** 0.22 —0.72* 0.22
Ma4b_Dummy Cognitive level 3 —1.22%% 0.37  —1.22%* 0.37  —1.27***  0.35 0.35
Language variables
L5 Number of characters —0.09 0.09 —0.09 0.09 -0.07 0.09
L6 Linguistic complexity —0.05 0.08 —0.08 0.08 —0.06 0.08
Context variables
C7 Interestingness of the context —0.24** 0.07  —0.26* 0.08
C8 Familiarity of the context 0.18* 0.08 0.16 0.09
Personal variables
P9 Intra-mathematical competence 0.13
P10 Language competence 0.05
P11 Cultural capital 0.04
P12 Mathematical self-efficacy 0.05
P13 Contextual prior knowledge 0.04
Moderator effects
Mal x P9 Number of procedures x Intra-mathematical competence —0.01 0.04
Ma2 x P9 Difficulty of data selection x Intra-mathematical competence 0.03 0.23
Ma3 x P9 Curricular position x Intra-mathematical competence 0.07 0.10
Ma4a x P9 Cognitive level 2 x Intra-mathematical competence —0.02 0.18
L5 x P10 Number of characters x Language competenceL5 x P10 Number of characters —0.06 0.04
x Language competence
L6 x P10 Linguistic complexity x Language competence —0.03 0.04
C7 x P11 Interestingness of the context x Cultural capital 0.02 0.04
C8 x P11 Familiarity of the context x Cultural capital 0.00 0.04
C7 x P12 Interestingness of the context x Mathematical self-efficacy 0.05 0.04
C8 x P12 Familiarity of the context x Mathematical self-efficacy —0.08* 0.04
C7 x P13 Interestingness of the context x Contextual prior knowledge 0.04 0.04
C8 x P13 Familiarity of the context x Contextual prior knowledge 0.04 0.04
Random effects
Person variance/Item variance 0.75ID/ 0.75ID/ 0.75ID/ 0.36ID/
0.36task_ID 0.35task_ID 0.27task_ID 0.27task_ID

N

Model statistics
Marginal R?/Conditional R
Deviance
AIC
BIC

4576 responses
535 ID/ 66 task_ID

0.092/ 0.321
5526.8
5542.8
5594.3

4576 responses
535 ID/ 66 task_ID

0.093/ 0.320
5525.1
5545.1
5609.4

4576 responses
535 ID/ 66 task_ID

0.108/ 0.320
5513.9
5537.8
5614.0

4576 responses
535 ID/ 66 task_ID

0.202/ 0.331
5310.0
5363.0
5562.2

Note. For the analyses, all L-, C-, and P-variables were z-standardized.
" p <0.05.
" p<0.01.
" p < 0.001.
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OR = 1.37), language competence (p = 0. 37, p < 0.001, OR = 1.44),
mathematical self-efficacy (f = 0.15, p < 0.01, OR = 1.16) and
contextual prior knowledge (f = 0.10, p < 0.05, OR = 1.11) significantly
contributed to the explained variance. All were significantly positively
related to the probability of solving a task. Only the cultural capital (p =
0.11, p < 0.18, OR = 1.06) variable did not contribute significantly to
the variance explanation, contrary to theoretical assumptions.
Regarding possible interaction effects, task characteristics were un-
influenced by intra-mathematical competence in generating difficulty.
Additionally, no correlation was found between the linguistic demands
of the tasks and the participants' linguistic competencies; this means that
even for weaker students there were no additional linguistic challenges
in solving reality-based tasks. Furthermore, no interaction effects were
found for socioeconomic background or contextual prior knowledge.
Besides, a significant moderator effect emerged regarding familiarity of
the context and mathematical self-efficacy. Thus, the negative effect that
a task context that is generally rather unfamiliar to students has on the
individual probability of solving the task is significantly reduced by
mathematical self-efficacy (Bfamiliarity of the contextxmathematical self-efficacy =
—0.08, p < 0.05, OR = 0.92). Fig. 5 illustrates this effect by showing the
solution rates as a function of mathematical self-efficacy for the three
context familiarity groups: mean, mean + 1SD, and mean — 1SD.

5. Discussion

We investigated which difficulty-influencing features characterize
test items that meet competence-oriented educational requirements.
Thus, 90 mathematical items were formulated, with 30 real-world
contexts presented in lengthy texts. All were tested by 535 students in
a paper-pencil test with a multimatrix test design. In the process, 22
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contexts or 66 tasks demonstrated the necessary psychometric qualities
and were used for further analyzes. Using GLMM, central task features
and moderating variables were identified.

Despite such text-heavy reality-based tasks, a considerable part of
the variance in empirical difficulty was explained by mathematical
variables describing the mathematical demands. The data demonstrate
that while even a single mathematical characteristic could be relatively
well suited to describe the difficulty of test items as a global measure, it
would be more appropriate to consider a spectrum of mathematical
variables. The extent to which this spectrum should be extended beyond
the aspects used in this study may be the subject of further research,
especially if these results are used for testing and training teachers in
diagnostic competence. This is because previous findings indicate that
knowledge of differentiated mathematical task features results in
teachers significantly diagnosing students' solution processes effectively.
This enables more adaptive teaching (Ostermann et al., 2018).

What appeared surprising was the strong role played by the real-
world context. While task difficulty can be manipulated using mathe-
matical features, considerable differences exist between task contexts.
After all, it seems to show that not only internal mathematical aspects
but in particular the context-related formation of the situation model
and structuring within the framework of the real model can represent
central difficulty-generating characteristics, especially for the process-
ing of reality-based tasks (Leiss et al., 2019).

These findings are supported by the present study because its ana-
lyses show that interest in and familiarity with the topic of mathematical
tasks significantly influence the solution rate. A less familiar context
makes it challenging to form an adequate situation model (Thevenot,
2010), causes a higher cognitive load, and correspondingly reduces the
probability of correct task completion. This effect is moderated by
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Fig. 5. Moderator effect of context familiarity and mathematical self-efficacy.
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mathematical self-efficacy. Students who possess appropriate mathe-
matical self-efficacy also appear to handle more difficult contexts rela-
tively easily, whereas such tasks pose a particular hurdle for students
with lower mathematical self-efficacy.

The findings on the interestingness of the task context were contrary
to expectations. It is generally assumed that a high level of interest
positively affects performance. However, our findings showed that high
interestingness was accompanied by a lower solution rate. As the stu-
dents were only asked about the interestingness of the task after math-
ematical processing, it can be speculated that those who processed a task
at the more challenging GTC level 3 interacted more intensively with the
context and therefore evaluated it higher. This also underlines the need
for research in mathematics didactics regarding the role of specific
contexts in processing reality-based tasks. Particularly, differentiated
results are expected concerning the influence of other personal charac-
teristics such as (gender-specific) reading interests (Taylor, 2004) or the
ability to use specific comprehension strategies (Boonen et al., 2014).

Conversely, the linguistic features used in the task texts did not in-
fluence difficulty. This does not deny the strong connection between
linguistic and mathematical competencies (Peng et al., 2020) or the
empirical finding that word problems can be particularly challenging for
students (Verschaffel et al., 2020). However, the presence of a lifeworld
context can also be facilitating (Koedinger & Nathan, 2004). In the
processing of tasks with an intermediate reading level among students at
a thoroughly advanced reading level, the general linguistic requirements
of a task play a subordinate role. Existing findings indicate that the
specific interaction of subject-specific linguistic (Vanluydt et al., 2021)
and crucial subject requirements (Daroczy et al., 2015) must be exam-
ined in a much more differentiated way (Prediger et al., 2019) and
extended research methods should be used (Drose et al., 2021).

Apart from the relationship between context familiarity and math-
ematical self-efficacy, no further moderating effects occurred between
task and personal characteristics; therefore, high- and low-achieving
students were equally affected by the mathematical demands of a
reality-based task. Linguistically weaker students perform worse in
reality-based tasks but do not suffer particularly from linguistic de-
mands, a result that should be further investigated owing to contrary
findings (Buono & Jang, 2021). While possessing specific world
knowledge helps mathematical engagement with real-world contexts, it
cannot compensate for the influence of a lack of interest in or familiarity
of a context.

5.1. Limitations

First, our tasks can only partially reflect the real situation in which
responsible citizens solve authentic problems using mathematical tools.
Thus, both the written contexts and the relevant questions, which should
represent a specific variation of mathematical requirements, only
represent a processed image of reality. Therefore, students' behavior in
real situations is much more complex and influenced by numerous fac-
tors. Furthermore, a more systematic use of real-world contexts in the
tasks should be aimed at, for example, adapting established models for
context characterization (Kerby & Ragan, 2002). In this context, it is also
important to systematically vary central factors such as the complexity
of forming the situation and reality model, interestingness and famil-
iarity. However, more recent findings on gender-specific influencing
factors when dealing with reality-based tasks must be taken into account
(Boaler, 1994). Furthermore, only tasks from the area of functional
contexts have been analyzed so far; thus, generalization to other areas of
mathematics or even other subjects still requires empirical testing.

Second, regarding the variables potentially influencing difficulty, an
attempt was made to cover a certain spectrum simultaneously. It would
be crucial (in a further experimental step) to systematically vary each
variable in isolation.

The third limitation relates to the instruments used. In future studies,
it would be better not to use the traditional LIX but to resort to newer
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procedures, such as the CAREC by Crossley et al. (2019) or, in view of
the linguistic specificities, possibly to construct and use more math-
related language tests. Additionally, even if it is time efficient,
context-related prior knowledge should be recorded as a knowledge test
and not as a self-report.

6. Conclusions

This study contributes to research on factors explaining difficulties in
mathematics tasks and possibly other subjects, intended for inclusion in
a competency-based school curriculum. While many studies have
focused on retrospective analyses of individual difficulty factors in
existing surveys such as PISA, we used a systematic and theory-based
approach in developing mathematical tasks, considering mathemat-
ical, linguistic, and contextual features across low, medium, and high
difficulty.

In conclusion, the results indicate that (1) within a competence-
oriented framework, the focus in both the testing situation and the
related teaching situation cannot exclusively be on mathematical as-
pects; (2) for the field of large-scale assessment as part of educational
policy, the range of tasks needs expansion concerning normative goals,
and fairness testing should be considered in existing instruments
regarding aspects not yet focused on; and (3) further interdisciplinary
studies with experimental designs are necessary for this area to better
understand and describe the interaction of the various influencing
variables.
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