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ABSTRACT 

Solid-state processing techniques such as friction extrusion and friction surfacing have emerged as advanced methods for 
processing metallic alloys. These techniques utilize frictional heat and severe mechanical deformation to drive microstructure 
changes without reaching the melting point. However, the severe thermo-mechanical conditions during such processes make 
experimental characterization of microstructure evolution challenging. To address this, numerical modeling becomes essential 
for predicting microstructure behavior and guiding process optimization. This study presents a computational framework based 
on the multiphase-field (MPF) method to investigate the discontinuous dynamic recrystallization (DDRX) mechanism occurring 
during these processes. The MPF method is utilized to model grain nucleation and boundary migration, incorporating the effects of 
dislocation dynamics through the implementation of the Kocks–Mecking model. This framework establishes a direct correlation 
between microstructure evolution and the macroscopic mechanical behavior observed during DDRX. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

1 Introduction 

Al alloys are widely utilized in contemporary engineering appli-
cations due to their excellent strength-to-weight ratio, remarkable
resistance to corrosion, and high recyclability attributes that
are particularly beneficial in the automotive and aerospace
sectors [ 1 ]. These advantageous properties stem from the com-
plex interrelationship among the alloy’s chemical composition,
microstructure characteristics, and thermo-mechanical process-
ing history. Notably, the formation and transformation of various
precipitate phases, along with the development of a recrystallized
microstructure, play a crucial role in determining their mechan-
ical performance [ 2, 3 ]. Solid-state processing methods enable
the deformation of materials at temperatures below their melting
point through plastic deformation. For this project, in particular,
friction extrusion (FE) and friction surfacing (FS) are considered
relevant to examine the microstructure evolution [ 3, 4 ]. 
This is an open access article under the terms of the Creative Commons Attribution License, which perm
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The dominant microstructure transformation occurring during 
FE and FS is dynamic recrystallization (DRX), which facilitates
the formation of new, strain-free grains by reducing dislocation
density during plastic deformation [ 5, 6 ]. Recrystallization during
deformation can manifest in three distinct forms: discontinuous
dynamic recrystallization (DDRX), continuous dynamic recrys- 
tallization (CDRX), and geometric dynamic recrystallization 
(GDRX) [ 7 ]. DDRX generally occurs in metals possessing low to
medium stacking fault energy, while CDRX is more prevalent
in materials with high stacking fault energy, such as Al alloys.
However, it has been shown that friction-based processing leads
to a complex interplay between CDRX and DDRX in Al alloys [ 3,
4 ]. The experimental investigation on FS of dissimilar Al alloys
[ 3 ] reported the simultaneous occurrence of CDRX and DDRX,
where recrystallized grains are observed along high-angle grain 
boundaries, often forming structures resembling necklace as a 
result of the deformation process. 
its use, distribution and reproduction in any medium, provided the original work is properly 
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Solid-state processing is characterized by severe plastic defor-
mation, which poses significant challenges for the direct exper-
imental observation of microstructure evolution. Consequently,
numerical modeling serves as an essential approach for investi-
gating microstructure evolution during severe plastic deforma-
tions. Several numerical modeling strategies have been developed
to investigate microstructure evolution during DDRX, including
Cellular Automata (CA) [ 8 ], Monte Carlo (MC) [ 9 ], and Phase-
field (PF) methods. Despite their utility, both CA and MC models
exhibit inherent limitations, such as difficulties in accurately
capturing temporal evolution and grain boundary migration gov-
erned by curvature effects [ 10, 11 ]. In contrast, the PF approach,
which utilizes diffuse interfaces, provides significant flexibility in
representing complex microstructure features. This method elim-
inates the need for explicit interface tracking, thereby enabling
more robust and realistic simulations of grain structure evolution
under dynamic processing conditions [ 12 ]. For capturing DDRX–
CDRX interaction, Takaki and Tomita [ 13 ] proposed coupling
dislocation-density-based stored energy to the driving force for
grain-boundary migration (i.e., DDRX) and linking stored energy,
grain-boundary mobility, and grain-boundary energy to misorien-
tation evolution to model subgrain formation and the progressive
transition from low-angle to high-angle boundaries (i.e., CDRX). 

As a first step in modeling the complex microstructure evolution
in solid-state materials processing, an MPF modeling framework
is employed to simulate microstructure evolution during DDRX.
The MPF model used in this study was originally developed
by Steinbach and Pezzolla [ 14 ], and later employed by Takaki
et al. [ 10 ] to simulate DDRX. In the present work, we implement
the model proposed by Takaki et al. [ 10 ] using a finite differ-
ence method to investigate DDRX phenomena under different
strain rates. 

2 Numerical Model 

2.1 Multiphase-Field Model 

In the present multiphase-field (MPF) model, each grain 𝑖 is
characterized by a corresponding phase-field variable 𝜙𝑖 , such
that 𝜙𝑖 = 1 denotes the full presence of phase 𝑖, while 𝜙𝑖 =
0 signifies its complete absence. At interfaces, 𝜙𝑖 smoothly
transitions between 0 and 1. To ensure conservation of the total
phase fraction at every spatial location, the sum of the local phase
fields 𝜙𝑖 can be expressed as [ 15 ] 

𝑁 ∑
𝑖= 1 

𝜙𝑖 ( 𝑥) = 1 , (1)

where 𝑁 denotes the total number of local phase fields. The total
free energy functional Ψ is defined as the volume integral over the
entire volume Ω, accounting for both the interfacial free energy
density 𝜓𝑖𝑛𝑡 and the bulk free energy density 𝜓𝑏 , and is determined
by 

Ψ = ∫
Ω

[
𝜓𝑖𝑛𝑡 + 𝜓𝑏 

]
𝑑Ω. (2)
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The 𝜓𝑖𝑛𝑡 is given by 

𝜓𝑖𝑛𝑡 =
𝑁 ∑
𝑖= 1 

𝑁 ∑
𝑗≠𝑖 

[ 

𝑊𝑖𝑗 𝜙𝑖 𝜙𝑗 −
𝑎2 
𝑖𝑗 

2 
∇ 𝜙𝑖 ⋅ ∇ 𝜙𝑗 

] 

, (3) 

where 𝑎𝑖𝑗 denotes the gradient energy coefficient between phases
𝑖 and 𝑗, while 𝑊𝑖𝑗 is the height of the energy barrier. By introduc-
ing the pairwise interaction function, the evolution equation for
the phase-field variable 𝜙𝑖 can be given by [ 15 ] 

𝜙̇𝑖 = −
𝑁 ∑
𝑗≠𝑖 

2 𝑀
𝜙

𝑖𝑗 

𝑁 

[ 
𝛿Ψ

𝛿𝜙𝑖 
− 𝛿Ψ

𝛿𝜙𝑗 

] 
, (4) 

where 𝑀𝜙

𝑖𝑗 
denotes the phase-field mobility. By taking the func-

tional derivative of each term in Ψ in Equation ( 2 ) with respect to
𝜙𝑖 , the resulting expressions for 𝛿Ψ∕𝛿𝜙𝑖 can be reformulated as 

𝛿Ψ

𝛿𝜙𝑖 
=

𝑁 ∑
𝑘= 1 

[ 

𝑊𝑖𝑘 𝜙𝑘 +
𝑎2 
𝑖𝑘 

2 
∇2 𝜙𝑘 

] 

+
𝜕𝜓𝑏 

𝜕𝜙𝑖 
. (5) 

By considering Equations ( 4 ) and ( 5 ), the difference in the partial
derivatives of 𝜓𝑏 with respect to 𝜙𝑖 and 𝜙𝑗 can be reformulated in
terms of the driving force ( Δ𝐸𝑖𝑗 ) between grains 𝑖 and 𝑗 as [ 10 ] 

𝜕𝜓𝑏 

𝜕𝜙𝑖 
−
𝜕𝜓𝑏 

𝜕𝜙𝑗 
= − 8 

𝜋

√ 

𝜙𝑖 𝜙𝑗 Δ𝐸𝑖𝑗 . (6) 

After calculating the functional derivatives, the evolution equa- 
tion of the phase field can be obtained as [ 10 ] 

𝜙̇𝑖 = −
𝑁 ∑
𝑗≠𝑖 

2 𝑀
𝜙

𝑖𝑗 

𝑁 

[ 
𝑁 ∑
𝑘= 1 

[ [
𝑊𝑖𝑘 − 𝑊𝑗𝑘 

]
𝜙𝑘 +

1 

2 

[
𝑎2 
𝑖𝑘 
− 𝑎2 

𝑗𝑘 

]
∇2 𝜙𝑘 

] 

− 8 

𝜋

√ 

𝜙𝑖 𝜙𝑗 Δ𝐸𝑖𝑗 

] 
, (7) 

where 𝑎𝑖𝑗 , 𝑊𝑖𝑗 , and 𝑀
𝜙

𝑖𝑗 
are defined in terms of the grain boundary

thickness 𝜂, grain boundary energy 𝛾𝑖𝑗 , and grain boundary
mobility 𝑀𝑖𝑗 as [ 10 ] 

𝑎𝑖𝑗 =
2 

𝜋

√ 

2 𝜂𝛾𝑖𝑗 , (8) 

𝑊𝑖𝑗 =
4 𝛾𝑖𝑗 

𝜂
, (9) 

𝑀
𝜙

𝑖𝑗 
= 𝜋2 

8 𝜂
𝑀𝑖𝑗 . (10) 

For simplicity, it is assumed that all grain boundaries are high-
angle boundaries, with uniform grain boundary energy 𝛾𝑖𝑗 = 

𝛾 and mobility 𝑀𝑖𝑗 = 𝑀. Consequently, the grain boundary 
mobility 𝑀 can be expressed as [ 10 ] 

𝑀 =
𝑀0 

𝑇 
exp 

[ 
− 𝑄𝑏 

𝑅𝑇 

] 
, (11) 

where 𝑀0 is a constant, 𝑄𝑏 is the activation energy for grain
boundary migration, 𝑅 is the universal gas constant, and 𝑇 is the
absolute temperature. 
PAMM, 2026



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

2.2 Dislocation Evolution Model 

Dislocation dynamics predominantly govern the evolution of
stored energy within the material. Under the application of strain,
dislocations tend to accumulate and subsequently annihilate,
thereby altering the internal microstructure of the material. The
driving force term ( Δ𝐸𝑖𝑗 ) in Equation ( 7 ) can be reformulated in
terms of the difference in dislocation densities as [ 16 ] 

Δ𝐸𝑖𝑗 =
1 

2 
𝜇𝑏2 

[
𝜌𝑖 − 𝜌𝑗 

]
, (12)

where 𝜇 is the shear modulus, 𝑏 is the Burgers vector, and 𝜌𝑖 and
𝜌𝑗 represent the dislocation densities in the adjacent grains 𝑖 and
𝑗, respectively. The variation of dislocation density ( 𝜌) with strain
( 𝜖) can be effectively described using the Kocks–Mecking (KM)
model [ 17 ], which is expressed as 

𝑑𝜌

𝑑𝜖
= 𝑘ℎ 

√
𝜌 − 𝑘𝑟 𝜌, (13)

where 𝑘ℎ denotes the work hardening constant, while 𝑘𝑟 repre-
sents the dynamic recovery coefficient, which depends on both
the temperature 𝑇 and the strain rate 𝜖̇ [ 10 ]. The correlation
between 𝑘𝑟 and 𝑘ℎ can be formulated using the steady-state stress
𝜎𝑠𝑡 , and the dislocation interaction coefficient 𝛼, and is given
according to [ 10 ] by 

𝑘𝑟 =
𝛼𝜇𝑏𝑘ℎ 
𝜎𝑠𝑡 

. (14)

Following [ 10 ], the steady-state stress 𝜎𝑠𝑡 can be expressed as a
function of the empirical constants 𝐴1 and 𝐴2 , the activation
energy for deformation 𝑄𝑎 , and the strain rate 𝜖̇ as 

𝜎𝑠𝑡 =
[ 
𝐴1 ̇𝜖

[ 
exp 

𝑄𝑎 

𝑅𝑇 

] ] 1 
𝐴2 

. (15)

The macroscopic stress is formulated as 

𝜎 = 𝛼𝜇𝑏
√
𝜌̄, (16)

where 𝛼 = 0 . 5 and 𝜌̄ is the average dislocation density. Therefore,
the mechanical equilibrium is not exactly solved, where the stress
is obtained via solving Equations ( 13 ) and ( 16 ). 

2.3 Nucleation Criteria 

During DDRX, the nucleation rate per unit area of the grain
boundary 𝐽̇ , can be expressed as [ 16 ] 

𝐽̇ = 𝐶𝜖̇𝑚 exp 

[ 
− 𝑄𝑎 

𝑅𝑇 

] 
. (17)

In this context, 𝐶 and 𝑚 represent constants that are specific to
the material. Nucleation is treated as a spontaneous process at
grain boundary lattice points where the local dislocation density
exceeds the critical threshold 𝜌𝑐 . The total number of grain
boundary lattice points satisfying this condition is denoted by
𝑛𝑔𝑏 . To ensure consistency with the macroscopic nucleation rate
𝐽̇ , a nucleus is selected at every Δ𝑛 of these points, where Δ𝑛 is
PAMM, 2026
defined according to [ 16 ] 

Δ𝑛 =
𝜂

𝐽̇ Δ𝑡 𝑛𝑔𝑏 [ Δ𝑥] 
2 
, (18) 

where Δ𝑡 represents the time increment and Δ𝑥 is the grid
spacing. The critical dislocation density 𝜌𝑐 can be formulated as 

𝜌𝑐 =
[ 
𝜎𝑐 
𝛼𝜇𝑏 

] 2 
. (19) 

3 Numerical Implementation 

The phase-field model for DDRX, implemented using a finite
difference scheme, is shown in Figure 1 . The simulation begins
with the initialization of a polycrystalline microstructure, which 
is generated using a grain growth model. In this stage, ran-
domly distributed nuclei are introduced and allowed to grow,
resulting in an initial microstructure described by Equation ( 7 ).
To simplify the formulation, a constant driving force is applied
in the phase-field equation for the term Δ𝐸𝑖𝑗 , instead of using
the dislocation density difference as described in Equation ( 12 ).
Once the initial microstructure is established, a uniform initial
dislocation density, 𝜌ini , is assigned throughout the simulation
domain. The DDRX process is then simulated by evolving both
the dislocation density and the grain structure based on the
predefined nucleation criteria, continuing until the target strain
is reached. The model parameters used in this study are primarily
based on previous works, particularly [ 10 ] and [ 16 ]. 

Simulations are performed at a constant temperature 𝑇 = 800 K
with a time step of Δ𝑡 = 0 . 01 s . The DDRX model starts with
17 initial grains in a domain of size 𝑁𝑥 = 512 , 𝑁𝑦 = 444 , using
a grid spacing of Δ𝑥 = 5 𝜇m . Grain boundary energy is 𝛾𝑖𝑗 =
0 . 208 Jm 

− 2 , and boundary thickness is 𝜂 = 4Δ𝑥. 𝑀 is computed
with 𝑀0 = 0 . 2m 

4 K J − 1 s − 1 and activation energy 𝑄𝑏 = 92 kJmol − 1 .
In the KM model, key parameters include: 𝑘ℎ = 4 × 108 m 

− 1 ,
𝜇 = 30 GPa , and 𝑏 = 2 . 56 × 10− 10 m . The steady-state stress 𝜎st 
is evaluated with 𝐴1 = 2 × 1044 , 𝐴2 = 7 . 6 , and 𝑄𝑎 = 152 kJmol − 1 .
The critical stress for nucleation is 𝜎𝑐 = 40 MPa . Additional
parameters are: 𝐶 = 1 × 1022 , 𝑚 = 1 , 𝜌ini = 1 × 109 m 

− 2 , and 𝜌𝑐 =
5 . 5098 × 1013 m 

− 2 . Periodic boundary conditions are applied
during the simulation. 

4 Results 

4.1 Microstructure Evolution 

During plastic deformation, the dislocation density evolves 
according to the KM model, which captures dislocation accu-
mulation and dynamic recovery mechanisms. Once the local 
dislocation density exceeds the critical threshold 𝜌𝑐 , the material
attains sufficiently high internal stress and stored energy to
render the nucleation of new grains energetically favorable. 
At this juncture, new grains are nucleated at existing grain
boundaries and are initialized with a dislocation density of 𝜌ini ,
as shown in Figure 2a–f . This process marks the onset of DDRX,
which reshapes the microstructure by generating equiaxed grains
with necklace shape microstructure. 
3 of 6



FIGURE 1 Flowchart illustrating the sequence of calculations performed to obtain the DDRX microstructure in the model. The final 
microstructure is achieved once the true strain 𝜖 reaches its target value( 𝜖𝑓 𝑖 𝑛𝑎𝑙 ), which is set to 50% across all simulations. DDRX, discontinious dynamic 
recrystallization. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

As illustrated in Figure 2g , the average grain diameter undergoes
significant refinement, decreasing from 67 . 25 μm initially to
11 . 29 μm at 𝑡 = 11 s , and reaching a minimum of 8 . 07 μm at 𝑡 =
26 s . The steep decline from 67 . 25 to 21 . 26 μm and subsequently
to 8 . 94 μm reflects the rapid grain refinement characteristic
of DDRX initiation, driven by localized dynamic softening and
nucleation of new grains. Following the initial refinement,
grain sizes show non-monotonic fluctuations between 11 . 29 and
8 . 94 μm , reflecting the cyclic nature of DDRX, where strain-
induced boundary migration promotes growth while new grains
form. By 𝑡 = 50 s , the grain size stabilizes around 8 . 94 μm , indi-
cating a dynamic equilibrium between growth and nucleation. 

4.2 Stress–Strain Behavior 

The stress–strain response was analyzed at various strain rates,
focusing on how microstructure characteristics affect the material
behavior, as shown in Figure 3 . At all strain rates, the curves in
Figure 3e show distinct peak stresses followed by softening of
DDRX due to nucleation and growth of strain-free grains that
reduce dislocation density. At low strain rates (e.g., 𝜖̇ = 0 . 005 s − 1 ),
4 of 6
softening is gradual and stable, allowing sufficient time for
grain growth and microstructure homogenization. As strain rate 
increases, peak stress rises, and the stress–strain curves exhibit
oscillations and stress drops, especially at 𝜖̇ = 0 . 1 s − 1 , indicating
repeated DDRX cycles. Under high strain rates, work hardening
is so rapid that stresses climb to a higher maximum before
DDRX softening sets in. Beyond 40% strain, all curves reach a
steady state, indicating dynamic equilibrium where dislocation 
generation is balanced by annihilation and recovery, stabilizing 
microstructure and mechanical properties. 

From the microstructural viewpoint shown in Figure 3a–d and
the average grain diameters shown in Figure 3f , the grain size
decreases progressively with increasing strain rate. At a strain
rate of 𝜖̇ = 0 . 005 s − 1 , the average grain diameter is 9 . 85 μm ,
which decreases to 6 . 33 μm at 𝜖̇ = 0 . 1 s − 1 . At low strain rates,
coarse grains are formed, leading to dynamic softening and lower
steady-state stress. At intermediate strain rates, moderate grain 
sizes are produced, balancing hardening and softening. At high
strain rates, DDRX leads to the formation of fine grains and
higher true stresses. Therefore, strain rate plays a pivotal role in
governing microstructure evolution during solid-state processing. 
PAMM, 2026



FIGURE 2 Microstructure evolution during DDRX at selected time intervals under a constant strain rate of 𝜖̇ = 0 . 01 s − 1 : (a) 𝑡 = 0 s, (b) 𝑡 = 10 s, 
(c) 𝑡 = 11 s, (d) 𝑡 = 15 s, (e) 𝑡 = 26 s, and (f) 𝑡 = 50 s. (g) Corresponding average grain diameter for each microstructure. The color map distinguishes 
individual grain IDs, each representing a unique crystallographic orientation. 

FIGURE 3 Microstructure evolution during deformation at various strain rates at 50% deformation: (a) 𝜖̇ = 0 . 005 s − 1 at 𝑡 = 100 s , (b) 𝜖̇ = 0 . 01 s − 1 

at at 𝑡 = 50 s , (c) 𝜖̇ = 0 . 02 s − 1 at 𝑡 = 25 s , and (d) 𝜖̇ = 0 . 1 s − 1 at 𝑡 = 5 s . (e) Corresponding stress–strain curves for the strain rates presented above. (f) 
Distribution of average grain sizes corresponding to each applied strain rate. The color-map represents grain IDs associated with different crystallographic 
orientations. 
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The onset of DDRX is largely determined by the progressive
build-up of dislocations throughout deformation. At elevated
strain rates, dislocations accumulate rapidly, increasing the stored
energy and enhancing the driving force for DDRX. This promotes
more extensive recrystallization, leading to the formation of a
fine grain microstructure. The refined grains act as effective
barriers to dislocation motion, hindering further dislocation
movement and systematically showing higher true stresses at
elevated strain rates. In the present framework, the interplay
between microstructure evolution and hardening is captured
through the dislocation density. At higher strain rates, the KM
law predicts larger 𝜌 because dynamic recovery is reduced,
which raises the macroscopic stress via 𝜎 ∝

√
𝜌̄. Concurrently,

an increased 𝜌 promotes grain-boundary nucleation when 𝜌 > 𝜌𝑐 ,
leading to grain refinement and associated softening. The steady-
state stresses reflect a dynamic balance between strain hardening
and softening. 

5 Conclusion 

An MPF model was successfully used to study microstructure
evolution during DDRX. As dislocation density exceeds a critical
threshold, new strain-free grains nucleate at boundaries, rapidly
refining the microstructure. Strain rate plays a critical role in
microstructure evolution and mechanical response. At lower
strain rates, extended deformation time promotes grain growth
and progressive softening. In contrast, higher strain rates enhance
dislocation accumulation, resulting in grain refinement and
elevated true stresses. Over time, a dynamic balance between
dislocation generation, recovery, and recrystallization is estab-
lished, stabilizing both grain size and macroscopic stress and
emphasizing the close relationship between microstructure and
mechanical behavior. 
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