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ARTICLE INFO ABSTRACT

Keywords: This contribution considers a torque control scheme consisting of model predictive control
PMSM (MPC) in the inner control loop together with PI reference governor in the outer control
PI-MPC

loop and a decoupling feedforward control for an isotropic permanent magnet synchronous

SDetcouIt)}ed system machine (PMSM). This innovative approach is known in literature as PI-MPC dual loop control.
E?(;,lra ton A particular emphasis is given to the control governor strategy which is the outer loop PI

reference governor and allows to regulate the machine in the flux weakening region and is
therefore only active for field weakening. In this context the analysis of the stability based on
Lyapunov’ approach of the control loop in flux weakening region is shown. The desired currents
represent the reference currents for the MPC, which forms the inner control loop. The MPC is
adapted using an extended Kalman filter (EKF), which estimates inductance of the electrical
system in dq coordinates by using a bivariate polynomial. Compared measurements with a
hardware-in-the-loop (HIL) system show the effectiveness of the proposed control scheme with
respect to a standard PI controller in inner loop (PI-PI scheme) in the presence of saturated
inputs and state of a PMSM. The proposed MPC uses just an optimal, proportional control and
thus avoids windup effects. Measurement results in the presence of input and state saturations
show that MPC is working without overshoot in the currents which leads to less needed power
in input.

1. Introduction

Permanent Magnet Synchronous Machines (PMSMs) have become increasingly important in recent years, partly due to the
growing influence of electromobility in the private transport and off-highway markets. The optimization of the power density
resulted in the preference of PMSMs. PMSMs benefit from the improvement in magnetic materials like neodymium iron boron
magnets [1]. One of the most important tasks in PMSMs which are used for traction, is represented by the general problem of the
torque control in different working regions of the motor, see [2], and more recently in [3]. In the last years these machines found
applications in many industrial fields but in particular in automotive applications for traction- and as servomotors. The control
of these machines is one of the most important and decisive issues to guarantee their use in an optimal way in terms of energy
consumption, functionality and long life. One of the emerging control strategies is model predictive control (MPC), a widely used
control technology for these purposes. The use of the MPC in combination with a PMSM has already been described frequently.
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For example, in [4], a continuous control set MPC is presented, that shows clear advantages regarding torque ripples and total
harmonic distortion (THD). In [5], the robustness of the MPC is improved by proposing a compensated scheme with simplified
repetitive control (SRC). Another example for the use of an MPC in a PMSM control application is given in [6], where an optimized
finite control set MPC strategy based on disturbance feedback rejection control for PMSMs is presented. The MPC is also often used
to control the PMSM in the saturation region, taking current and voltage limits into account, see [7]. In terms of torque control,
to improve the performance of motor controllers, an MPC method is employed for high-speed and in-wheel motor drives in [8].
In another context also [9] implements an MPC for duty cycle optimization. To round off this excerpt of possible applications of
the MPC for PMSM control, the article in [10] should be mentioned here, too, where a nonlinear MPC for PMSM torque control
shows the benefits of MPC for high performance applications. In the following paper, a method of MPC is presented which, due to
decoupling, allows the computational effort to be significantly reduced. The problem of conventional MPC is the susceptibility to
parameter variations and thus the strong dependence on the accuracy of the system model. In the presented method, these drawbacks
are overcome by using an extended Kalman filter (EKF), which gives the estimated quantities to the decoupling equations of the
MPC. The MPC therefore operates in an inner control loop. When the motor is working in the constant power region, a PI reference
governor is added to the control scheme in an outer control loop and guarantees accuracy in the steady state. The resulting control
method is a PI-MPC, which offers significant advantages particularly in the area of field weakening, which often tends to be less
stable. The contribution of this paper can be summarized in the following items, for the general problem of torque control in different
working regions of the PMSM:

» a saturation in the inductance which is generated by higher currents together with an input voltage saturation

an EKF is used to estimate the inductance of the PMSM to adjust the feedforward control and realize a decoupled system
controlled by a proposed model predictive control (MPC) system in an inner control loop and a PI reference governor in an
outer control loop, resulting in a PI-MPC control strategy, that is mainly active during field weakening in constant power
region

due to saturation behavior of the inductances, the estimation of these by the EKF becomes even more important, as this can
guarantee a sufficiently good adaptive decoupled model for the MPC in order to obtain a convex optimization problem

an MPC is carried out for constant torque and for constant power region

a proof of a theorem concerning the stability of the proposed control scheme for the constant power region. The stability
analysis is done for PI-MPC given with the help of more general results for the MPC in the form of two propositions in the
Appendix, as [11] already shows an analysis for PI-PI

soft switching between constant torque and constant power region is handled by a Sigmoid function that guarantees a smooth
transition between the two regions

measured validated results in an industrial project conducted by Rolls-Royce Power Systems using hardware-in-the-loop (HIL)
are presented. The results in terms of torque control of the proposed MPC are compared with a control structure consisting of
an inner and outer proportional-integral (PI-PI) controller.

1.1. MPC as anti-saturating control structure

Anti-saturating structures are important in control to avoid windup, in the presence of integral action, and more in general to
avoid reduction of dynamic performances of the controlled system. To apply model based prediction strategies to avoid or to reduce
the effect of saturation is a common used technique with some variations, see [12]. In [13] and in [14] an improved anti-integral
saturation mechanism is suggested in which a predictive functional control method is incorporated. In [15] an improvement of MPC,
predictive functional control has the advantage to handle uncertainties and system delays with reduced computation. The tests and
measurements, described in the following text, were carried out with an isotropic machine, where the inductance is approximately
the same for L, and L,. Since the machine equations of the anisotropic machine are also valid for the isotropic machine, the
equations of the anisotropic machine will be used in the further course for the sake of completeness. The control of the isotropic
machine changes in comparison to the anisotropic machine, since a pure quadrature current i, is inserted below the rated speed
during constant torque region and no maximum torque per ampere (MTPA) control is applied. MPC is a type of feedback control
that uses online process optimization. It uses a decoupling strategy to realize the simple algorithm to be applied.

In order to realize decoupling, the system must identify the parameters of the motor. In this sense the performances of the Kalman
filter (KF) are important to accurately identify these parameters even though in the presence of uncertainties and disturbances. In
particular, in the presence of saturation the inductances change over time. Moreover, the importance of the KF is also in the context
of the adaptive MPC. In fact, the MPC implemented here does not contain an integral action and is therefore structurally windup-
free, and its linear model structure preserves optimality. These advantages are particularly useful in the area of field weakening,
where the PI-MPC control strategy is clearly demonstrated by the Sigmoid function. However, the application of this MPC structure
requires the estimation of the parameters to be predicted using a linear, albeit time-varying, system. In fact, the nonlinearity, due
to the saturation effect is canceled by the decoupling action which should be adapted through an online identification to guarantee
the cancellation. While maintaining linearity, a convex optimization problem is preserved in the structure of the proposed MPC, and
a unique off-line solution of this optimization problem can be computed. The advantage of this procedure consists of a reduction of
the calculation load. The proposed control scheme is shown in Fig. 1.
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Fig. 1. Simulation setup including MPC or PI control with a PI reference governor for i ,.

1.2. PI-MPC for constant torque and constant power region

The vector control of a controlled PMSM is usually divided into two ranges. While the constant torque region is controlled at
the current control limit, the field weakening or constant power region is controlled at the voltage limit. For PMSM with reluctance
torque, this results in the control rules of maximum torque per ampere (MTPA) and maximum torque per voltage (MTPV). For
an isotropic machine, on the other hand, the associated quadrature current i, is usually calculated from the electromagnetic main
torque T. As soon as the constant power region is entered by reaching the maximum permissible voltage limit, an additional negative
direct current i, is induced in order to be able to further increase the speed w. MPC is a new trend to control PMSM in saturation
condition, see [16]. In this paper, a PMSM is controlled by an MPC structure in an inner control loop with a PI reference governor
in an outer control loop, which is responsible for the i, setpoint value of the MPC by specifying i, < 0 in the flux weakening range.
The results are compared with a PI controller using in the same way a PI reference governor which is responsible to regulate the flux
weakening condition. Just the MPC structure is considered in the analysis of the stability. Indeed, in the literature, such as [11], the
stability of a control scheme using a PI current controller based on passivity is studied. For the MPC the details for stability analysis
will be discussed in Section 6. As shown in [17], for example, the combination of MPC in inner loop with PI control in outer loop can
help to reduce the value of the total harmonic distortion (THD) of the tracking current. In [18] it is also shown that the combination
of PI and MPC control structure, with MPC in outer loop, has a significantly higher degree of robustness. In the proposed approach,
the roles of the two controller are inverted and a PI-MPC control strategy, which is active in the field weakening range is proposed.
The PI-MPC strategy is applied in the field weakening range that is more critical to control, i.e. the constant power range, combines
the advantages of the MPC, which avoids overshooting due to the proportional behavior, with those of the PI controller, which is
able to demonstrate stationary accuracy. The resulting control behavior is therefore more robust, which is an enormous advantage
in the field weakening range. The new trend in PI-MPC can been seen in [19] and in [20]. In particular, in the latest work, the PI
voltage controller is required to achieve the adjustable voltage control and to produce the input current reference to the predictive
algorithm. The inner loop MPC, thanks to its optimal nature, reduces the input current ripple.

1.3. EKF to estimate the inductance of the PMSM

Modern control methods for three-phase machines have been intensively researched in recent years in order to make even better
use of the expensive and power-dense PMSM machines. An effort was put into the development of processes that work, as pointed
out, using MPC. To implement an MPC, many different variants of observers were developed to implement this kind of control.
Observers are algorithm structures that allow to realize virtual sensors to estimate states and parameters indirectly through the
measurements of a suitable reduced number of states of the system. EKFs can be used as observer for the estimation and they
are widely used in this context which is generically called sensorless control. Sensorless control is the name of modern stream in
academic research and in any kind of industrial applications in which a minimal number of sensors is involved to monitor and to
control systems with the help of observers (for example, see [21]) and in particular for electrical machines [22]. As explained, the
modern control techniques for electrical motors are model-based ones and are often combined with sensorless control strategies to
reduce the number of sensors; as seen in [23,24] and more recently in [25] and in [26]. Sensorless control is one of the problems
most examined with different approaches. In [27], and very recently in [28-30], different observers for the sensorless control of
PMSMs with online resistance and inductance estimation are proposed. For the EKF, which is often used for PMSM and for all Kalman
filters, the tuning of covariance matrices remains the crucial issue, see [31,32]. After the pioneering work of Kalman, see [33], a
continuous development of concepts for the tuning of EKFs was proposed. Apart from manual tuning by trial and error, which is still
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widely used, many other tuning solutions have been proposed over the years. One of the first contributions in this context, but still
one of the most widely used, was proposed in the 1970s by [34]. In this paper, statistics are generated based on the noise sample
produced by the filter itself, which is determined as the difference between the estimated and measured quantities. In the context
of motor drives, an extensive data set obtained from a sensor-controlled drive was used in [35] to optimize the tuning of the EKF
matrices using a generic algorithm. Another alternative method is proposed in [36]. The paper considers the ratio between Q and
R,, instead of their individual values to calculate the Kalman gain at each step of the algorithm. In the belief that automation of
the tuning process is the key to wider application of EKF in frequency converters, a master—slave (MS) structure has recently been
proposed in the literature as a further step. This structure is designed for online determination and tracking of the noise covariance
matrix. The concept of the MS algorithm was originally introduced as an extension of the unscented Kalman filter (UKF), see [37].
Later, a simplified version of the algorithm was proposed in [38-40], which uses a linear Kalman filter (KF) as a secondary (side)
filter. Nevertheless, the problem of tuning an EKEF still remains an open problem related to the application of EKF. More specifically,
for PMSM, we can consider two important approaches that are frequently used in applications with anisotropic machines: MTPA
and maximum torque per voltage (MTPV) strategy. MTPA control strategy is employed to obtain the maximal torque per ampere. To
estimate the state of a system, an EKF is often used. In the field of synchronous machines, different contributions appeared recently,
e.g. [41,42], in which a comparison between EKFs and sliding mode observers is proposed in the presence of measurement noise.
Recently, through a sensitivity analysis, the contributions [43,44] investigated the influence of model uncertainty on the observed
position and the robustness of a proportional integral observer in current control of PMSM drives. Also interesting is the paper
in [45], where an infinite amount of mechanical inertia of the drive is considered to simplify the KF structure with results of a
constant velocity. In [46] variants of EKF are used to estimate the currents ivg in the stationary «, f reference frame, together with
the mechanical rotor velocity and the electrical rotor angle.

The main nomenclature

uy: direct voltage input

u,: quadrature voltage input

iy direct current

i,: quadrature current

iyq: desired direct current

igq¢ desired quadrature current

,: mechanical machine speed

w: electrical machine speed, w = pw,

p: couple of magnetic poles

R: coil resistance

L,: direct inductance

L,: quadrature inductance

¥,: permanent magnet flux

T: electromagnetic torque

T,: desired torque

T;: load torque

v, direct flux component

v, quadrature flux component

0: electrical angle of the rotor

0,: coefficient polynomial for calculation of L,

0,: coefficient polynomial for calculation of L,

U, actual system voltage

U,,n: nominal DC link voltage

1.4. Main contribution and structure of the paper

The main contribution of this paper is in the context of the general problem of torque control in different control regions of the
PMSM. This paper shows, once the system is decoupled, how a decoupled MPC can be applied in combination with an EKF in a
very simple way to minimize input and state saturating effect for a system in the presence of bounded inputs. A control scheme,
as represented in Fig. 1, is proposed to control a PMSM. The paper is organized in the following way: Section 2 considers the
description of the physical systems; Section 3 gives an overview on the whole control strategy. Section 4 shows the structure of the
proposed EKF. Section 5 shows how the system is decoupled and how MPC, together with the EKF, is implemented to realize the
prediction and to adapt the PI reference governor. Moreover in Section 5 the proof of a proposition which states the asymptotic
stability of the proposed scheme is shown with the help of two propositions reported in the Appendix. Measurement results taken
with Typhoon HIL402 and a comparison between PI-MPC and PI-PI controller are discussed in Section 7. The conclusion closes the
paper.

2. Description of the physical systems

One of the most frequently used models in PMSM control for the implementation of field-oriented control is the machine model
transformed into dq coordinates, which corresponds to a rotorfixed PMSM machine model. The direct quantities d and g resulting
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from the so-called Clarke-Park transformation can now be controlled much more easily, as shown in [47] or [48], for example. As to
see in (7), iy, i,, u, and u, are the dq-components of the stator currents and voltages in synchronously rotating rotor reference frame;
o is the rotor electrical angular speed; the parameter R, is the stator resistance, L, and L, are the d-axis and g-axis inductances,
¥, is the magnetic flux and p is the number of couples of permanent magnets, respectively. If the following model is considered:

00 =140, + 40 iy, &)

4y (1) = i,(OR, + d":jtm + e, 1), @
with

wa(t) = Ly0ig0) + ¥, ®)
and

w0 = L(0ig(0). @

That leads to the following relation:

digt)  ug(t) igOR;  @OL,Di, (1)

= - 5)
dt L,y Ly Ly(t)
and
dig® u, () iR, wO)LyDiy(r) @OF, ©)
dt L L, L, L,
The electrical system in dg-coordinates can then be represented as follows:
diy(0) —R, L0
| T, o075
@ T a® =Ry
dr L, Ly
1
. [ 0 0
[ 1‘(1(1) 4| La® X [ ug (@ | von | . @
1q(t) 0 m uq(t) L0
The electromagnetic torque can be expressed with:
3 0. RPN
T(0) = 3p{i,0%, + (Ly() = L0)ig 07,0 }. ®

3. MPC control structure with PI reference governor

In Fig. 1 an MPC as well as a PI control for constant torque and constant power region is presented. The reference governor is
active after soft switching to the constant power region and is implemented as additive PI controller. The PI-MPC control strategy,
which is active mainly in the field weakening range that is more critical to control, also known as the constant power range, combines
the advantages of the MPC, which avoids overshooting due to the proportional behavior, with those of the PI controller, which is
able to demonstrate stationary accuracy. The resulting control behavior is therefore more robust, which is an enormous advantage
especially in the field weakening range. Soft switching from constant torque to constant power region must not be done harshly,
otherwise the voltages and currents in the DC link of the inverter may oscillate, which could result in damage to the component.
Therefore, a soft switching of the two regions by means of a Sigmoid function is presented here, the ramp of which is adjustable.
For the constant torque region, the calculation for i, goes towards 0. Only when the voltage reaches the voltage limit with U,,,,
(considering a certain tolerance of approx. 5%-8%), the control of i;, by reference governor becomes effective and a negative
current i, is impressed into the further control loop.

3.1. Sigmoid function for soft switching from constant torque to constant power region

Considering a Sigmoid function which is based on an arctan-function with adjustable limits and a shift up to zero, see Fig. 2,
then

a0 = 2 ATt (g (1) = Uy D1 ig ) + Sig(0). ©

The arctan function usually converges very slow. For higher values for y it gets close to its final values and the speed is adjustable.
With a calculation like in (9) the values in the limits are similar to a logistic function with 0 at —co and 1 at co. The inputs of the
Sigmoid function are the maximum voltage, which is defined with:

U,
Upax = —220.95, 10)

max \/5
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Sigmoid Function

1 §
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Time [9]

Fig. 2. Course of Sigmoid function for different values of y.

wherein the nominal voltage U,,,, is defined as the DC link voltage which is given by a stabilized voltage source with a HV battery.
HV here stands for the abbreviation high voltage in the automotive sector and denotes a voltage of 60 V to 1500 V in each case DC.
The amount of the nominal DC link voltage U,,,, in the considered system is 400 V. The actual system voltage then is calculated

with
Uger (1) = A/ (0) +12(1) a1

ey (1) = @O\ (Lo i (O + (L 0ig (0 + P2 (12)

or

An overview over the course of the Sigmoid function for different values of y is given in Fig. 2.
4. EKF for parameter estimation

The Kalman filter is one of the most important methods for determining non-measurable system variables and uses the
mathematical equations presented below for this purpose. These serve the minimization of the mean value of the quadratic error
and estimate past as well as future states. The equations can be divided into two types, the time update or ‘prediction’ equations,
with:

R (k+ 1) = t@&(k), uk), wk)), keN (13)
and
P (k+1)=Jk+ DPK)IKk+ D" +Q, 14

and the measurement update or ‘correction’ equations with:

K(k+ 1) =P (k+ DHT (HP~(k + DH” +R,,)~", (15)

Xk+1)=%"(k+ 1)+ Kk + )(zk+1)—HX (k+ 1)), (16)
and

Pk +1) = I - Kk + DHP ™ (k + 1). a7

The time update process uses Eq. (13) to project the state, in which function f(&,u, w) represents a nonlinear field used to model
the considered system. Eq. (14) is the a priori estimate error covariance with the calculated Jacobian matrix J. In the measurement
update process, the first step is to calculate the Kalman gain in (15). Eq. (16) gives the a posteriori state estimation and the last
step is to calculate the a posteriori estimation of the error covariance in (17). A very good clear summary is given by [49].
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4.1. EKF structure to estimate inductance

In [50], it was shown that by using a feedforward action it is possible to obtain a decoupling of the electrical dynamics. This is
realized in [50] using an adaptive feedforward control with a KF, as shown in Fig. 1. To get a better model for the EKF, at first a
bivariate polynomial has to be calculated. The coefficients were determined by measuring 9 points of the PMSM. This underlines
the added value of the EKF, which is able to estimate the missing areas and thus makes a highly granular measurement unnecessary.
The advantages are that the often time-consuming PMSM measurement is no longer necessary, which is not or only incompletely
possible even with an already installed machine. As shown in [51], the equations for the calculated bivariate polynomials for the
inductances are calculated as

Ly(1) = 0,4(1)ig(0)i, (1) + 04(2)i (1) + 04(3)i, (1) + Oy (4). (18)
and
L, (1) = 0,(D)iy(0i, (1) + 0,(2)i, (1) + 0,(3)iy(1) + 6,4). (19)

with ©,(1), 6,4(2), ..., 0,4(4) and O,(1), 6,(2), ..., ©,(4) as the single elements of the calculated vectors 6, and 0,. The inductances
L, and L, are calculated in dependence for its currents and they are calculated offline in a static least squares procedure as in [51].
The combined EKF is realized using estimated values of o, L, and L, to adapt the feedforward action of the control system. [51]
gives a good overview for the calculation of the bivariate polynomial and the consideration in an EKF for estimation of the states
L, and L,. The equations for the bivariate polynomial expressed by [51] are utilized as a model of L/, in the equations of the
EKF. The equations for the combined EKF then are as follows:

igk+ 1) =igk)  uy(k)  ig(OR, @KLy (K)ig(k)

WO T L, L L, 20
F o = e+ 1) —iy(k) u,(k) i, (KR @)L (k)ig(k) @(K)¥), 1)
(0 = Ts T L T Lk Lk
For the calculated inductance L, and L, in (18) and (19), the discretization by forward Euler is as follows:
L,(k+1)— L,k - -
% = 0,(1)i (K)iy(k) + O4(D)ig(k)i, (k)
+ 0,y (k) + 0,(3)i, (k). (22)
Ly(k+1) = Ly(k) . s
— = 0, (R)ig (k) + ©,(Diy ()i (k)
+ @q(Z)i:,(k) + @q(3)i~4(k). (23)
[ Ek+1)
ik+1) |_
Lyk+1)
i;(k +1)
I S T,R i (k) | Topo,(Rig)L, (k) | Ty,
ld(k) i l;d(i)A T, RLgl(l(llcc)) q T, (k)l:dtsz)‘ ' (k)
» Ty(=po, ()i k)L (k) TsRst i PP,
1q() = Lo Lo T Lo L® @9
Ly (k) + TS(@d(l)tiq(k)i;(k) + @d(l)Zd(k)’;(k) + @d(Z)i:d(k) + @d(3)§,(k))
| L, (k) + T (0,(Dig (k)i (k) + ©,(1)i, (k)ig(k) + ©,(2)iy(k) + ©,(3)i,(k))

with i; and i, as derivations (20) and (21) for the currents i, and i, and T, as the sample time. The discrete nonlinear system
equations in (24) are taken for the estimation of the a-priori states £~ (k + 1) in the EKF in the prediction step. The initial values
of £*(0) are given by the nominal values for L, and L, in the data sheet and a value which is not zero for the currents i, and i,.
For the estimation of the a-priori states X~ (k + 1) in the prediction step, the EKF uses the a-posteriori estimation %*(k) of the last
iteration. The electrical model is described by nonlinear system equations, which make it necessary for the estimation process of
the EKF to derive the Jacobian matrix:

digk+)  digktD)  Qigk+1)  dig(k+D)

dig (k) 97, (k) ALy (k) AL,
Gigktl)  OigktD)  digktD)  dig(k+D)
i, (0) 0,00 aLy (k) AL (k)
Je+1) = ded(k+l) z)qu(k+l) dez}k-H) aLdgk+1) (25)
3ig (k) 31, (0) ALy (k) LK)
OL,+D)  OLyk+D)  OLyGk+D)  ALy(k+D)
3y () 31, (0) AL,k oL, k)
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After calculating the Jacobian matrix by using the estimation results of the last iteration, we get the following 4 x 4 matrix for the
electrical system:

R L) (k)

T TG Jis To(k) {2
Lk R, iq (k)
Jk+n=| Tebzg 1-Tgg -Te®gg T : (26)
I3 I3 I3 I3
Ju Ji Ju3 Jaa

For the sake of brevity, the elements J;; and J,4 to J,4 are not given in detail.
5. Decoupling MPC

The MPC structure requires the estimation of the parameters to realize a prediction using a linear, albeit time-varying, system
and to preserve the convexity of the optimization problem. Thus also the proposed structure of the MPC must be adaptive, see
Fig. 1. In (7), it can be seen that the d-portion influences the g-axis of the equation, just as the g-portion influences the d-axis in the
opposite direction. This effect is called the cross-coupling effect and comes from the fact that a d-current leads to a pre saturation
in the g-axis as well as a g-current leading to pre saturation in the d-axis. A good explanation for the consideration of the magnetic
conditions is given in [52]. In [53] it was shown, that a feedforward action is necessary to decouple these cross coupled voltages
(1) as well as (2) by feedforwarding the reverse directed voltages as in Fig. 1 with

R OER YN GING) 27)
and
uys (1) = 0O LyDig (1) +¥,), (28)

with 7, fq, ﬁd and ﬁq as the estimated states of the EKF. As we can see in Fig. 1, the feedforward action needs to be adjusted to
cancel out the interacting part of the model and realize this decoupled system. Due to the saturation behavior of the inductances,
the estimation of these by the EKF becomes even more important to guarantee a good enough decoupling for the d- and ¢- axis. The
advantages of decoupling in PMSMs are known, the geometric approach (see [54]) offers effective tools to realize a noninteracting
control strategy. Applications of this can be seen in [54], in which an electromagnetic actuator is controlled using a decoupling
structure.

5.1. MPC for constant torque and constant power region

Using this feedforward control, the following decoupled system is obtained:

diy(t) —R, ) L
== 1| o 0 ig(?) F0) 0 uy (1) 9
it | = —R, . + 1 . (29)
—a 0 — ig(1) 0 — u, (1)
dt L, L,®

x(1) Uy (1)

x(1) A1) B(t)
Considering k = nT, and k + 1 = (n + 1)T,, where T, represents the sampling time and » € N, then the following expression can be
obtained:
x(k + 1) = Agx(k) + By, (k)
yu(k) = Hyx(k), (30)
where A, represents the discretization of the 2 x 2 diagonal block matrix I + T,A(r), matrix B, represents, in the same way, the
discretization of each block matrix of matrix B(r); and it results that (B, = T,B(7)), x(k) is the discrete state variable and matrix H,

is the output matrix, which determines the two currents i, and i,. If a prediction horizon has a length of N samples, then this leads
to the prediction expressions as follows:

Pk + 1) = H A x(k) + H;Bu,,, (k) (31)
Pulk +2) = HAZx(k) + HeA B, (k) + HiBew,,  (k + 1), (32)
Itk + N) = HAYx(k) + H A 'Byu,,, (k)

+..+H B, (k+N-1). (33)

Expressions (31), (32) and (33) can be summarized as follows:

Y, (k) = G,x(k) + F}, U, (k), (34)
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where
Inlk+1)

1,0 =| M+

(35)
Vpk+ N)
and

Wope (k)
R

W, (k+ N —1)

(36)

where the matrix G, and the matrix F,, are given by:
H,A, H, B, 0 w0
G, - Hk:Ai CF = HkAkBk HkBk <:) ‘ 37)
HkAkN H, ZN 'AiB, H, ZN PAIB, .. Hk'Bk
Once a cost function is defined as follows:

N
M CEVERIT 1)) @, (vatk+)

j=1

N
—§,k+ ) ) + Z(umpc(k +j))TRpumpc(k + ). (38)

Q, and R, are diagonal and positive weight matrices, then

H, = [(1) | (39)

is the matrix that selects currents i, and i, as outputs, then

5 o [laate+ 0
Y+ )= | 40
atk+7) _iqd(k+j)] (40)

represents the desired outputs and

; o e+ )
Yuk+p=|4" " (41)
h( J) i k + J)]
represents the predicted outputs. Note that, in our specific control strategy, the desired currents are not available and thus should
be predicted from the measured ones, as follows:

aa® D) _ g [';"’(k)] : (42)

Yalk+ )= [fqd(k +) a (k)

Because of the convexity of the optimization problem (see [55]), the solution minimizing the cost function defined in (A.3) can be
calculated with

oJ
0 =0. (43)

mpc

The unique optimal vector solution is as follows:
Uppe = (1, Q,F,, + R, (F1Q, (Yyk + ) = G,x(k) ). (44)

It worthwhile to recall that S?d(k+ Jj) represents the desired i,(k+) and i,(k+j) currents calculated by the first sample of the desired
current from the desired torque through matrix G, see (42). It is to recall, see [55], that G,x(k) represent the predicted currents
calculated through matrix G, from the measured ones.

Remark 1. Once the system is decoupled through the cancellation of the coupling nonlinearities thanks the decoupling action, the
resulting system is a linear one and therefore, the optimization problem becomes a convex one. Eq. (44) states the unique solution of
this optimization problem. Within this framework, the KF plays a crucial role by ensuring a satisfactory identification of parameters
and states for the elimination of the coupling nonlinearity between the two dynamics. Consequently, it enables effective decoupling
and an adequate suppression of the nonlinearity.

Remark 2. The cost function defined in (38) clearly depends on the length of the horizon. It is also known, see [55], that longer
prediction and control horizons guarantee accurate solution. Nevertheless, the convexity of the solution does not depend on the
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length of it. Moreover, longer horizons imply heavy computation costs. In this sense a compromise must be considered. In electrical
systems, due to the relative short sampling time, typically a forecast for a period of a few samples is taken into account.

For more details related to this MPC, see [55].
6. Stability analysis for PI-MPC in constant power region

In this section, only the PI-MPC structure is considered in the analysis of stability. In fact, in the literature, see for example [11],
an analysis of stability based on passivity is proposed for PMSM controlled by PI-PI current controllers. The MPC for the constant
power region uses the same structure as for the constant torque region, even though the control is in the nonlinear region. This is
due to the fact that the EKF estimate for the inductance provides a sufficiently accurate decoupling with the feedforward control.
This underlines the importance of the presence of the EKF. Saturation states occur very frequently in applications, as explained.
Basically, two types of saturations can occur: Input saturations and state saturations. The former are functional saturations that are
very often imposed by the user to protect the machine from high voltages. The latter are physical limitations of the machines in
terms of magnetic saturations. In the presence of input saturation, an anti-windup structure is used at the level of the PI reference
governor and the PI,,, regulator to avoid windup. As already explained, an anti-windup is a control structure which allows to avoid
that the integral action of a controller can generate overshoot as well as instability. Considering the following PI reference governor
with an anti-windup structure:

t
igq(t) = Kpe(®) + K,/ e(t)dt + A, (1) (45)
0
in which
e(t) = U,y — w(t)\/lllj(t) + (Ly)ig(1) +P,)%, (46)

where U, is the maximal allowable voltage, i , is the ¢ current that guarantees the required torque, and  is the constant angular
electric velocity corresponding to the fixed setting. Function A, is the anti-windup signal with

1
A () = K,,(i;; (0 = K (et) - K, / e('[)dr), (47)
0
where
- _ igq(®) if ige(t) < Sat,,
ldd(t) B { Satour if idd(t) b Satout’ (48)

where Sat,, is the constant of the saturation level of the controller output, which corresponds to the saturation level of the controller
current output reflecting the saturation of the voltage input, and K, € [0, 1) is a constant to be set. Note that the operating range
of the power constant is characterized by e(r) < 0. If we consider the decoupled system described in (29), the following proposition
holds which guarantees the robust asymptotic stability of the control law under the condition of flux weakening.

Remark 3. A preliminary and general analysis of the stability aspects concerning MPC with respect to the weighted matrices Q,, R,
is also considered in [56]. A sufficient asymptotic stability condition for the time-varying linear system derived using the Lyapunov
approach, see [57] pages 114-115, is given by the eigenvalues 4, of matrix A, +A£. This condition is ||4, || < 1 fori=1,2,...,n. In
addition, the eigenvalues of AZ are the same as the eigenvalues of A, due to the diagonal form of the transition matrices in (29).
This implies that A, + A{ =2A, and that 12,1 of A, + A{ equals 2|Mr, || for j =1,2,...,n for the eigenvalues of A,.

Theorem 1. Let us consider the systems defined by the diagonal transition matrices (29) under the hypotheses (B.4) and (B.5) of the
proposition given in the Appendix, for both non-saturating and saturating inputs, if

lALll2 =24/ max (AT AY), (49)

i iy (k) = igq (k) (50)

then

and in particular
lim (k) = igq (k). (51)
Proof. The proof of the theorem is derived directly by the two propositions in Appendix.

Theorem 2. Let the error function e(t) in case e(t) < 0 be defined as in (46). For Kp > 0 and K; > 0 under the hypothesis (B.4) and (B.5)
of the proposition reported in the Appendix, in case of non input saturation as well as in case of input saturation, with hypothesis

L,(iy(t)+¥, >0, (52)
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and

1AL, = 24 /ml_ax (AT AY), (53)

}_i)m e(t)=0 (54)

then

for each Ly, L,, R;.

Proof. Let consider the following Lyapunov function candidate:

V(e) = 1, )
then
dvie®) _ de(®) _ de(r) dig(0)
a0 =00 ar (56)

where, because of the decoupled structure of the controlled system, the following property is applied:

de(t) dig(t)

diq(t) dt 0 (57)
de(t
L0 = o0\ 020+ (La0ig + 7,2
o) 2y, (D, (1) + 294 (Dry (D) + 2¥ iy, ()] (58)
24/ w20 + (g () + ¥)?
It is because of the decoupling structure of the model in (29)
dy, (1) _ dyq(t) diy (1) _ (59)
dt dig(t) dt
and L, ()i, (1), then
dy,(t)  dy, @) diy(@) L,(1) . diyg(0)
= =(L < 60
dr diy(n dr a0+ 70O ) e (60)
where Ly, . @)=L, + j,d ((?)z 4(®) > 0 is called Differential Inductance”.! It follows that:
i . ld
de(t
£ = o0\ V20 + Ly 0ig 0 + 7,
diy(1)
o[2Ly,, . (1) +¥,)=4=]
_ dpify. d " dr . 61)
2\ /Wi + (wa () +¥,)?
From (45), then
di .
diaa® _ K, e(t) + Kie(t) + Ay (1), (62)
dt
and in accordance with the definition of A4,, in (47), the following expression is obtained:
. digy ()
K, (1 - Kp)é@) + K;(1 — Kpe(t) = ‘;—"t. (63)
Combining (63) with (61) and considering the results of propositions (B.4) and (B.5) reported in the Appendix, then
Bim (1) = i (1), (64)
then the following expression is obtained:
D(r) = \/(Lq(l)iq(l))2 + (Ly®)iy(1) +¥,)2 >0 (65)
and it follows:
4 . o(2Ly,, (z)E 6
é(1) = —a(n)D(1) — 0 @), (66)

L@

1 The differential inductance may indicate the effects of saturation. The additional term o
4

i;(1) < 0 depends on the shape of the curve L,(1)i,(t) and becomes
larger at higher currents.
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where

E®) = [(wy(O) +¥,)(K,(1 = Kp)é(r) + K (1 — Kp)e())]. (67)
If
then

D[ + F()(wy () + P)(K (1 - Kp)] =
— o)D) — FOK (1 — Ky)(w (1) + ¥))e(t) (69)

and it follows:

(t) —d)(I)D(I) - F(t)K](l - Kb)(l//d(t) + Tp)e(l) (70)
o) =
[1+ F)(wy (1) +¥,)(K,(1 — Ky))]

and multiplying (70) by e(t) to obtain expression é(t)e(r), the following expression is obtained:

dvie®) _ —w(1)D()
di [+ FO ) +¥)(K,(1 = Kp))]
_ FOK (1= Ky () + ¥,)e’(1) o0
[1+ FOWw, (1) + P, (K, (1 - Ky’
It is straightforward to see that for K; > 0 and K, > 0 it follows:
—dV((ft(t)) <0. (72)

In fact, from hypothesis L, ()i (1) + ¥, >0 and considering that, because of the limited desired torque T,; and a limited possible
load torque 7; with the following mechanical model

Jo@) =Ty(1) = T,(1) - f(w) (73)

in which J represents the inertia of machine and function f(w) its the nonlinear friction model, it results |&| < M and thus |%| <M
where M is a real value with M < co.

It is sufficient to choose K; > 0 large enough and K|, > 0 to obtain the asymptotic stability in accordance with Lyapunov’ stability
concept. []

Remark 4. Proposition 2 states that for a given Kp > 0 and K; > 0 a PI control guarantees the robust asymptotic stability of the all
control structure under flux weakening condition with respect to L, L, R,. The sufficient conditions stated by (B.4) and (B.5) of
the Appendix are conditions to be satisfied the weight parameters of matrices Q, and R, of MPC. Parameter K, > 0 large enough
guarantees a rapid convergence of e(r) to zero. The hypothesis L,(#)i,(r)+¥, > 0 is a typical structural condition very often satisfied
in PMSM as in the proposed experimental setup.

Remark 5. Condition on matrix R, is quite straightforward to be satisfied. In fact, for instance a choice of a diagonal matrix for R,
with large diagonal elements represents a suitable choice. Once a suitable matrix R, is obtained to satisfy, thanks to the particular
diagonal structure of matrices A, and By, because of the decoupling control action, also the choice of matrix Q, results to be
straightforward.

7. Measured results in the presence of saturations

The measurements were taken with a HIL402 system from Typhoon HIL. The nonlinear PMSM machine model of the HIL402
schematic software provides the course of the current dependence inductance. This helps to compare the estimated inductance with
the real inductance curve of the PMSM. Both the non-linear PMSM machine model and the traction inverter are simulated in a
quasi-real-time environment. The switches used by Typhoon HIL within the modulation process of the inverter are ideal. The use
of this type of switch means that there is no tendency to unphysical behavior, as can be the case with model approaches with
simplified equivalents. In order to reproduce reality in as much detail as possible, the switches were parameterized with off and
delay times and the losses were taken into account. The basis for this is the data sheet for the SKiM459GD12E4 IGBT module. The
control was programmed in Simulink and then compiled into C-code. The code then runs as an embedded C-function within the
FPGA of the HIL402. In Fig. 3, the control setup for the taken measurements is shown, while Fig. 1 shows the model-based system
simulation setup for the simulation with MPC. The measurements were made with two different control concepts. Both control
concepts exhibited input saturation in the form of a limit, which was set to 1 and —1, respectively, due to the normalization in
both control concepts. There is a state saturation in the machine, too, by taking into account the saturated characteristic of the
inductance. Both saturation types, input and state saturation, are given for constant torque as well as for the constant power region,
where PI reference governor provides a negative i, reference. The characteristic curve of the PMSM is given in Fig. 4 and gives
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PI-MPC/
“—1 P-PI

Fig. 3. HIL control setup.
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Fig. 4. Efficiency map of the PMSM under test.

information about the corner and the maximum speed as well as the permitted possible torque. The power rating of the PMSM is
10kW. The following measurements show a comparison between a PI-PI controller, where the PI control loop is calculated according
to the optimum amount, and the introduced PI-MPC control structure. The design of the PI controller for current control was done
according to the optimum amount and decoupling the d axis and ¢ axis, which is a valid approach for torque control, according
to [47] or [53]. The PI control is set up adaptive together with the input of the estimated inductance out of the EKF, as the PMSM is
operated in the non-linear range. The results were considered for two different regions, the constant torque as well as the constant
power region.

7.1. Constant torque region

The constant torque region is characterized by the fact, that control takes place at the current limit and exceeding the maximum
permissible voltage is generally not possible. When using a PMSM with surface mounted magnets respectively an isotropic machine,
the field-forming current i, is regulated to 0 in this range. This means that the PI reference governor for the field-weakening current
is regulated to zero by the Sigmoid function in this region. The measurements in Figs. 5-10 were taken for the constant torque
region, with a speed of 60rad/sec. As it can be seen in Fig. 4, the maximum possible torque is given with 47 Nm for that speed. The
decoupling of the d— and g-axis was transmitted for the PI controller as well as for the MPC by means of an EKF. This allowed the
most accurate decoupling possible to be generated for both control strategies. Fig. 17 shows the estimate of the inductance versus
the current-dependent actual inductance. A slight bias can be seen here at the beginning of the estimation, when the impressed
current is close to 0. This makes decoupling at this point more difficult for the MPC. The measurements in constant torque region
were each recorded for the same torque jumps at a stable speed of 60rad/sec. Fig. 5 as well as Fig. 6 show the results of the direct
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Direct Current for CT Region
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Fig. 5. Direct current with PI-PI for constant torque region.
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Fig. 6. Quadrature current with PI-PI for constant torque region.

current i, as well as the quadrature current i,. The direct current i, oscillates close to 0. It can be seen that a small overshoot occurs
in both current curves, what leads to the overshoot in Fig. 7, where the electromagnetic torque for the PI control in constant torque
region is presented. The resulting overshoot leads significantly to the error described in Table 1. Compared to the results from the
MPC, stationary accuracy is achieved due to the integral component, whereas with the MPC in Figs. 8 and 9, a gap between the
setpoint and actual value for the currents i, and i, remains. The bias is largest where the estimate for the inductances in Fig. 17
also remains the least accurate. This also can be seen in the resulting torque for the PI-MPC in constant torque region in Fig. 10.
Nevertheless, the error of the PI-MPC remains behind the resulting error from the PI-PI control. The proportional behavior of the
MPC is shown to be advantageous compared to the PI controller.

7.2. Constant power region

The constant power region is characterized by control at the voltage limit. In order to be able to increase the speed further, but
at the same time not to exceed the maximum permissible voltage, a negative d- current component must be impressed here. In this
range, the field-weakening controller or the controller referred to here as the PI reference governor is used. This ensures that the
negative d-current component is provided and thus that the maximum permissible voltage is maintained. The reference governor
is a PI controller which provides the corresponding d-current by measuring the voltages. Fig. 1 shows the setup of the PI-MPC and
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Fig. 7. Torque with PI-PI for constant torque region.
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Fig. 8. Direct current with PI-MPC for constant torque region.

PI-PI control for constant power region, in the dashed section the PI reference governor. The measurements for constant power
region were taken for a speed of 250rad/sec. The corner speed of the electrical machine is defined at 159 rad/sec, the maximum
speed is at 390rad/sec. This means that the values were recorded in a range where field weakening becomes necessary with the
addition of a negative d-current component. Again, the decoupling of the d— and g-axis was transmitted for both control algorithms
by means of an EKF. Figs. 11 and 14 show the recorded currents for the negative i, current component. The overshoot behavior of
the d— current controlled by the PI controller and the PI reference governor is clearly visible in Fig. 11. Comparing both setpoint
curves of the d— current components, it can be seen that when using the PI controller, the setpoint input had to be set significantly
slower, as the control process would otherwise have provoked too much overshoot. The MPC controller, on the other hand, can
work with very high dynamics even without overshoot, since only the proportional component has an effect here. Compared to the
constant torque region, the bias typical for the PI-MPC seems to be reduced and the PI reference governor has a positive influence
on the steady-state accuracy for the MPC. Fig. 12 shows the quadrature current with the PI control and the PI reference governor.
Compared to the results for the quadrature current i, with PI-MPC in Fig. 15, the oscillation is higher for the smaller setpoints with
PI-PI control than for the results with PI-MPC. The results for the torque with the PI-PI control in Fig. 13 show some oscillation
around setpoint but no overshoot. Compared to the results for the torque measurements by the usage of the PI-MPC in Fig. 16, the
oscillation is less for the PI-MPC, which can be seen in the resulting error in Table 1.
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Fig. 9. Quadrature current with PI-MPC for constant torque region.
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Fig. 10. Torque with PI-MPC for constant torque region.
Table 1
Failure of resulting torque (E = %[OT e(r)dr).
Type PI-PI (failure) PI-MPC (failure)
Constant torque region 42 40
Constant power region 35 15

With the failure
T
=1 / o(e)dr 74)
T Jo ’

in which function e(r) represents the difference between the desired and the obtained torque and T is a testing time horizon. The
results are obtained with the following matrices for MPC to tune the EKF: measurement noise matrix

10 0
Rw - [0 10] ’ (75)
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Direct Current for CP Region
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Fig. 11. Direct current with PI-PI for constant power region.
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Fig. 12. Quadrature current with PI-PI for constant power region.
process noise matrix
lel 0 0 0
0 le2 0 0
=1y 0 -7 0
0 0 0 le—7

and the following initial a posteriori error covariance matrix

10 0 0
0 1 0 0

P, =

"o 0 1e-3 0
0 0 0 le-3

(76)

77)

Remark 6. Note that the results shown in Table 1 depend on the tuning parameters of both control strategies, inner loop PI and
inner loop MPC. In the case of saturations, it is almost impossible to find satisfying tuning values to reduce the tracking error for the
PI control, even in the case of adaptive tuning parameters. Recall that in the case of adaptive tuning parameters of the PI controller,
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Fig. 13. Torque with PI-PI for constant power region.
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Fig. 14. Direct current with PI-MPC for constant power region.

the integral part is proportional to the inductance and thus it is reduced proportionally in the case of inductance saturation due to
the increasing of the currents. In fact, we can say, that a comparison of different control techniques in order to show superiority of
one control type is barely possible, as every control type has its advantages and drawbacks. The pure PI control for example, has
no model based structure, what makes it less dynamic, but on the other hand makes it very easy to implement. In our paper, we
have chosen the PI-PI-control together with feedforward structure as a comparison, as this control type is used very often for PMSM
control. The aim was, to give a comparison to the state of the art, which in our case is the PI-PI control.

Remark 7. The importance of correctly tuning the Q, which is the covariance matrix of the process noise and R,, as the covariance
matrix of the measurement noise, should also be emphasized. The importance of tuning these matrices results from the fact that
they have a decisive influence on the quality of the estimation of the EKF and thus on the maintenance of decoupling and hence
stability and accuracy. In case of a linear observer with a linear systems and a linear controller, the tuning matrices Q and R, are
more easy to be tuned thank also to the separability principle, see [58-60]. To tend to this scenario, a decoupling of the system with
its corresponding cancellation of the nonlinear part of the electrical dynamics is proposed together with an EKF which represents a
linearization of the observer structure based on the KF.
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Fig. 15. Quadrature current with PI-MPC for constant power region.
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Fig. 16. Torque with PI-MPC for constant power region.

8. Conclusion

This paper shows a comparison of two different control methods for a permanent magnet synchronous machine control and
considers the general problem of torque control in different working regions. The first control method considers a proportional
integral control structure in the inner and outer loop, which is typically used in permanent magnet synchronous machines for the
problem of the torque control. The second method takes into account the torque control with a model predictive control in the
inner loop and a proportional integral control structure in the outer loop. Both control strategies use an extended Kalman filter to
estimate inductance of the machines. The estimation of such a parameter is extremely important in the case of saturated inductances
that yield saturated states. Measurement results in the presence of input and state saturations, through the saturated inductance,
show that model predictive control is working without overshoot in the currents, which leads to less power needed in input. The
advantage of the combination of outer loop proportional integral control and inner loop model predictive control is particularly
evident in the area of field weakening, where the proportional integral reference governor becomes more important due to the
Sigmoid function and now takes over the setpoint specification for the field-weakening current i,.
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Fig. 17. Estimated inductance for a machine with nonlinear and saturated inductance.
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Appendix A. An asymptotic stability sufficient constructive condition in MPC

Proposition 1. Let us take the following discrete SISO linear system into consideration:
2k +1) = Agz(k) + Bty (k). (A1)
(k) = Hyz(k), (A.2)

which is obtained by a discretization of a linear continuous system using a sampling time which equals T. u,,,.(k) represents the first element
of the vector of the optimal solution as calculated in [55] for the MPC considering the following cost function:

N
J = % ;(y(ﬂk +J) -k +j))TQ,,(yd(k + )=+ ))
N

£ (Ul 47 = 1) Ryl +j = D, A.3)
j=1

where yq(k + j), j = 1,2,..., N is the output reference trajectory and N is the prediction horizon, and Q, and R, are diagonal and positive
matrices. Furthermore, the solution minimizing performance index (A.3) may be obtained by solving:
aJ
=0. A.4
oU o

mpc

It is known for instance from [55] that the optimal solution is
Uype(k) = FT Q,F,, +R,)'FT Q, (de(k) - G,,z(k)), (A.5)

where Y, (k) is the desired output column vector. Matrices Q, and R, are diagonal and positive defined. Under the hypothesis that system
(A.5) is asymptotically stable, i.e. (||A;ll, < 1), where

Acll, = \/max 2,(ATA) for i=1,2,....n€N
1
represents the root of the maximal eigenvalue of matrix AZA,(, then V R, diagonal and positive defined matrix such that

IBFT Q,G,lI,
IRl > ——2— (A.6)
L ) T
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and

A - B}, QF 1, +R)TFLLQ,G, |,

T —1RT
< [[Ac+BeE],QF ), +R)E,Q,G, |- (A7)
the system (A.1) results to be asymptotically stable.?
Proof. For one prediction step is considered, then, according to [55], it follows that:
F,, = [H;B,]. (A.8)
G, = [HA,]. (A.9)
Combining Eq. (A.1) with (A.5), this expression is obtained:
2(k + 1) = A2(0) + By (FT,Q,Fy, + R)™F], Q, (Y, (0 - G,2(h) ). (A.10)
which is equivalent to write:
2k +1) = (A~ B(F,Q,F,, +R,)'F] Q,G, )(k)
+B,(F] Q,F;, +R,))"'F{ Q,Y, (k). (A11)
If
IBET Q,G, Il
IR, |l > ——2—, (A.12)
PR T ADL
considering that |R,|| > 0,
ALl + IR, 115" 1BLF] Q,G,ll, < 1,and thus (A.13)
AL, + HBkR;lFlTprGp“z <1 (A.14)
as a consequence it follows that:
ALl + B, Q,F,, +R)E]LQ,G, |, < 1. (A.15)
Considering the norm properties and condition (A.7), then
T —1RT
A - B, Q,F1, +R,)'F],Q,G, |,
T —1RT
< |Ac+BF,Q,F), + R)'E] QG |,
<ALl + “Bk(Fprl,F“, + R,,)—IFLQI,G[]”2 <L (A.16)
To conclude
T 1T
A - B} QF 1, + R)FLQ,G, [, < 1 (A17)

Condition (A.17) states that the eigenvalues of the controlled system described by (A.11) are all inside the complex unit circle and
thus system (A.11) results to be asymptotically stable. []

Appendix B. The saturation case

Proposition 2. Let us take the following discrete SISO linear system into consideration:

z(k+1) = Agz(k) + BkUmpc(k), (B.1)
w(k) = Hyz(k), (B.2)
and let U, . be a real value with

max

[Uppe (R < Uy Yk, (B.3)

2 1t is to notice that matrix R, collapses in a scalar in case of one step prediction horizon, R, = r.
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then (B.1) with the input saturation defined in (B.3) and controlled with the control law in (A.5) is asymptotically stable and its input avoids
the saturation constraint if the following conditions are hold:

IBF],Q, Y, (Kl

r = ||IR,|l, > max
’ . Umax
IBET Q,G, I,
IFF,QF Il —— (B.4)
R I ) Wi
and
T — 1T
”Ak ~B,(FT Q,F,, +R,) FIPQPGPHZ
T —1gT
< [[Ac+BeE],Q,F), + R)E,Q,G, |- (B.5)
Proof. The demonstration is straightforward. In fact, just considering that
[Uppe ()] < Upa Yk
and thus, considering the input of the optimal predicted expression (A.11), it is enough that the following condition holds:
BT, Q1+ R)F,Q, Yy, ()|, < U (B.6)
This can be written as
T —1gT
BT, Q1+ R)ELQ,Y, (),
T -1 T
< |7, QF s, + R [|BeET,Q, Yo, (0], < U (B.7)
Considering that R, and FTprF1 » are both positive scalars in case of one step of the prediction horizon, then
IBF] Q,Y, (Kl
T 1pp~4dp
[E1,QF, + R, ||, < B T — (B.8)
and thus, to guarantee asymptotic stability and anti saturation input of system (B.1), it follows:
IBF],Q,Y,, (Kl
r = IR,llp > max { ————
Umax
IBET Q,G,ll,
—IF,QF,ll, —— (B.9)
R T AL
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