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A B S T R A C T

This paper addresses a non-interacting torque control strategy to decouple the 𝑑- and 𝑞-axis dynamics of a
permanent magnet synchronous machine (PMSM). The maximum torque per ampere (MTPA) method is used
to determine the reference currents for the desired torque. To realize the noninteracting control, knowledge
concerning the inductances 𝐿𝑑 and 𝐿𝑞 of the electrical machine is necessary. These two inductances are
estimated by two extended Kalman filters (EKFs), which use a univariate polynomial as a model to describe
the saturation effects of the PMSM. The Kalman filters (KF) are realized within a noninteracting control system
to improve the observability of the inductance. Despite the non-perfect decoupling, thanks to the structural
stochastic nature of the KFs, noninteracting cancellation errors are represented with its process noise and the
inductances are estimated sufficiently well. In this sense, we can speak about KFs for and within noninteracting
control. Estimating inductances is fundamental for optimal torque control, which is a viable approach to
reducing mechanical vibration and disturbance. Moreover, the control strategy of model-based techniques
must be adaptively tuned to work properly. Starting from the existing literature, a viable control structure
is proposed in which the stability of the control loop using a Proportional Integral (PI) controller is shown
for the resulting time-varying system. In fact, the model is represented as a time-varying system because of
the presence of the variable inductances 𝐿𝑑 and 𝐿𝑞 and because of the presence of the velocity of the rotor
which is not considered as a state. In this paper, a forward Euler discretization is used to realize the observer
in the discrete experimental setup. Measures realized with hardware in the loop (HIL) show interesting results
in the context of inductance estimation, due to the advantage of the reduction of the dimensions of the two
decoupled EKFs resulting from the noninteraction control. Using the HIL simulator, the proposed torque control
strategy is investigated, showing promising results in terms of increasing observability due to decoupling. This
and the usage of univariate polynomials in EKF calculations lead to significant reduction of measurement
points, reduction of oscillations and ripples, deviation between desired and achieved torque and reduction of
disturbances. Moreover, the proposed control strategy using a very limited calculation load, at the same time,
maintains the ripples inside the technical limits of the obtained torque. Both effects are due to the decoupled
EKFs with simplified and reduced order of the models using univariate polynomials, which require significantly
fewer measuring points in the run-up to the creation of the model of the inductances 𝐿𝑑 and 𝐿𝑞 .
1. Introduction

Permanent magnet synchronous machines (PMSMs) are increasingly
sed for applications with limited space and high power density re-
uirements, especially in high torque demanding applications. PMSMs
re therefore a welcome addition in determining a suitable electric
rive, and not only in the automotive sector, where the increasing
mportance of electromobility is becoming ever clearer. The modern
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control techniques for electrical motors are model based ones and
are often combined with sensorless control strategies to reduce the
number of sensors. Estimation of the state, parameters and disturbances
are essential for the accuracy of the control of a PMSM in optimal
tracking, especially for PMSMs with a high reluctance torque. A good
overview of the influence in flux weakening capability for different
geometric approaches is given in [1]. Maximum torque per ampere
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The main nomenclature
𝑢𝑑 (𝑡) Direct voltage input
𝑢𝑞(𝑡) Quadrature voltage input
𝑖𝑑 (𝑡) Direct current
𝑖𝑞(𝑡) Quadrature current
𝑖𝑑 𝑑 (𝑡) Desired direct current
𝑖𝑞 𝑑 (𝑡) Desired quadrature current
𝜔𝑟(𝑡) Mechanical angular velocity of the rotor
𝜔𝑒𝑙(𝑡) = 𝑝𝜔𝑟(𝑡) Electrical rotor angular velocity
𝑝 Pole pair number
𝑅𝑠 Coil resistance
𝐿𝑑 (𝑡) Direct axis self-inductance
𝐿𝑞(𝑡) Quadrature axis self-inductance
𝛹𝑝 Main flux constant
𝜓𝑑 (𝑡) Direct flux component
𝜓𝑞(𝑡) Quadrature flux component
𝑇 (𝑡) Torque
𝛩𝑑 Coefficient polynomial for 𝐿𝑑 calculation
𝛩𝑞 Coefficient polynomial for 𝐿𝑞 calculation
𝜃𝑟(𝑡) Mechanical angle of the rotor
𝜃𝑒𝑙(𝑡) Electrical angle of the rotor
𝜆 Eigenvalues of the desired electrical system
𝐹 (𝜔𝑟(𝑡)) Matrix of eigenvalues
𝑢𝑓 𝑓 Voltage feedforward action
𝛥𝑑∕𝑞 Time-varying cancellation errors
𝛥𝐿𝑑∕𝑞 Cancellation errors in inductance
𝛥𝑓 𝑓 Cancellation errors in feedforward action
𝑣𝑑∕𝑞(𝑡) Supplementary inputs of the system
𝐾𝑝𝑑∕𝑝𝑞 Parameters of proportional control
𝐾𝐼 𝑑∕𝐼 𝑞 Parameters of integral control

(MTPA) control is a rather complex control strategy which aims to
operate the motor as energy-efficiently as possible and is based on the
approach of achieving the maximum torque from the available current.

1.1. MTPA in an outer control loop

The MTPA control runs in an outer control loop and defines the
desired current input for the current control, which is calculated out of
the desired torque. The MTPA approach makes it possible to calculate
the desired torque with the smallest possible desired currents 𝑖𝑑 𝑑 and 𝑖𝑞 𝑑
and thus solves the optimization problem according to Lagrange. The
dvantage is that the copper losses, which occur mainly in the constant
orque range of a PMSM and are largely caused by the impressed

current, can be reduced as a result. For the MTPA approach and the
feedforward action in control, an exact knowledge of the parameter
maps is necessary, among other things, to avoid demagnetization due
to the incorrect current supply, as described in [2]. In [2] a new
method to detect the demagnetization is proposed. In order to avoid
demagnetization, the use of MTPA with its optimal structure when the
inductance is estimated is a possible measure to prevent this effect.

1.2. Parameter estimation in PMSM control: state of the art

Therefore, in [3] a machine model is introduced which allows the
consideration of temperature and saturation effects. To estimate the
state of a system, an extended Kalman filter (EKF) is often used, like
it is shown in [4]. In the field of synchronous machines, different
contributions appeared recently, e.g. [5,6] in which a comparison
between EKFs and sliding mode observers is proposed in the presence
453 
of measurement noise. Recently, through a sensitivity analysis, the
contributions [7,8] investigated the influence of model uncertainty on
the observed position and the robustness of a Proportional Integral (PI)
observer in current control of PMSM drives. In [9] the speed regulation
of a PMSM is investigated and the key role of a disturbance observer in
the context of the control is pointed out. In particular, it is to notice an
increasing interest in sensorless control strategy for PMSMs, see [10].
When emphasizing the topic of the optimal control, for example [11]
can be taken into account, where a stabilization problem is solved
based on a design of a special feedback function. In [12], and very
recently in [13,14], different observers for the sensorless control of
PMSMs with online resistance and inductance estimation are proposed.
In particular in [12] the author proposes a position observer and a
velocity estimator for a non-linear actuator for motor applications.
This is realized by combining both in a cascade structure. In [13]
the investigation elaborates a novel online full parameter estimation
method for PMSMs. In the 𝑑 − 𝑞 frame, the inductance parameters
can only be estimated in the transient phase, whereas in the 𝛼-𝛽
frame, the inductance parameters can also be estimated in the steady
state and in the transient state. The authors in [14] show a modified
conventional flux-sliding mode observer which is considered using the
motor parameter variations. An embedded flux observer is thereby
constructed to replace the conventional phase locked loop for estimat-
ing the velocity and position in the sensorless PMSM control system.
More specifically, contributions such as [8] investigate the influence of
model uncertainty on the observed position and the robustness of an
observer in current control of PMSM drives. Concerning the analysis of
the observability, the contributions in [15–17] showed that the PMSM
system in stator-fixed 𝛼 , 𝛽-coordinates is observable with respect to the
states 𝑖𝛼 , 𝑖𝛽 , 𝜔𝑒𝑙, 𝜃𝑒𝑙 using only measurements of the currents 𝑖𝛼 ,𝛽 , as
long as the velocity 𝜔𝑒𝑙 is not zero or 𝐿𝑑 ≠ 𝐿𝑞 . The estimation of
the inductance in the presence of saturation is not easy to carry out,
since it is a non-linear progression of the quantities to be estimated
for the control of the PMSM. The analysis of saturations and their
estimation represent, in accordance with the current literature, several
problems in mechatronic systems and their control. In fact, in [18] a
pre-action control strategy is proposed to avoid magnetic saturation in
a U-magnet system for automotive applications. In [19] a Lyapunov
based control strategy is used to control an actuator also in the presence
of saturation. Contributions as [20] and, more recently, in [21–24]
show that sensorless control strategies are a promising approach for
innovative control strategies in mechatronic contexts. More in depth,
in [21], the conception, design, and implementation of a discrete
extended Kalman filter and a Takagi–Sugeno observer are proposed. A
comparison of the performance and the calculation load is shown. The
authors in [22] propose a developed direct torque control strategy for
the torque ripple mitigation, in which a current-sensing scheme with
fewer current sensors is presented. In [23] a position estimation method
based on current injection of the idle phase is shown. In [25–27] and
more recently in [28], different conditions are considered to estimate
the parameters of the machine. To go more in depth, in [25] a method
to accommodate the changes in the magnetic flux and the inductances
with the level of saturation is proposed. The authors in [26] analyze
the motor characteristics with the help of equivalent circuit diagrams,
the inductance and the iron loss resistance, which are influenced by
the magnetic saturation, are determined with the help of static finite
element analysis. In [27] a model-reference-based online identification
method is proposed to estimate PMSM parameters. It is shown that
all parameters are not identifiable in steady state and a choice of
these parameters to be estimated has to be made according to the
objectives. The estimation of the inductances is a prior problem for
the control of PMSM. Therefore, in [29], a compensation method of
a position estimation error for a high-speed surface-mounted PMSM
based on a robust inductance estimation is proposed. For the estimation
of the inductance, the authors in [30] provide a solution with the

estimation of an additional saturation factor by using a recursive least
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squares (RLS) method. The estimated saturation factor is subtracted
from the estimated nominal inductance. A promising future approach
s described in [31], in which the authors propose and promote the

accuracy of the model parameter identification using fractional model
approach of the nonlinearities of the PMSM.

1.3. Contribution and highlights

However, the solution proposed in this contribution assumes, in
ccordance with the measured data of the considered electric machine,
hat the quadrature inductance 𝐿𝑞 strongly depends on the quadrature
urrent 𝑖𝑞 and that the direct inductance 𝐿𝑑 depends on the direct
urrent 𝑖𝑑 . But, according to [25], an increasing negative current 𝑖𝑑
esaturates the 𝑑-inductance, while an increasing positive 𝑖𝑞 current
eads to saturation of the same iron. This leads to a constant behavior of
he 𝑑-inductance in a certain range until the 𝑞-current increases above
 certain value where the 𝑑-inductance decreases due to the resulting
aturation. This is the reason why the usually higher self-saturation
ffect for the 𝑑-inductance can be much smaller in case of driving with
 negative current 𝑖𝑑 . If an optimal desired ratio between a positive
urrent 𝑖𝑞 and a negative current 𝑖𝑑 are precalculated using MTPA as
eference currents for control, a lower self-saturation effect in the 𝐿𝑑
nductance is obtained. For this reason, the proposed method in this
aper provides a solution by calculating a polynomial, like in [32],
here the dependency of 𝐿𝑑 and 𝐿𝑞 on the quadrature current 𝑖𝑞 is

aken into account. The resulting usage of the univariate polynomial
or calculating the model of the two decoupled EKFs is therefore less
omplex and needs less measurement points, what is a big advantage,
specially if the measurement is not or only to a limited amount
ossible. This is the case, for example, if the electrical machine to be
easured has already been applied and is therefore coupled to the load.
o control the system a noninteracting strategy is adopted to decouple
he electrical dynamics of the machine. To make the proposed noninter-
cting control strategy more robust, the estimation of 𝐿𝑑 and 𝐿𝑞 in the
resence of saturation is needed. In order to achieve the estimation of
hese parameters, two EKFs are used for the estimation of 𝐿𝑑 and 𝐿𝑞 of
he decoupled system. The two decoupled EKFs can be set up with much
maller matrices, what is beneficial in regards to their observability
evel or in terms of observability quality to stay with the terminology
f [33,34]. Another approach for the control in saturated conditions is
hown in [35], where a bivariate polynomial together with a combined
alman filter is taken into account for estimating the nonlinear and cur-
ent dependent states of the inductances. As the bivariate polynomial is
ble to consider current dependency of the inductances in both, 𝑑- and
-, directions, the accuracy of the model increases. The disadvantage
s, that the calculation of the polynomial is getting more complex and
he Kalman filter equations are growing. The measurements which have
o be done for the PMSM before the polynomial can be calculated go
head with more effort. When it comes to a comparison of the sampling
imes, [36] gives an explanation, why a backward Euler calculation
or the Kalman filter is beneficial. Especially for smaller digital signal
rocessors (DSPs), where smaller sampling times are not possible due to
igher calculation loads, a backward Euler approach is a good example
ow this issue can be solved. Again, the disadvantage of the high
omplexity of the EKF equations has to be considered. A very good
verview of possibilities how to control a PMSM is given in [37]. The
opic of estimation principles is shown here, but only non-saturated
tates for invariable inductances of electrical machines are considered,
he estimations of saturated inductances is let out as an open problem.
n [13], observability is demonstrated using 𝛼-𝛽 transformation before
he parameters are estimated with help of RLS method. Compared
o this paper, the results presented here with EKF are advanced, as
he EKF gives a more precise estimation method. As a rule, however,
sing EKF approach in general, this advantage is paid by an increase
n computational intensity. In the underlying contribution, however,

his disadvantage is eliminated by using two decoupled EKFs with o
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maller matrices, thus significantly reducing the computational load.
stimation of the parameters 𝐿𝑑 and 𝐿𝑞 are of fundamental importance
n the use of MTPA control strategy to obtain an accurate optimality of
he reference currents 𝑖𝑑 and 𝑖𝑞 . Setting an appropriate optimal control
epresents a fundamental issue for reduction of mechanical oscillations
nd disturbances, [38] and maintain, at the same time, ripples inside
he technical limits in the obtained torque, see [39]. In general, to
esign control to restrain ripples is a fundamental issue in PMSM,
ee [40]. Optimal control strategies are model based approaches which
eed to be adaptively tuned to work properly, see [41]. As already
xplained, the estimation of the inductances is based on an EKF which
s an algorithm widely used in control of mechanical systems, see [42]
n particular for uncertainties identification to improve the mechanical
erformances, see [43]. Starting from the existing literature, see [44],
 viable control structure is proposed in which the stability of the
ontrol loop using a PI controller is also shown for the resulting time-
arying system. In fact, the model is represented as a time-varying
ystem because of the presence of the variable inductances 𝐿𝑑 and
𝑞 and because of the presence of the velocity of the rotor which is
ot considered as a state. In Fig. 1 the complete schematic control
tructure, including of the estimation with help of the EKFs, is shown.
he current control is set up by PI controller. To summarize the tasks,
his work deals with

• setting an appropriate optimal control strategy which represents a
fundamental issue for reduction of torque ripple and disturbances
and bias between desired and obtained torque. Moreover, the
observability quality is increased due to the decoupling nonin-
teraction control and thus helps to increase the quality of the
estimated non measurable states 𝐿𝑑 and 𝐿𝑞 . Measurements, based
on hardware in the loop (HIL), validate the proposed torque con-
trol strategy showing promising results in terms of an increased
observability quality;

• estimation of the inductance 𝐿𝑑 and 𝐿𝑞 of a PMSM through two
decoupled EKFs, which in particular advances the results obtained
with an RLS as proposed recently in [30];

• a resulting control scheme consisting of an inner noninteracting
adaptive control loop realized through the adaptation of the
estimated inductance to show that the realized EKFs are em for
and within a noninteracting control which represents an emerging
topic in power electronics, see recent literature, for example
in [45];

• noninteracting cancellation errors due to the non perfect knowl-
edge of the system will be stochastically included and represented
in the process noise of the two corresponding EKFs.

• in terms of PI controller, moving from [44] in which a PI con-
troller is considered, but saturation and estimation of 𝐿𝑑 and 𝐿𝑞
are not taken into account, in this paper a viable control structure
is proposed in which the stability of the control loop using a PI
controller is also shown for the resulting time-varying system.

• methodological contribution in terms of observability with re-
spect to [33,34,46].

n general, the online identification of inductances is an important
opic in power electronics, as the further development of already
onsolidated technologies in literature proves, see [47]. The advantage
s the estimation with small matrices in the EKF due to decoupling
y the backtracked estimated inductance. This means that the usually
igh computational effort of the EKF can be drastically reduced com-
ined with an improvement of the observability and thus leads to an
mprovement in the estimation of the parameters.

.4. Structure of the paper

The paper is organized in the following way: Section 2 is dedicated
o the description of the physical system; in Section 3 the calculations

f the univariate polynomials are shown; Section 4 is devoted to the
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Fig. 1. Schematic control structure: the controller and observer parts are indicated in yellow and blue respectively. (For interpretation of the references to color in this figure
egend, the reader is referred to the web version of this article.)
T
s

t
i

i

ealization of the noninteracting control structure and its robustifica-
ion using a decoupling controller together with PI control; Section 5
hows how the EKF is conceived; the main contribution is given by
he measurement and results in Section 6 together with a following
‘Discussion and analysis’’ in Section 7. In the ‘‘Discussion and analysis’’
ection, some particular issues, such as limitations of the contribution,
olynomial approximation, observability analysis are examined and an-
lyzed. A conclusion part closes the paper. At the end, in an Appendix,

some particular issues regarding Kalman equations and convergence of
he proposed observer are presented.

. Description of the physical system

The field-oriented control is the most common control technique for
 PMSM. The observation of instantaneous values takes place in a rotor-

oriented reference system. Therefore, a 𝑑 𝑞-model, which is developed
rom the three-phase PMSM model is set up by help of the Clarke–Park
ransformation. The equations which are obtained for the currents 𝑖𝑑
nd 𝑖𝑞 are written in (1) and (2) for variables 𝐿𝑑 and 𝐿𝑞 .
𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡 =

𝑢𝑑 (𝑡)
𝐿𝑑 (𝑡)

−
𝑖𝑑 (𝑡)𝑅𝑠
𝐿𝑑 (𝑡)

+
𝜔𝑒𝑙(𝑡)𝐿𝑞(𝑡)𝑖𝑞(𝑡)

𝐿𝑑 (𝑡)
. (1)

𝑑 𝑖𝑞(𝑡)
𝑑 𝑡 =

𝑢𝑞(𝑡)
𝐿𝑞(𝑡)

−
𝑖𝑞(𝑡)𝑅𝑠
𝐿𝑞(𝑡)

−
𝜔𝑒𝑙(𝑡)𝐿𝑑 (𝑡)𝑖𝑑 (𝑡)

𝐿𝑞(𝑡)

−
𝜔𝑒𝑙(𝑡)𝛹𝑝
𝐿𝑞(𝑡)

. (2)

The electrical equations for the voltages are obtained in (3) and (4):

𝑢𝑑 (𝑡) = 𝑖𝑑 (𝑡)𝑅𝑠 +
𝑑 𝜓𝑑 (𝑡)
𝑑 𝑡 − 𝜔𝑒𝑙(𝑡)𝜓𝑞(𝑡). (3)

𝑢𝑞(𝑡) = 𝑖𝑞(𝑡)𝑅𝑠 +
𝑑 𝜓𝑞(𝑡)
𝑑 𝑡 + 𝜔𝑒𝑙(𝑡)𝜓𝑑 (𝑡). (4)

The physical model of the PMSM, in which because of the velocity 𝜔𝑟
s not a state variable, can also be presented as a time-varying system
s follows:
455 
⎡

⎢

⎢

⎣

𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡

𝑑 𝑖𝑞 (𝑡)
𝑑 𝑡

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

−𝑅𝑠
𝐿𝑑 (𝑡)

𝐿𝑞 (𝑡)
𝐿𝑑 (𝑡)

𝑝𝜔𝑟(𝑡)

−𝐿𝑑 (𝑡)
𝐿𝑞 (𝑡)

𝑝𝜔𝑟(𝑡)
−𝑅𝑠
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴(𝑡)

[

𝑖𝑑 (𝑡)

𝑖𝑞(𝑡)

]

+
⎡

⎢

⎢

⎣

1
𝐿𝑑 (𝑡)

0

0 1
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏟
𝐵(𝑡)

[

𝑢𝑑 (𝑡)
𝑢𝑞(𝑡)

]

−
⎡

⎢

⎢

⎣

0
𝛹𝑝𝑝𝜔𝑟(𝑡)
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

. (5)

At high flux densities, as occur when high torque is required, saturation
effects occur in the iron of the PMSM, which means that the inductances
must be considered as functions of the currents 𝑖𝑑 and 𝑖𝑞 :

𝐿𝑑 = 𝑓𝐿𝑑 (𝑖𝑑 , 𝑖𝑞) ; 𝐿𝑞 = 𝑓𝐿𝑞 (𝑖𝑑 , 𝑖𝑞). (6)

he course of the inductances in dependence of the currents is pre-
ented in Figs. 2 and 3. The components 𝑑 𝐿𝑑

𝑑 𝑡 and 𝑑 𝐿𝑞
𝑑 𝑡 are neglected in

order to simplify the model to be used in the EKF. It has to be noted,
hat the EKF is able to manage such kind of simplifications and can be
ncluded in its process noise. The torque is calculated in (7) and consists

of the main torque as well as the reluctance torque due to the different
nductances 𝐿𝑑 and 𝐿𝑞 .

𝑇 (𝑡) = 3
2
𝑝
{

𝑖𝑞(𝑡)𝛹𝑝 + (𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))𝑖𝑑 (𝑡)𝑖𝑞(𝑡)
}

. (7)

3. Calculation of two univariate polynomials

The dependence of the saturable inductances 𝐿𝑑 and 𝐿𝑞 is often
more pronounced in the direction of one current component, 𝑖𝑑 or 𝑖𝑞 .
As given in [25], due to the control with a negative current component
for 𝑖𝑑 , the dependence of the inductances for the 𝑖𝑞 current is assumed
to be higher. Therefore, the calculation of the univariate polynomial
shall be considered as sufficient. For this reason, observing Figs. 2 and
3, it is possible to notice that the variation of 𝐿𝑑 and 𝐿𝑞 with respect
to 𝑖𝑑 is very small. The idea is to consider a univariate polynomial
approximation for both. In other words, the proposal is to obtain
𝐿𝑑 ≈ 𝑓𝐿𝑑 (𝑖𝑞) ; 𝐿𝑞 ≈ 𝑓𝐿𝑞 (𝑖𝑞). (8)
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Fig. 2. Course of the characteristic field for 𝐿𝑑 .

Fig. 3. Course of the characteristic field for 𝐿𝑞 .

he general form of a univariate polynomial is given by:

∶= 𝑛 →
𝑛
∑

𝑖=0
𝑎𝑖𝑥

𝑖, (9)

n which the coefficients 𝑎0, 𝑎1, … , 𝑎𝑛 ∈ R. For 𝑎𝑛 ≠ 0, 𝑛 ∈ N define the
rade of the polynomial. More details can be found in [48]. To calculate
he univariate polynomial for the current dependent inductance, the
oefficients in (10) with 𝛩𝑑 (𝑖𝑑 , 𝑖𝑞) and 𝛩𝑞(𝑖𝑑 , 𝑖𝑞) have to be calculated.
o distinguish between 𝑑 and 𝑞 current dependence, the two general
nivariate polynomials have to be calculated in both current directions
or the coefficients 𝛩𝑑 (𝑖𝑑 , 𝑖𝑞) = 𝛩𝑑 and 𝛩𝑞(𝑖𝑑 , 𝑖𝑞) = 𝛩𝑞 .

=
[

𝛩𝑑
𝛩𝑞

]

=

[

𝑋𝑇
𝑑 𝑋𝑑

𝑋𝑇
𝑞 𝑋𝑞

]−1 [𝑋𝑇
𝑑 𝐿𝑑 (𝑑)

𝑋𝑇
𝑞 𝐿𝑞(𝑞)

]

, (10)

here 𝐿𝑞(𝑑) and 𝐿𝑞(𝑞) are the quadrature inductances in dependence
f the currents 𝑖𝑑 and 𝑖𝑞 , which are taken out from the diagram. 𝑋𝑑 and
𝑞 are calculated with the current vectors 𝐼𝑑 and 𝐼𝑞 :

𝐝 = −
[

350 300 250 200 150 100 50 0
]

(11)

and

𝐈𝐪 =
[

0 50 100 150 200 250 300 350
]

. (12)

Each current vector, the direct and quadrature, includes 𝑒𝑖𝑔 ℎ𝑡 elements.
Matrix 𝑋𝑑 is calculated as follows:

[

𝟑𝑇 𝟐𝑇 𝑇
]

𝑋𝑑 = 𝐈𝐝 𝐈𝐝 𝐈8×1 , (13)
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Fig. 4. Calculated univariate polynomial 𝐿𝑑 in dependence of 𝑖𝑑 .

in which 𝐈8×1 represents the row of elements with values equaling one
and matrix 𝑋𝑞 is calculated as follows:

𝑋𝑞 =
[

𝐈𝟑𝐪
𝑇 𝐈𝟐𝐪

𝑇 𝐈𝑇8×1
]

. (14)

For the calculation of the univariate polynomials of the inductances 𝐿𝑑
nd 𝐿𝑞 , expression (9) is taken into account with 𝑛 = 3 in our case,
hich is reflected in (13) and in (14). The choice of the order of the
olynomial is done considering index 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2. It is to recall that
𝑎𝑑 𝑗 (𝑛, 𝛩)2 represents a statistical measure related to the proportion
f the variance for a dependent variable that is explained by an inde-
endent variable or variables in a regression model. In the proposed

application it is chosen 𝑛⋆ as the smallest 𝑛 argument of the set of
the calculated 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 minima, which is the grade of polynomial,
alculated as follows:

(𝑛,𝛩) =
{

(𝑛, 𝛩) ∶ arg min
𝑛

(

arg max
𝛩

𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2
)

}

(15)

n which 𝑆(𝑛,𝛩) is the set of the arguments of minima of the non-convex
ptimization problem and

𝑛⋆, 𝛩⋆) = min
𝑛
𝑆(𝑛,𝛩), (16)

ith 𝛩⋆ the values of the general parameters 𝛩 as indicated in (10)
orresponding to 𝑛⋆. The idea in (16) is to select from the set of the
inima of 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 the minimum with the argument (𝑛⋆, 𝛩⋆). In our

ase 𝑛⋆ = 3 and 𝛩⋆ which consists of a vector with eight components
n accordance with (10): four components for 𝛩⋆𝑑 and four components
or 𝛩⋆𝑞 . The choice of 𝑛⋆, as the minimum order of the polynomial,
eflects the necessity to obtain a compromise between approximation
nd calculation load. It is to notice that max𝛩 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 = min𝛩 𝑆 𝑆 𝐸,
here 𝑆 𝑆 𝐸 is the sum of squared errors, more details about this aspect

an be found in the discussion and analysis Section 7. From Figs. 4 and
it is possible to see how 𝐿𝑑 depends basically on 𝑖𝑞 and thus it is

ossible to write as follows:

𝑑 (𝑖𝑞) = 𝛩𝑑 (1)𝑖𝑞(𝑡)3 + 𝛩𝑑 (2)𝑖𝑞(𝑡)2 + 𝛩𝑑 (3)𝑖𝑞(𝑡) + 𝛩𝑑 (4). (17)

he same calculations have to be done for the coefficients of the current
ependent inductance 𝐿𝑞 , to get the following equation. In the same
ay from Figs. 6 and 7 inductance 𝐿𝑞 also depends basically on current
𝑞 and thus it is possible to write as follows:

𝑞(𝑖𝑞) = 𝛩𝑞(1)𝑖𝑞(𝑡)3 + 𝛩𝑞(2)𝑖𝑞(𝑡)2 + 𝛩𝑞(3)𝑖𝑞(𝑡) + 𝛩𝑞(4). (18)
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Fig. 5. Calculated univariate polynomial 𝐿𝑑 in dependence of 𝑖𝑞 .

. A geometric approach for a noninteraction controller

In (5) it can be seen, that the 𝑑-portion influences the 𝑞-axis of
the equation, just as the 𝑞-portion influences the 𝑑-axis in the opposite
direction. This effect is called the cross coupling effect and comes from
the fact, that the 𝑑-current component leads to a pre saturation in the
𝑞-axis as well as the 𝑞-current component is leading to pre saturation
in the 𝑑-axis. The advantages of decoupling in PMSM are known. The
geometric approach offers effective tools to realize a noninteracting
control strategy, starting from the following Definition stated for a
linear system of five maps (𝐴, 𝐵 , 𝐶 , 𝐸), in which 𝐴 is the transition,
𝐵 the input, 𝐶 the measured and 𝐸 the output matrices respectively,
see [49], page 298.

Definition 1 (Noninteracting controller). A control law is said to be
noninteracting with respect to partition (𝑒1,… , 𝑒𝑘) of output 𝑒 if there
exists a corresponding partition (𝑟1,… , 𝑟𝑘) of the reference input 𝑟 such
that, starting at the zero state, by acting on a single input 𝑟𝑖 (with all
the other inputs, 𝑑 included, identically zero) only the corresponding
output 𝑒𝑖 is changed, while the others remain identically zero.

The existence of a noninteracting controller for a given output
partition is strictly related to the structure of the system. Noninteraction
is clearly related to the concept of constrained controllability. In fact,
let

𝑖 =
𝑁
⋂

𝑗≠𝑖
𝗄𝖾𝗋𝐸𝑖 (𝑖 = 1,… , 𝑘) 𝑤𝑖𝑡ℎ 𝑘 ∈ N. (19)

It is clear that the reachable set on 𝑖, i.e.

𝑖 = 𝑖 ∩𝗆𝗂𝗇(𝐴, 𝑖,) (𝑖 = 1,… , 𝑘) (20)

with

𝑖 = 𝗆𝖺𝗑(𝐴, 𝐵 , 𝑖) (𝑖 = 1,… , 𝑘) (21)

is the maximal subspace on which, starting at the origin, state trajec-
tories can be obtained that affect only output 𝑒𝑖, without influencing
the other outputs, which remain identically zero. Subspace 𝑖 is ‘‘the
maximal’’ (𝐴,) controlled invariant subspace contained in 𝑖 and sub-
space 𝑖 is called ‘‘the minimal’’ (𝐴, 𝑖) conditioned invariant subspace
containing . Therefore, conditions

𝐸𝑖𝑖 = 𝗂𝗆𝐸𝑖 (𝑖 = 1,… , 𝑘) (22)

are necessary and sufficient conditions to perform a complete nonin-
teracting control. They clearly depend on the system structure, hence
are necessary whatever the type of controller used (for instance a
nonlinear one). Necessary and sufficient conditions for the existence of
457 
a noninteracting control are stated in Theorem 5.5.1 of pages 299–300,
see [49]. It is also known, see [49], that if 𝗆𝗂𝗇(𝐴, 𝑖,) =  a linear
system can be decoupled if and only if exists a matrix 𝐹 :

(𝐴 + 𝐵 𝐹 )𝑖 ⊆ 𝑖 (𝑖 = 1,… , 𝑘). (23)

Still in [49], it was shown that in case (𝐴,) is controllable it is
possible to place all external eigenvalues with respect to any 𝑖, see
Property 4.1.16 page 214. The constrained reachable set on 𝑖 is 𝑖 =
𝗆𝗂𝗇((𝐴+𝐵 𝐹 ), 𝗂𝗆𝐵 ∩𝑖), see Theorem 4.1.6 of pages 210–211 in [49],
and thus it follows 𝗂𝗆𝐵∩𝑖 ≠ 0. In our specific case 𝑘 = 2 and to realize
the noninteraction, the following case with just two subspaces can be
considered:

1 = 𝗂𝗆

[

1
0

]

(24)

and

2 = 𝗂𝗆

[

0
1

]

. (25)

It can be shown that

1 = 𝗆𝖺𝗑(𝐴, 𝐵 , 1) ∩𝗆𝗂𝗇(𝐴, 1,) = 𝗂𝗆

[

1
0

]

(26)

and also

2 = 𝗆𝖺𝗑(𝐴, 𝐵 , 2) ∩𝗆𝗂𝗇(𝐴, 2,) = 𝗂𝗆

[

0
1

]

, (27)

and that

𝗂𝗆𝐵(𝑡) ∩ 𝑖 ≠ 0 (𝑖 = 1, 2). (28)

Since the angular velocity variable is not included as a state of the
system, the time-varying system defined in (5) is a time-varying one
and on the light of the previous considerations, the following results
are formally stated.

Proposition 1. Given the time-varying system defined in (5), in ac-
cordance with condition of (28), no-left invertible system, a matrix 𝐹 (𝜔𝑟)
can be designed in order to satisfy condition (23), which satisfies also the
stability problem.

Proof. It is straightforward to show that the system is controllable
because 𝗋𝖺𝗇𝗄𝐵(𝑡) = 𝑛 ∀ 𝑡, where 𝑛 is the number of states and in which
𝐵(𝑡) is defined in (5). In the same way

𝗂𝗆𝐵(𝑡) ∩ 𝑖 ≠ 0 (29)

is guaranteed ∀𝑖 and ∀𝑡. Condition (23) can be explicitly rewritten as
follows:
⎡

⎢

⎢

⎣

−𝑅𝑠
𝐿𝑑 (𝑡)

𝐿𝑞 (𝑡)𝑝𝜔𝑟(𝑡)
𝐿𝑑 (𝑡)

−𝐿𝑑 (𝑡)𝑝𝜔𝑟(𝑡)
𝐿𝑞 (𝑡)

−𝑅𝑠
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

+
⎡

⎢

⎢

⎣

1
𝐿𝑑 (𝑡)

0

0 1
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

𝐹 (𝜔𝑟(𝑡)) =
[

𝜆 0
0 𝜆

]

. (30)

Matrix 𝐹 (𝜔𝑟) can be calculated as follows:
⎡

⎢

⎢

⎣

𝐹11−𝑅𝑠
𝐿𝑑 (𝑡)

𝐹12+𝐿𝑞 (𝑡)𝑝𝜔𝑟(𝑡)
𝐿𝑑 (𝑡)

𝐹21−𝐿𝑑 (𝑡)𝑝𝜔𝑟(𝑡)
𝐿𝑞 (𝑡)

𝐹22−𝑅𝑠
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

=
[

𝜆 0
0 𝜆

]

, (31)

which implies:
𝐹11 = 𝑅𝑠 + 𝐿𝑑 (𝑡)𝜆; 𝐹12 = −𝐿𝑞(𝑡)𝑝𝜔𝑟(𝑡)
𝐹21 = 𝐿𝑑 (𝑡)𝑝𝜔𝑟(𝑡); 𝐹22 = 𝑅𝑠 + 𝐿𝑞(𝑡)𝜆.

□ (32)

Remark 1. In (30) the two eigenvalues of the dynamics of the currents
could be the same and this can be calculated by using matrix 𝐹 (𝜔𝑟(𝑡)).
arameter 𝜆 represents the eigenvalues of the desired electrical system.
or stability, 𝜆 must lie in the negative real plane. By adjusting the
alues of 𝜆, we can obtain the desired dynamics of the electrical system
f the synchronous motor.
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Fig. 6. Calculated univariate polynomial 𝐿𝑞 in dependence of 𝑖𝑑 .

Fig. 7. Calculated univariate polynomial 𝐿𝑞 in dependence of 𝑖𝑞 .

The proof of Proposition 1 is a constructive one. The time-varying
state–space decoupling controller, which is the key point of the pro-
posed non-interacting control strategy, can be represented as shown in
Fig. 1, as follows:
[

𝑢̃𝑑 (𝑡)
𝑢̃𝑞(𝑡)

]

=
[

𝑅𝑠 + 𝐿𝑑 (𝑡)𝜆 −𝐿𝑞(𝑡)𝑝𝜔𝑟(𝑡)
𝐿𝑑 (𝑡)𝑝𝜔𝑟(𝑡) 𝑅𝑠 + 𝐿𝑞(𝑡)𝜆

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐹 (𝜔𝑟(𝑡))

[

𝑖𝑑 (𝑡)
𝑖𝑞(𝑡)

]

. (33)

After the cancellation due to the time-varying state–space decou-
pling controller, and after the cancellation of term 𝜓𝑝𝑝𝜔𝑟(𝑡)

𝐿𝑞 (𝑡)
using a 𝑢𝑓 𝑓

feedforward action, see Fig. 1, as follows:

𝑢𝑓 𝑓 (𝑡) = 𝐿𝑞(𝑡)
𝑑 𝑖𝑞(𝑡)
𝑑 𝑡 + 𝑅𝑠𝑖𝑞(𝑡) + 𝛹𝑝𝑝𝜔𝑟(𝑡), (34)

considering the system described in (1) and in (2), the following
ystem is obtained:
⎡

⎢

⎢

⎣

𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡

𝑑 𝑖𝑞 (𝑡)
𝑑 𝑡

⎤

⎥

⎥

⎦

=
[

𝜆 0
0 𝜆

]

⏟⏞⏟⏞⏟
𝐴𝑑 𝑒𝑐

[

𝑖𝑑 (𝑡)
𝑖𝑞(𝑡)

]

+
⎡

⎢

⎢

⎣

1
𝐿𝑑 (𝑡)

0

0 1
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

[

𝑣𝑑 (𝑡)
𝑣𝑞(𝑡)

]

(35)

in which 𝑣 and 𝑣 are two supplementary inputs.
𝑑 𝑞
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If the cancellation is not perfect, then, considering additive uncer-
tainties 𝐿̂𝑑 (𝑡) = 𝐿𝑑 (𝑡) +𝛥𝐿𝑑 and 𝐿̂𝑞(𝑡) = 𝐿𝑞(𝑡) +𝛥𝐿𝑑 , matrix 𝐴𝑑 𝑒𝑐 becomes

𝐴̃𝑑 𝑒𝑐 =
[

𝜆 + 𝜆(𝛥𝐿𝑑 ) 𝛥𝑑
𝛥𝑞 𝜆 + 𝜆(𝛥𝐿𝑞 )

]

(36)

in which 𝛥𝐿𝑑 , 𝛥𝐿𝑞 , 𝛥𝑑 and 𝛥𝑞 represent the time-varying cancellation
errors due to the non-perfect knowledge of the system. The system
represented in (35) becomes
⎡

⎢

⎢

⎣

𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡

𝑑 𝑖𝑞 (𝑡)
𝑑 𝑡

⎤

⎥

⎥

⎦

=

[

𝜆 + 𝜆(𝛥𝐿𝑑 ) 𝛥𝑑
𝛥𝑞 𝜆 + 𝜆(𝛥𝐿𝑞 )

]

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴̃𝑑 𝑒𝑐 (𝑡)

[

𝑖𝑑 (𝑡)
𝑖𝑞(𝑡)

]

+
⎡

⎢

⎢

⎣

1
𝐿𝑑 (𝑡)

0

0 1
𝐿𝑞 (𝑡)

⎤

⎥

⎥

⎦

[

𝑣𝑑 (𝑡)
𝑣𝑞(𝑡)

]

−
[

0
𝛥𝑓 𝑓

]

. (37)

As explained, parameter 𝛥𝐿𝑑 , 𝛥𝐿𝑞 , 𝛥𝑑 , 𝛥𝑞 and 𝛥𝑓 𝑓 represent the time-
varying cancellation errors due to the non perfect knowledge of the
system. In particular, term 𝛥𝑓 𝑓 represents the time-varying cancellation
error due to the uncertainties of the feedforward action 𝑢𝑓 𝑓 defined in
(34). These elements will be stochastically included in the process noise
of the two corresponding EKFs.

Remark 2. Considering that 𝜔𝑟 is not a state of the system, matrix
𝐴̃𝑑 𝑒𝑐 (𝑡) is basically a time-varying matrix and in accordance with [50]
page 114, then the asymptotical stability of the system represented
by the time-varying matrix 𝐴̃𝑑 𝑒𝑐 (𝑡) is given by the sufficient condition
that the real part of the eigenvalues of 𝐴̃𝑇𝑑 𝑒𝑐 (𝑡) + 𝐴̃𝑑 𝑒𝑐 (𝑡) results to be
strictly negative. This implies to find a 𝜆 such that 2𝜆 + 2𝛥𝐿𝑑 𝜆 < 0
and (𝜆 + 𝜆(𝛥𝐿𝑑 ))(𝜆 + 𝜆(𝛥𝐿𝑞 )) − (𝛥𝑑 + 𝛥𝑞)2 > 0. These two conditions
represents the Sylvester criterion for a matrix 2 × 2 to have negative
eigenvalues. It is straightforward to show that choosing 𝜆 sufficiently
large and negative, both conditions are satisfied.

4.1. Outer loop control using two PI controllers for the time-varying system

To robustify the control strategy, a PI controller is used as shown in
Fig. 1. Considering the state representation of the PI controller included
n the outer loop it is straightforward to show, in case of perfect

cancellation of the element 𝜓𝑝𝑝𝜔𝑟(𝑡)
𝐿𝑞 (𝑡)

, it can be written as Eq. (38) in Box I
where matrix 𝐴̃𝑃 𝐼 (𝑡) is also a time-varying matrix and in accordance
ith [50] and above mentioned Sylvester theorem, the four Sylvester

onditions on the determinants of the minors of the left corner can be
asily satisfied by the four parameters of the two PI controllers: 𝐾𝑝𝑑 ,
𝑝𝑞 , 𝐾𝐼 𝑑 and 𝐾𝐼 𝑞 . States 𝑋𝐼 𝑑 and 𝑋𝐼 𝑞 are the augmented states with
hich the two integral actions are described what can be seen in detail

ogether with the proportional actions, in accordance with Fig. 1, as
ollows:

𝑑 (𝑡) = 𝐾𝑝𝑑 (𝑖𝑑 𝑑 (𝑡) − 𝑖𝑑 (𝑡)) +𝐾𝐼 𝑑 ∫
𝑡

0
(𝑖𝑑 𝑑 (𝜏) − 𝑖𝑑 (𝜏))𝑑 𝜏

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑋𝐼 𝑑 (𝑡)

(39)

nd

𝑞(𝑡) = 𝐾𝑝𝑞(𝑖𝑞 𝑑 (𝑡) − 𝑖𝑞(𝑡)) +𝐾𝐼 𝑞 ∫
𝑡

0
(𝑖𝑞 𝑑 (𝜏) − 𝑖𝑞(𝜏))𝑑 𝜏

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝑋𝐼 𝑞 (𝑡)

. (40)

onsidering that, in accordance with Remark 2, it is possible to choose
eigenvalues which guarantee the asymptotical stability of the con-
trolled system and because of the 𝑑 𝑞 transformation, 𝑖𝑑 and 𝑖𝑞 are
constant after the transient and being 𝑖𝑑 𝑑 and 𝑖𝑞 𝑑 also constant after
the transient, then 𝑑 𝑋𝐼 𝑑 (𝑡)

𝑑 𝑡 = 0 and 𝑑 𝑋𝐼 𝑞 (𝑡)
𝑑 𝑡 = 0, which implies 𝑖𝑑 = 𝑖𝑑 𝑑

and 𝑖 = 𝑖 after the transient.
𝑞 𝑞 𝑑
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⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡

𝑑 𝑖𝑞 (𝑡)
𝑑 𝑡

𝑑 𝑋𝐼 𝑑 (𝑡)
𝑑 𝑡

𝑑 𝑋𝐼 𝑞 (𝑡)
𝑑 𝑡

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝜆 + 𝜆(𝛥𝐿𝑑 ) −
𝐾𝑝𝑑
𝐿𝑑 (𝑡)

𝛥𝑑
𝐾𝐼 𝑑
𝐿𝑑 (𝑡)

0

𝛥𝑞 𝜆 + 𝜆(𝛥𝐿𝑞 ) −
𝐾𝑝𝑞
𝐿𝑞 (𝑡)

0 𝐾𝐼 𝑞
𝐿𝑞 (𝑡)

−1 0 0 0
0 −1 0 0

⎤

⎥

⎥

⎥

⎥

⎥

⎦

⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟
𝐴̃𝑃 𝐼 (𝑡)

⎡

⎢

⎢

⎢

⎢

⎣

𝑖𝑑 (𝑡)
𝑖𝑞(𝑡)
𝑋𝐼 𝑑 (𝑡)
𝑋𝐼 𝑞(𝑡)

⎤

⎥

⎥

⎥

⎥

⎦

+

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐾𝑝𝑑
𝐿𝑑 (𝑡)

0

0 𝐾𝑝𝑞
𝐿𝑞 (𝑡)

1 0
0 1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

[

𝑖𝑑 𝑑 (𝑡)
𝑖𝑞 𝑑 (𝑡)

]

−

⎡

⎢

⎢

⎢

⎢

⎣

0
𝛥𝑓 𝑓
0
0

⎤

⎥

⎥

⎥

⎥

⎦

(38)

Box I.
t
s
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5. An EKF for inductance estimation for and within noninteracting
control

In the EKF, the saturated inductance is estimated and fed back to
the input of the noninteraction controller to determine the decoupling.
The decoupling by means of a noninteraction control leads to the fact
that the matrices of the EKF for the estimation of the saturated induc-
ance, and thus the accompanying computational effort, can be reduced
ignificantly. In the meantime, the quality of observability increases

with the reduction of the variable to be estimated in each EKF. Despite
he presence of the uncertainties 𝛥 due to the non-perfect cancellation,
he EKF, thanks to its stochastic structural nature, can estimate the
nductance in an adequate way. Concerning some background of the

EKF, the reader is addressed to Appendix. Moreover, in Section 7 the
analysis and the discussion related to the observability of the decoupled
ystem for the estimation of the inductances is considered. It is pointed

out how additional white noise is artificially introduced to improve the
observability of the system to be observed, see [35]. In the Appendix,
the speed of the convergence of the proposed EKFs through the analysis
of the a posteriori variance of the estimated variables is discussed.

5.1. EKF for inductance estimation

By discretizing the current equations in (1) and (2) and taking the
decoupling calculations into account, we get the following discretized
Eqs. (41) and (42):

𝑖𝑑 ≈
𝑖𝑑 (𝑘 + 1) − 𝑖𝑑 (𝑘)

𝑇𝑠
=
(

𝑖𝑑 (𝑘)𝜆 +
𝑣𝑑 (𝑘)
𝐿𝑑 (𝑘)

)

. (41)

𝑖𝑞 ≈
𝑖𝑞(𝑘 + 1) − 𝑖𝑞(𝑘)

𝑇𝑠
=
(

𝑖𝑞(𝑘)𝜆 +
𝑣𝑞(𝑘)
𝐿𝑞(𝑘)

)

. (42)

Again, decoupling reduces the size of the equations. The factor 𝜆
ust be taken into account.

While comparing (4) with (5), it is possible to see that the indepen-
ence of the saturation effect in 𝐿𝑑 strongly depends on the current
𝑞 . The dynamics of 𝐿𝑑 and 𝐿𝑞 for the a priori estimation in both EKFs,

EKFd and EKFq, see Fig. 1, are calculated as follows from (17) and (18):
𝐿𝑑 (𝑘 + 1) − 𝐿𝑑 (𝑘)

𝑇𝑠
= 3𝛩𝑑 (1)𝑖𝑑 (𝑘)2𝑖𝑑 + 2𝛩𝑑 (2)𝑖𝑑 (𝑘)𝑖𝑑 + 𝛩𝑑 (3)𝑖𝑑 (43)

and
𝐿𝑞(𝑘 + 1) − 𝐿𝑞(𝑘)

𝑇𝑠
= 3𝛩𝑞(1)𝑖𝑞(𝑘)2𝑖𝑞 + 2𝛩𝑞(2)𝑖𝑞(𝑘)𝑖𝑞 + 𝛩𝑞(3)𝑖𝑞 , (44)

where 𝑖𝑑 and 𝑖𝑞 are defined in accordance with Euler discretization in
41) and (42). The discretized nonlinear system equations for 𝑖𝑑 and 𝐿𝑑
n (45) as well as the discretized nonlinear system equations for 𝑖𝑞 and
𝐿𝑞 in (46) are taken for the estimation of the a priori states 𝑥̂− in the
EKF in the prediction step as Eqs. (45) and (46) in Box II with 𝑖𝑑 and
𝑞̃ as derivatives (41) and (42) for the currents 𝑖𝑑 and 𝑖𝑞 . The values 𝑖𝑑 ,
𝑞̂ , 𝐿̂𝑑 and 𝐿̂𝑞 are estimated at the previous step, see Appendix.

For the estimation of the a priori states 𝑥̂− in the prediction step
the EKF uses the a posteriori estimation 𝑥̂ of the last iteration. The
lectrical model is described by nonlinear system equations, that makes
t necessary for the estimation process of the EKF approach to derive
459 
he Jacobian matrices of the 𝑑− and 𝑞− components of the electrical
ystems after their decoupling:

𝐽𝑑 (𝑘 + 1) =
⎡

⎢

⎢

⎣

𝜕 𝑖𝑑 (𝑘+1)
𝜕 𝑖𝑑 (𝑘)

𝜕 𝑖𝑑 (𝑘+1)
𝜕 𝐿𝑑 (𝑘)

𝜕 𝐿𝑑 (𝑘+1)
𝜕 𝑖𝑑 (𝑘)

𝜕 𝐿𝑑 (𝑘+1)
𝜕 𝐿𝑑 (𝑘)

⎤

⎥

⎥

⎦

. (47)

𝐽𝑞(𝑘 + 1) =
⎡

⎢

⎢

⎢

⎣

𝜕 𝑖𝑞 (𝑘+1)
𝜕 𝑖𝑞 (𝑘)

𝜕 𝑖𝑞 (𝑘+1)
𝜕 𝐿𝑞 (𝑘)

𝜕 𝐿𝑞 (𝑘+1)
𝜕 𝑖𝑞 (𝑘)

𝜕 𝐿𝑞 (𝑘+1)
𝜕 𝐿𝑞 (𝑘)

⎤

⎥

⎥

⎥

⎦

. (48)

After calculating the Jacobian matrix by using the estimation results of
the last iteration, we get the following 2 × 2 matrices for the 𝑑− and
𝑞− components of the electrical systems after their decoupling:

𝐽𝑑 (𝑘 + 1) =
[

1 + 𝑇𝑠𝜆 −𝑇𝑠
𝑣𝑑 (𝑘)
𝐿̂𝑑 (𝑘)2

𝐽𝑑21 𝐽𝑑22

]

. (49)

𝐽𝑞(𝑘 + 1) =
[

1 + 𝑇𝑠𝜆 −𝑇𝑠
𝑣𝑞 (𝑘)
𝐿̂𝑞 (𝑘)2

𝐽𝑞21 𝐽𝑞22

]

. (50)

The elements 𝐽𝑑21 , 𝐽𝑑22 and the elements 𝐽𝑞21 , 𝐽𝑞22 are reported in Append

6. Measurements and results

Fig. 8 shows the Typhoon HIL system with which the control struc-
ure is validated. In emerging topics the prototyping phase represents
n essential validation part of the project. For the validation of control
oncepts, the hardware in the loop (HIL) concept is being used more
nd more frequently. Here, the electronic control units to be tested are

not directly integrated into the real system, but into a test bench with a
mathematical system simulation. By means of an appropriate electronic
interface, the control unit is connected to the HIL platform so that, from
its point of view, there is no difference between the test bench and the
ater controlled system [51]. The Typhoon HIL402 environment allows
he simulation of a traction inverter as well as a PMSM. The advantage

of using the HIL system is that the stored saturation characteristics
of the inductance of the used PMSM can be easily compared with
the values estimated by the EKF. The C-code generated in Simulink’s
embedded coder can now be implemented and tested directly in a real
ime environment. The following measurements and results were taken

with HIL Scada, the HIL testbed of Typhoon. As it can be seen in
Fig. 1, the estimated inductances 𝐿𝑑 and 𝐿𝑞 are directly given into the
noninteracting control for decoupling action. Since the EKF regulates to
the final estimated value only after a short settling process after starting
the control, the KF used for 𝐿𝑑 and 𝐿𝑞 are switched on one after the
other in order to avoid mutual oscillation. The switching on happens
in less than 1𝑠. During that time the noninteracting controller sees the
nominal value of the inductance.

The torque is presented within Fig. 9 and as already discussed,
because of the introduction of artificial white noise in the measured
current ‘to improve the observability’ of the decoupled system, the
noise is reflected also in the torque control, see Section 7. The beneficial
effect of adding white noise in the measured current is nevertheless
visible in the speed of convergence of EKF. In fact, from Figs. 14 and
15 a very short time of convergence of the variances of the estimated

variables is visible thanks to the increased level of the variability
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𝑥̂−𝑑 (𝑘 + 1) =
[

𝑖−𝑑 (𝑘 + 1)
𝐿̂−
𝑑 (𝑘 + 1)

]

=
⎡

⎢

⎢

⎣

𝑇𝑠
(

𝑖𝑑 (𝑘)𝜆 +
𝑣𝑑 (𝑘)
𝐿̂𝑑 (𝑘)

)

+ 𝑖𝑑 (𝑘)

𝑇𝑠
(

3𝛩𝑑 (1)𝑖𝑑 (𝑘)2𝑖𝑑 + 2𝛩𝑑 (2)𝑖𝑑 (𝑘)𝑖𝑑 + 𝛩𝑑 (3)𝑖𝑑
)

+ 𝐿̂𝑑 (𝑘)

⎤

⎥

⎥

⎦

(45)

and

𝑥̂−𝑞 (𝑘 + 1) =
[

𝑖−𝑞 (𝑘 + 1)
𝐿̂−
𝑞 (𝑘 + 1)

]

=
⎡

⎢

⎢

⎣

𝑇𝑠
(

𝑖𝑞(𝑘)𝜆 +
𝑣𝑞 (𝑘)
𝐿̂𝑞 (𝑘)

)

+ 𝑖𝑞(𝑘)

𝑇𝑠
(

3𝛩𝑞(1)𝑖𝑞(𝑘)2𝑖𝑞 + 2𝛩𝑞(2)𝑖𝑞(𝑘)𝑖𝑞 + 𝛩𝑞(3)𝑖𝑞
)

+ 𝐿̂𝑞(𝑘)

⎤

⎥

⎥

⎦

(46)

Box II.
of the measured current, see Section 7. The proposed torque control
strategy shows promising results in terms of reduction of its oscillations,
bias between desired and obtained torque and disturbances, and the
proposed control strategy maintains, at the same time, ripples inside
he technical limits in the obtained torque. For validation, the torque
s increased up to 150 N m. The torque ripple is based on the geometrical

characteristics of the electric machine. Contributions like [52,53] show
that a reduction of the torque ripple to 9% is possible if certain mea-
sures are taken into account in the geometrical design of the motor. As
already explained, the torque ripple is related to structural geometrical
characteristics of the machine and cannot be reduced significantly
below these values. The torque ripple in Fig. 9 is 12% which illustrates
that the control strategy used keeps the torque ripple at a consistently
low level. Since the currents 𝑖𝑑 and 𝑖𝑞 are measured and given to the
KF, the course of the respective estimated current value (shown here in
red) follows that of the actual value. As the required torque is increased
in portions, the current 𝑖𝑞 in the PMSM increases, as it is shown in
ig. 10, while at the same time current 𝑖𝑑 decreases, as it is shown
n Fig. 11. The inductance deviates more and more from its nominal
alue as a result of the increase in flux density. Magnetic saturation
esults in a nonlinear relationship between magnetic field strength and
lux density and a reduction in the effective inductance due to the
aturated iron of the stator. Figs. 12 and 13 show the inductances 𝐿𝑑
nd 𝐿𝑞 in blue. These actual inductances were measured and recorded
n the component and machine test bench for electrical machines prior
o the investigations with KF. The course of the estimated inductance

values 𝐿𝑑 and 𝐿𝑞 by EKFs are shown in red. The estimation provides
reliable values over the entire torque range. However, it can be clearly
een that for both 𝐿𝑑 and 𝐿𝑞 , a clear agreement between the estimated
nd nominal values occurs from a higher torque of 70 N m for 𝐿𝑞 and

150 N m for the inductance 𝐿𝑑 . The improvement of the estimation with
the increase of torque and thus the increase of the currents 𝑖𝑑 and 𝑖𝑞
is due to the very small inductance values which have to be estimated.
By increasing the current values, the calculation of the models stored
in the KF become more accurate. In signal processing, when using
microcontrollers, a very limited calculation load is always a suitable
goal. An overview on the arithmetic operation requirements, as often
is shown in literature, see [54,55], for the proposed EKF structure is
shown in Table 1. This overview is related to the calculation load of
each EKF. In this sense, the total calculation load is twice that shown
in this table in which 𝑛, 𝑚 and 𝑝 represent the dimension of the state
vector, the dimension of the input vector and the dimension of the
measured output respectively. If the unique EKF is considered, then
Table 2 is considered as overview of the calculation load. It is possible
to see from Table 1 that thanks to the decoupled KF a very reduced
calculation load is obtained as a result with respect to a non decoupled
EKF as reported in Table 2. The Matlab code of the reduced EKFs is
in Appendix.

7. Discussion and analysis

In this Section, measurements and results are discussed further
ogether with future perspectives.
460 
Fig. 8. Typhoon system for PMSM prototyping.

Fig. 9. Actual motor torque 𝑇 and desired torque 𝑇𝑑 . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version
of this article.)

7.1. Contribution highlights

The main contribution is the estimation of nonlinear inductances
in case of saturation. As it can be seen for example in [37], this
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Fig. 10. Estimated and actual values for quadrature current 𝑖𝑞 . (For interpretation of
he references to color in this figure legend, the reader is referred to the web version
f this article.)

Fig. 11. Estimated and actual values for direct current 𝑖𝑑 . (For interpretation of the
references to color in this figure legend, the reader is referred to the web version of
this article.)

Fig. 12. Estimated and actual values for quadrature inductance 𝐿𝑞 . (For interpretation
of the references to color in this figure legend, the reader is referred to the web version
of this article.)
461 
Fig. 13. Estimated and actual values for direct inductance 𝐿𝑑 . (For interpretation of
the references to color in this figure legend, the reader is referred to the web version
of this article.)

able 1
verview of the arithmetic operation requirements for the proposed decoupled EKF

tructure.
Number of multiplications Number of additions
(n = 2, m = 1, p = 1) (n = 2, m = 1, p = 1)

𝐱̂−(𝑘 + 1) 𝑛2 + 𝑛𝑚 (6) 𝑛2 − 𝑛 + 𝑛𝑚 (4)
Eq. (60)

𝐏−(𝑘 + 1) 2𝑛3(16) 2𝑛3 − 𝑛2 (12)
Eq. (61)

𝐱̂(𝑘 + 1) 2𝑛𝑚 + 𝑝𝑚 (5) 2𝑛𝑚 + 𝑝𝑚 (5)
Eq. (63)

𝐊(𝑘 + 1) 𝑛2𝑚 + 2𝑛𝑝2 + 𝑝3 (9) 𝑛2𝑚 + 2𝑛𝑝2 + 𝑝3 − 2𝑛𝑝 (12)
Eq. (62)

𝐏(𝑘 + 1) 𝑛3 + 𝑛2𝑝 (12) 𝑛3 + 𝑛2𝑝 − 𝑛2 (8)
Eq. (65)

Total 48 41

Table 2
Overview of the arithmetic operation requirements for the non decoupled EKF
structure.

Number of multiplications Number of additions
(n = 4, m = 2, p = 2) (n = 4, m = 2, p = 2)

𝐱̂−(𝑘 + 1) 𝑛2 + 𝑛𝑚 (20) 𝑛2 − 𝑛 + 𝑛𝑚 (20)
Eq. (60)

𝐏−(𝑘 + 1) 2𝑛3(128) 2𝑛3 − 𝑛2 (112)
Eq. (61)

𝐱̂(𝑘 + 1) 2𝑛𝑚 + 𝑝𝑚 (20) 2𝑛𝑚 + 𝑝𝑚 (20)
Eq. (63)

𝐊(𝑘 + 1) 𝑛2𝑚 + 2𝑛𝑝2 + 𝑝3 (72) 𝑛2𝑚 + 2𝑛𝑝2 + 𝑝3 − 2𝑛𝑝 (56)
Eq. (62)

𝐏(𝑘 + 1) 𝑛3 + 𝑛2𝑝 (96) 𝑛3 + 𝑛2𝑝 − 𝑛2 (80)
Eq. (65)

Total 144 288

kind of problem is still an open problem. The decoupling approach in
combination with PI control for PMSM is a common control method
for controlling an ‘‘almost’’ linear system. If the cancellation is perfect,
then the linearization of the system can be guaranteed by decoupling.
In a closed control loop, because of the non perfect estimation of
the parameters a permanently maintained ‘‘almost’’ linear system is
obtained. The big advantage of the decoupling controller here is that
it leads to the use of the two decoupled EKF equations, which leads
to much smaller matrices and thus to faster calculations due to lower
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computational load, that is shown in Tables 1 and 2 of the contri-
bution. This is particularly relevant in case of small sample times
in the realization of the discrete controller. In the analyzed case the
sample time equals 100 μs. Another big advantage of the two reduced
order augmented decoupled EKFs is the increased observability quality,
which is reflected in the tracking results. If we assume the structure of
a centralized augmented EKF, it must be emphasized that the quality
of observability decreases with the increasing number of parameters to
be observed. To stay in the terminology of [33], it can be said that
the quality of observability decreases or the system can even become
unobservable, as shown for example in [56]. In contrast, if two smaller
decoupled EKFs are used, this increases the quality in view of the local
observability and therefore makes sense if the number of augmented
states is increased. There are various ways to specify the measure of
he quality of observability. These include the maximum eigenvalue,
he trace or the determinant of the inverse observability Gramian. It
s presented for example in [33,34] and in [46]. Possible candidate
ndex for the measure of the quality of the local observability are
he maximal eigenvalue, the trace or the determinant of the inverse
bservability Gramian. In [33,34] and in [46] it was shown how the
uality of the observability and the quality of the local observability
ndex can increase in case of separation of the observer structure,
ee [36]. If the approach for calculation of the EKF model is discussed,
t can be clearly shown that a univariate polynomial in a decoupled
KF entails significantly less complexity compared to [35], where a
ivariate polynomial is used to capture the current dependence in the
and 𝑞 direction of the inductances. However, the great advantage in

he usage of the univariate polynomial within the EKF model is that the
nivariate polynomial requires significantly fewer measured sampling
oints than in the case of using a bivariate polynomial. Especially if
he electric motor is already permanently installed and coupled with
he load to be turned, for example in a marine or train application,
easuring the electrical inductances is only possible to a much limited

xtent.

.2. Limitations

In general, there are two main types of PMSMs. The PMSMs with
urface mounted magnets and the PMSM with buried magnets, also
alled interior PMSM. As the presented control is dealing with an MTPA
n the outer control loop, the inductances 𝐿𝑑 and 𝐿𝑞 have to be un-
qual, which is only true for interior PMSM types. From the calculation
f the desired currents 𝑖𝑑 𝑑 and 𝑖𝑞 𝑑 using this control structure, it follows
hat it is only valid for PMSMs with 𝐿𝑑 not equal to 𝐿𝑞 , which is a
imitation for PMSMs with surface mounted magnets. The PMSM with

buried magnets under test can be considered as low impedant due to
their very small inductances. Since the low impedance of the machine
makes it much more difficult to estimate the parameters, it can be
concluded from this that the method presented is valid for a wide range
of machines with interior magnets. The analysis also considers the
validation method, which was carried out using a HIL test stand. HIL
models are based on models in which calculation models are executed
that include a simplification of the physical components. However, it
must be noted that the underlying computational models are much
more complex and accurate than they were a few years ago due to
the development of much more powerful hardware components such
as FPGAs, and the development of these models is still ongoing. This
is not the only reason why HIL systems have made strong inroads into
institutions and companies. The time and cost savings that come from
successful use at an early stage of development make HIL validation
one of the most important tools in the modern development of control
algorithms. The HIL validation was able to show the quality of the
estimation process of parameters and states in the saturation region
of the PMSM and the use of the estimated parameters in an adaptive
decoupling PI control. The objective of demonstrating parameter esti-
mation for the non-linear operating range of the electrical machine can

therefore be considered fulfilled.
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7.3. Choice of the approximating univariate polynomials

The choice of the univariate polynomials was done according to the
approach of the fitting problem. In the context under consideration,
a fitting problem is used to obtain the inductances 𝐿𝑑 and 𝐿𝑞 as
functions of the currents 𝑖𝑑 and 𝑖𝑞 . Univariate polynomials offer a
lower computational effort and enable a smaller sampling time in the
implementation of the microcontroller. A smaller sampling time allows
the use of the feedforward Euler discretization method, which offers
a structural advantage as it has an explicit structure in its model. The
choice of the polynomials in (17) and in (18) is related to the indicator
R-squared adjusted which is defined in the following way:

𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 = 1 −
(

𝑚𝑜 − 1
𝑚𝑜 − 𝑝𝑐

)

𝑆 𝑆 𝐸
𝑆 𝑆 𝑇 , (51)

where 𝑚𝑜 is the number of observations, 𝑛 is the order of the poly-
omials and 𝑝𝑐 = 𝑛 + 1 is the number of regression coefficients. In

which the following indicators are defined as follows. The sum of
squared errors is 𝑆 𝑆 𝐸 =

∑𝑚𝑜
𝑖=1(𝑦𝑖 − 𝑦̂𝑖)2 and the total sum of squares

is 𝑆 𝑆 𝑇 =
∑𝑚𝑜
𝑖=1(𝑦𝑖 − 𝑦̄)

2, where 𝑦𝑖 and 𝑦̄ represent the measured points
and their mean value. It is to recall that 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 is not a monotonic
function with respect to variable 𝑛. Typically, a suitable choice of the
rder of the approximating polynomials is obtained considering one

of the minimum of this indicator with respect to a sufficiently small
order 𝑛 of the polynomial. This is due in order to find a compromise
between a reduced overfitting, enough precision of the approximation
and a reduced order of the polynomial to obtain a reduction of the
calculation load of the online algorithm. Considering the obtained value
for 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 the minimum of it is found at 𝑛 = 3 in our case. In
particular, starting from 𝑛 = 0, 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 decreases until 𝑛 = 3 and
at 𝑛 = 4 it is already increased. One of the possible criteria is to
choose the value of 𝑛 in which the first minimum of 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 is
btained. A minimum for 𝑅𝑎𝑑 𝑗 (𝑛, 𝛩)2 reflects 𝑆 𝑆 𝐸 ≈ 𝑆 𝑆 𝑇 which states
he minimum of 𝑆 𝑆 𝑅 =

∑𝑚
𝑖=1(𝑦̄ − 𝑦𝑖)2 which represents a statistical

ndicator.

.4. Some concerns on the sampling time

The sample time 𝑇𝑠 is a crucial parameter for the Kalman filter, as
t determines how quickly the loop of calculations of the Kalman filter
quations is repeated. This results in a certain advantage for the short-
st possible sampling times, which no longer increases significantly
fter a certain point. The disadvantage of sample times that are too
hort, on the other hand, is that the computing power required by ex-

ecuting hardware components such as digital signal processors (DSPs)
r field programmable gate arrays (FPGAs) increases inversely. For this
eason, the sample time cannot be chosen to be arbitrarily small and

must therefore be adjusted to an optimum. The Typhoon HIL hardware-
n-the-loop test stand already provides important information about the

adjustable sampling time. An FPGA works within the Typhoon HIL,
which simulates the hardware of the inverter and electrical machine.

s the simulation of the components is very computationally intensive,
here is only limited computing power available to run the Kalman filter
lgorithms, despite the use of an FPGA module. In order to obtain a
ealistic image for determining the sampling time, the authors used a
ommon DSP from Texas Instruments in [35], with the help of which

a sampling time of 𝑇𝑠 = 10−4 s could be set. With this sampling time, it
could be shown that the KF is able to estimate good and stable results
and provide them to the adaptive control. The TI DSP F28335 used
in [35] is a powerful DSP. Since it cannot always be guaranteed that
this computing power is available for the execution of the calculations,
the extent to which the sampling time can be increased by using a

F with backward Euler calculation was investigated by the authors
in [36]. It could be shown that the required sample time 𝑇𝑠 could be
ignificantly increased to 10−4 s. In general it is known that backward
uler approximation offers more stability characteristics with respect
o the forward Euler approximation, see [57].
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7.5. Observability analysis

To highlight the advantage of the decoupling of the EKFs, some
ackground related to the nonlinear observability concept is summa-

rized together with its test in the proposed case. For more details on
he nonlinear observability see [58]. At page 733 of [58] different
oncepts and corresponding definitions of observability are proposed:
ocal observability, local weak observability, observability and weak
bservability. It is shown how, starting from the definitions of these
oncepts, the local observability implies the local weak observability
hich implies the weak observability and in the same way the local
bservability implies observability which implies the weak observabil-
ty. Without going into detail of these definitions we can say that
bservability is a global concept and it might be necessary to travel
 considerable distance or for a long time to distinguish between
oints in the domain of the definition of the system. In fact, a local

observable system at a point results to be distinguishable for every open
neighborhood of this point. A system is locally weakly observable at a
oint, if for every open neighborhood 𝑈 of this point there exists a
eighborhood 𝑉 contained in 𝑈 in which the state of the system is
istinguishable. In other words, it is possible to instantaneously distin-
uish each point from its neighbors and a system is weak observable

just if exists a neighborhood 𝑈 such that its states are distinguishable
at this point. The test which we have at disposition in the literature,
ee [58], is a test related to the local weak observability. This test is
ased on the use of Lie derivative structures. The concept is strictly
onnected with the concept of the distinguishability in finite time. A
onlinear System
𝑥̇(𝑡) = 𝑓 (𝑥, 𝑢)
𝑦(𝑡) = ℎ(𝑥)

(52)

s locally weak observable if

𝖺𝗇𝗄(𝐎(𝗑, 𝗎, 𝗍)) =

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝐎0
𝐎1
𝐎2
…

𝐎𝑛−1

⎤

⎥

⎥

⎥

⎥

⎥

⎦

= 𝗇. (53)

Please notice that condition (53) which states a sufficient condition
can be rewritten as

𝐎(𝑥, 𝑢, 𝑡) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕 ℎ
𝜕 𝑥𝑇
𝜕 𝑂0𝑓
𝜕 𝑥𝑇
𝜕 𝑂1𝑓
𝜕 𝑥𝑇
…

𝜕 𝑂𝑛−1𝑓
𝜕 𝑥𝑇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝜕 ℎ
𝜕 𝑥𝑇
𝜕 𝐿𝑓 ℎ
𝜕 𝑥𝑇
𝜕 𝐿2

𝑓 ℎ

𝜕 𝑥𝑇
…

𝜕 𝐿𝑛−1𝑓 ℎ

𝜕 𝑥𝑇

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (54)

Being the decoupled system to be observed representable for the ‘‘d-
ynamics’’ in the following form:

⎧

⎪

⎨

⎪

⎩

𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡 = −𝑅𝑠𝑖𝑑 (𝑡)

𝐿𝑑 (𝑡)
+ 𝑢𝑑 (𝑡)

𝐿𝑑 (𝑡)
𝑑 𝐿𝑑 (𝑖𝑞 (𝑡))

𝑑 𝑡 =
(

3𝛩𝑞(1)𝑖𝑞(𝑡)2 + 2𝛩𝑞(2)𝑖𝑞(𝑡) + 𝛩𝑞(3)
)

𝑖𝑞 ,
(55)

where 𝑖𝑞 is the derivative of 𝑖𝑞 .
When applying (53) and (54) it is possible to obtain the following

matrix:

𝐎(𝑖𝑑 , 𝐿𝑑 , 𝑢𝑑 , 𝑡) =
[

1 0
⋆ −𝑅𝑠𝑖𝑑 (𝑡)+𝑢𝑑 (𝑡)

𝐿𝑑 (𝑡)2

]

, (56)

where ⋆ is not needed to be calculated because its expression does not
influence the determinant. To conclude 𝑑 𝑒𝑡(𝐎(𝑖𝑑 , 𝐿𝑑 , 𝑢𝑑 , 𝑡)) ≠ 0 for
𝑅𝑠𝑖𝑑 (𝑡) − 𝑢𝑑 (𝑡)

𝐿𝑑 (𝑡)
≠ 0. (57)
i
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This is equivalent to
𝑑 𝑖𝑑 (𝑡)
𝑑 𝑡 ≠ 0. (58)

Similar consideration can be done for the decoupled ‘‘q-dynamics’’ to
obtain the following condition for the local weak observability:
𝑑 𝑖𝑞(𝑡)
𝑑 𝑡 ≠ 0. (59)

Remark 3. Condition (58) and (59) state the sufficient condition for
he local weak observability to be guaranteed also after the transient.
herefore, a white noise is deliberately introduced in the measurements
f 𝑖𝑑 inside the EKF to guarantee the sufficient condition.

.6. Future work and perspectives

The presented method for estimating saturated inductances using
 decoupling EKF together with a univariate polynomial can be used
n further control strategies. For example, the improvement of the
ehavior of a model predictive control (MPC) would have to be inves-
igated, since the mapping of the model will represent a higher degree
f accuracy than by using nominal parameters. Another possibility
s the use of the estimation method in combination with a sliding
ode control (SMC), which works very robustly against parameter
ncertainties, but also possibly gains significant advantages by more
ccurate parameters in the dynamics. As it is shown in [59], the usage
f a SMC together with an MTPA approach in the outer control loop
s very effective. It would be very interesting, if it would be possible
o reduce the calculation load by help of the use of two decoupled
KFs and univariate polynomials for the KF model together with the
ore computationally intensive SMC. In order to explain whether the

ontrol algorithm presented in this contribution can be used in addition
o the control of PMSMs, it can be shown in the context of decoupling
ontrol that the field of application of this control is very broad and is
idely used in a variety of areas. For example, [60] shows a distributed
ecoupling algorithm which is used in multi-agent systems with non-
inear uncertainties. Also in the context of decoupling control, recent
ontributions in [61,62] show that the method can even be adapted
or estimating the state of charge (SOC) in energy-storing lithium-
on batteries. To further illustrate the wide range of applications of
ecoupling control, the recently published paper [63] presents another
xample in which multiple-input–multiple-output (MIMO) systems are
ontrolled using a calibrated decoupling matrix. The various decou-
ling algorithms can often be extended by an estimation algorithm such
s EKF.

. Conclusion

The estimation of the parameters 𝐿𝑑 and 𝐿𝑞 is fundamental for
he application of the strategy of controlling the maximum torque per
mpere in order to achieve an exact optimality of the reference currents
𝑑 and 𝑖𝑞 . Determining an appropriate optimum control system is a
undamental issue for reducing mechanical vibrations and interference.
n this paper a non-interacting controller for a permanent magnet syn-
hronous machine was presented, with the estimation of the parameters
𝑑 and 𝐿𝑞 for an adaptive non-interacting 𝑑− and 𝑞-axis controlled

ystem.
These two inductances are estimated by two extended Kalman

ilters, which use a univariate polynomial as a model to describe the
aturation effects of the machine under consideration. The Kalman fil-
ers are realized with the decoupled system to improve the observability
f the inductance and despite the imperfect decoupling.

Starting from the existing literature, a viable control structure is
roposed in which the stability of the control loop using a PI controller

s also shown for the resulting time-varying system.
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𝐽𝑑21 = 𝑇𝑠

(

𝛩𝑑 (3)𝜆 + 2𝛩𝑑 (2)
(

𝑖−𝑑 (𝑘)𝜆 +
𝑣𝑑 (𝑘)
𝐿̂−
𝑑 (𝑘)

)

+ 6𝛩𝑑 (1)𝑖−𝑑 (𝑘)
(

𝑖−𝑑 (𝑘)𝜆 +
𝑣𝑑 (𝑘)
𝐿̂−
𝑑 (𝑘)

)

+ 2𝛩𝑑 (2)𝑖−𝑑 (𝑘)𝜆 + 3𝛩𝑑 (1)𝑖−𝑑 (𝑘)2𝜆
)

(66)

𝐽𝑑22 = 1 − 𝑇𝑠
(

𝛩𝑑 (3)𝑣𝑑 (𝑘)
𝐿̂−
𝑑 (𝑘)

2
+

2𝛩𝑑 (2)𝑖−𝑑 (𝑘)𝑣𝑑 (𝑘)

𝐿̂−
𝑑 (𝑘)

2
+

3𝛩𝑑 (1)𝑖−𝑑 (𝑘)
2𝑣𝑑 (𝑘)

𝐿̂−
𝑑 (𝑘)

2

)

(67)

𝐽𝑞21 = 𝑇𝑠

(

𝛩𝑞(3)𝜆 + 2𝛩𝑞(2)
(

𝑖−𝑞 (𝑘)𝜆 +
𝑣𝑞(𝑘)

𝐿̂−
𝑞 (𝑘)

)

+ 6𝛩𝑞(1)𝑖−𝑞 (𝑘)
(

𝑖−𝑞 (𝑘)𝜆 +
𝑣𝑞(𝑘)

𝐿̂−
𝑞 (𝑘)

)

+ 2𝛩𝑞(2)𝑖−𝑞 (𝑘)𝜆 + 3𝛩𝑞(1)𝑖−𝑞 (𝑘)2𝜆
)

(68)

𝐽𝑞22 = 1 − 𝑇𝑠
(𝛩𝑞(3)𝑣𝑞(𝑘)

𝐿̂−
𝑞 (𝑘)2

+
2𝛩𝑞(2)𝑖−𝑞 (𝑘)𝑣𝑞(𝑘)

𝐿̂−
𝑞 (𝑘)2

+
3𝛩𝑞(1)𝑖−𝑞 (𝑘)

2𝑣𝑞(𝑘)

𝐿̂−
𝑞 (𝑘)2

)

(69)

Box III.
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The proposed torque control strategy shows promising results in
erms of reduction of its oscillations, bias between desired and obtained
orque and disturbances. Moreover, the proposed control strategy main-
ains, at the same time, ripples inside the technical limits in the ob-
ained torque. The effectiveness of the proposed torque control method,
ith very limited calculation load, is validated using real data within
 hardware in the loop system.

RediT authorship contribution statement

Tanja Zwerger: Writing – review & editing, Writing – original draft,
isualization, Validation, Software, Resources, Project administration,
ethodology, Investigation, Formal analysis, Data curation, Concep-

ualization. Paolo Mercorelli: Writing – review & editing, Writing
 original draft, Visualization, Validation, Supervision, Software, Re-
ources, Project administration, Methodology, Investigation, Funding
cquisition, Formal analysis, Data curation, Conceptualization.

eclaration of competing interest

The authors declare that they have no known competing finan-
ial interests or personal relationships that could have appeared to
nfluence the work reported in this paper.

cknowledgment

We thank the anonymous reviewers for their careful reading of our
anuscript and their many insightful comments and suggestions.

ppendix

In this Appendix, two aspects are recalled and discussed: the back-
round of Kalman filter equations as well as the analysis of the con-
ergence of EKF in dependence to the observability quality that was
hown in Section 7.

.1. Kalman filter background

As we can see in [64], the a priori estimation is as follows:

̂−(𝑘 + 1) = 𝑓 (𝑥̂(𝑘), 𝑢(𝑘), 𝑤(𝑘)), 𝑘 ∈ N, (60)

n which function 𝑓 (𝑥̂, 𝑢, 𝑤) represents the nonlinear field used as model
f the system, which is calculated at the previous corrective step.

The a priori error covariance of the state prediction is written in the
ollowing form:
−(𝑘 + 1) = 𝐽 (𝑘 + 1)𝑃 (𝑘)𝐽 (𝑘 + 1)𝑇 +𝑄, (61)

here 𝐽 is the Jacobian matrix, 𝑃 represents the a posteriori error

ovariance matrix at the previous corrective step 𝑘. Matrix 𝑄 represents
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he covariance matrix of the process noise which quantifies the model
ncertainty. Smaller values of the trace in this matrix, indicate a high
eliability of the model. The Kalman gain 𝐾 is as follows:

(𝑘 + 1) = 𝑃−(𝑘 + 1)𝐻𝑇 (𝐻 𝑃−(𝑘 + 1)𝐻𝑇 + 𝑅𝑤)−1, (62)

ith 𝑅𝑤 as the covariance matrix for the measurement noise. The
atrix 𝐻 defines the output Jacobian. The a posteriori estimation is

s follows:

̂(𝑘 + 1) = 𝑥̂−(𝑘 + 1) +𝐾(𝑘 + 1)(𝑧(𝑘 + 1) −𝐻 ̂𝑥−(𝑘 + 1)), (63)

here

𝑘(𝑘 + 1) = 𝑥(𝑘 + 1) + 𝑣(𝑘 + 1) (64)

epresents the measured data in which vector signal 𝑣 represents the
easured white Gaussian noise. The a posteriori estimation of the error

ovariance is as follows:

(𝑘 + 1) = (𝐼 −𝐾(𝑘 + 1)𝐻)𝑃−(𝑘 + 1). (65)

A.2. Kalman filter matlab code and its Jacobian

In this section the Matlab code of the Kalman filter related to the 𝑖𝑑
and 𝐿𝑑 dynamics is shown. The 𝑖𝑞 and 𝐿𝑞 dynamics have similar Matlab
code structure and for sake of brevity is omitted. Code is available in
listing 1.

The following elements which are defined in Eqs. (66), (67), (68)
and (69) given in Box III represent the components of the Jacobian
matrices in (49) and (50) of the 𝑑− and 𝑞− components of the electrical
systems after their decoupling.

A.3. A posteriori covariance matrix: analysis and discussion

It is known that observability is a necessary condition for the
convergence of the EKF. In case of an EKF, the local weak observability
condition in (53) and (54) represents just a sufficient condition. In this
sense, the condition of the observability which we have at disposition
is too weak for any conclusion related to the convergence of EKF.
Nevertheless, it is suitable to satisfy the sufficient condition of the local
weak observability in order to improve the convergence of the filter. As
discussed before, condition (59) states the sufficient condition for the
local weak observability. A white noise is deliberately introduced in the
measurements of 𝑖𝑑 and 𝑖𝑞 inside the EKF to guarantee the sufficient
condition and to speed up the convergence of it. In fact, observing
Figs. 14 and 15, it is possible to see that the a posteriori error variance
of the EKF decreases rapidly during the transient. To conclude, from
Figs. 14 and 15 a very short time of convergence of the a posteriori
variances of the estimated variables is visible thanks to the increased
level of the variability of the measured current, see Appendix.
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Listing 1: Matlab code
1 function [idEst,LdEst,Pid,PLd]= fcn(vdIn,idMess,parameters ,Thetadid,iq)
2 % Memory variables that persist between execution cycles
3 persistent: old_states old_covariance;
4 % Parameters
5 R=parameters(1); %stator resistance
6 Ld0=parameters(3); %initial inductance value
7 Ts=parameters(8); %sample time
8 lambda=parameters(9); %eigenvalues of the electrical system
9

10 % Initial conditions
11 if isempty(old_states)
12 % id Ld
13 old_states=[0; Ld0];
14 end
15

16 if isempty(old_covariance)
17 old_covariance=[1 0;
18 0 1]*1e1;
19 end
20

21 % Assign old values
22 id=old_states(1);
23 Ld=old_states(2);
24

25 % EKF Parameters
26 Rw=1e-2; %covariance matrix for the measurement noise.
27

28 Qx=[1e-2 0; %covariance matrix for the process noise.
29 0 1e-8];
30

31

32 didt=id*lambda*Ts+id+Ts/Ld*vdIn;
33

34 estimated_states=[id*lambda*Ts+id+Ts/Ld*vdIn;
35 Ts*(Thetadid(1)*3*id^2*didt+Thetadid(2)*2*id*didt+Thetadid(3)*didt)+Ld];
36

37 %calculation of Jacobian matrix
38

39 Jc1=Ts*(Thetadid(3)*(Ts*lambda+1)+2*Thetadid(2)*(id+Ts*id*lambda+(Ts*vdIn)/Ld)...
40 +6*Thetadid(1)*id*(id+Ts*id*lambda+(Ts*vdIn)/Ld)+2*Thetadid(2)*id*(Ts*lambda+1)...
41 +3*Thetadid(1)*id^2*(Ts*lambda+1));
42 Jc2=1-Ts*((Thetadid(3)*Ts*vdIn)/Ld^2+(2*Thetadid(2)*Ts*id*vdIn)/Ld^2...
43 +(3*Thetadid(1)*Ts*id^2*vdIn)/Ld^2);
44

45 Jacobian=[1+Ts*lambda -Ts*vdIn/Ld^2; %id
46 Jc1 Jc2];
47 % Output Jacobian: outputs = id. evaluated in a-priori estimation!
48

49 H=[1 0];
50

51 % A-priori Covariance
52 estimated_covariance=Jacobian*old_covariance*Jacobian ' + Qx;
53

54 % Kalman Gain
55 kalman_gain=estimated_covariance*H '/( H*estimated_covariance*H ' + Rw);
56 innovation=idMess-H*estimated_states;
57 corrected_states=estimated_states+kalman_gain*innovation;
58 corrected_covariance=(eye(2)-kalman_gain*H)*estimated_covariance;
59

60 % Save values for next cycle
61 old_covariance=corrected_covariance;
62 old_states=corrected_states;
63

64 % Block output
65 idEst=corrected_states(1);
66 LdEst=corrected_states(2);
67 Pid=corrected_covariance(4);
68 PLd=corrected_covariance(1);
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Fig. 14. A posteriori variance of 𝑖𝑑 and 𝐿𝑑 . (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)

Fig. 15. A posteriori variance of 𝑖𝑞 and 𝐿𝑞 . (For interpretation of the references to
olor in this figure legend, the reader is referred to the web version of this article.)
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