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ARTICLE INFO ABSTRACT
Keywords: This work presents an adaptive fixed-time control scheme for nonstrict-feedback nonlinear sys-
Nonlinear system tems, taking into account the presence of actuator faults, input dead-zone, unmodeled dynamics,

Actuator faults
Unmodeled dynamics
Dead-zone
Fixed-time stability

and external disturbances. Radial basis function neural networks (RBFNNs) are employed to ap-
proximate the unknown nonlinearities, and a dynamic auxiliary signal is incorporated to handle
the effects of unmodeled dynamics. By combining the backstepping design with Lyapunov sta-
bility theory, the proposed adaptive fixed-time controller guarantees that all closed-loop signals
remain bounded and that the system output tracks the desired trajectory within a fixed dura-
tion. Importantly, the settling time is determined solely by the selected controller parameters and
is independent of the initial system states. The proposed control approach is validated and its
practicality is illustrated using both a numerical simulation and a pendulum system example.

1. Introduction

Industrial applications such as robotics, inverted pendulums, and stirred tank reactors frequently involve nonlinear dynamic
systems, which are characterized by nonlinear ordinary differential equations [1]. IRecent progress in nonlinear system control has
introduced a range of advanced strategies, such as sliding mode techniques, smart control approaches, and adaptive backstepping
methods [2,3]. Among these strategies, the adaptive backstepping approach, characterized by its recursive Lyapunov-based scheme,
has emerged as a pivotal control methodology for managing a diverse range of systems and processes [4]. The growing interest and
demand for addressing nonlinear systems in recent years are primarily driven by the fact that most practical physical systems exhibit
nonlinear characteristics, leading to significant popularity in research on adaptive backstepping control [5,6]. It should be emphasized
that conventional methods rely on prior information or a linear representation of the structural uncertainties inherent in nonlinear
systems. Nevertheless, this requirement presents challenges in many practical situations, as obtaining an exact nonlinear model of
real-world systems is often difficult. With the advancement of intelligent control theory, the use of neural networks (NNs) or fuzzy
logic systems (FLSs) has become common in controller design, leading to numerous important contributions [7-11]. For example, an
adaptive control method for nonlinear systems with time delays under a nonstrict-feedback structure, employing neural networks,
is presented in [12]. Additionally, an adaptive fuzzy control scheme has been developed for output-constrained nonstrict-feedback
nonlinear systems with input delays, as reported in [13]. Moreover, a consensus control strategy using event-triggering has been
proposed for nonlinear systems utilizing neural networks within a nonstrict-feedback framework, as described in [14].
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\begin {equation}\label {1} \begin {cases} \dot {z} = q(z,\chi ), \\ \dot {\chi }_i = g_i(\bar {\chi }_i)\chi _{i+1} + f_i(\chi ) + \phi _i(\chi , z, t) + d_i(t), & i=1, 2, \ldots , n-1, \\ \dot {\chi }_n = g_n(\bar {\chi }_n) u^f +f_n(\chi ) +\phi _n(\chi , z, t) + d_n(t), \\ y = \chi _1, \end {cases}\end {equation}


$\bar {\chi }_i = {[\chi _1, \ldots , \chi _i]}^T \in \mathbb {R}^i$


$i = 1, \ldots , n$


$\chi = {[\chi _1, \ldots , \chi _n]}^T \in \mathbb {R}^n$


$u^f \in \mathbb {R}$


$y \in \mathbb {R}$


$d_i(t)$


$f_i(\chi )$


$g_i(\bar {\chi }_i)$


$i = 1, \ldots , n$


$g_i(\bar {\chi }_i) \neq 0, \quad i = 1, 2, \ldots , n$


$d_i(t)$


$z \in \mathbb {R}^{n_0}$


$z$


$\phi _i$


$\phi _i(.)$


$z(.)$


\begin {equation}\label {2} u^f = K(t) u(v) + L(t)\end {equation}


$0 < K(t) \leq 1$


$L(t)$


$u(v)$


\begin {equation}\label {3} u(v) = \begin {cases} m_r(v(t) - b_r) & \text {if } v(t) \geq b_r \\ 0 & \text {if } -b_l < v(t) < b_r \\ m_l(v(t) + b_l) & \text {if } v(t) \leq -b_l \end {cases}\end {equation}


$v$


$m_r$


$m_l$


$b_r$


$b_l$


\begin {equation}\label {4} u(v) = m(t)v + \beta (t)\end {equation}


\begin {equation}\label {5} m(t) = \begin {cases} m_l & \text {if } v \leq 0 \\ m_r & \text {if } v > 0 \end {cases}\end {equation}


\begin {equation}\label {6} \beta (t) = \begin {cases} -m_r b_r & \text {if } v \geq b_r \\ -m(t)v & \text {if } -b_l < v < b_r \\ m_l b_l & \text {if } v \leq -b_l \end {cases}\end {equation}


\begin {equation}\label {7} \begin {cases} \min (m_r, m_l) = \underline {m}\leq |m(t)|\leq \bar {m} = \max (m_r, m_l)\\ \min (m_rb_r, m_lb_l)= \underline {\beta }\leq |\beta (t)|\leq \bar {\beta }=\max (m_rb_r,m_lb_l). \end {cases}\end {equation}


$\underline {m}$


$\bar {m}$


$f_i(\cdot )$


$y$


$y_d$


$\bar {K}$


$\bar {L}$


$\bar {K} < K(t) \leq 1$


$|L(t)| \leq \bar {L}$


$y_d$


$i$


$y^{(i)}_d$


$i = 1, 2, \ldots , n$


$g_i(\cdot )$


$1 \leq i \leq n$


$b_m> 0$


$b_M > 0$


$b_m \leq |g_i(\cdot )| \leq b_M$


$0 < b_m \leq g_i(\cdot )$


$d_i(t)$


$|d_i(t)| < d^*_i$


$d^*_i> 0$


$i = 1, \ldots , n$


$\psi _{i1}(\cdot )$


$\psi _{i2}(\cdot )$


$\psi _{i2}(0) = 0$


$i = 1, \ldots , n$


\begin {equation}\label {8} |\phi _i|\leq \psi _{i1}(|\bar {\chi }_i|) + \psi _{i2}(|z|).\end {equation}


$\dot {z} = q(z,\chi )$


$V(z)$


\begin {equation}\label {9} \theta _1(|z|) \leq V(z) \leq \theta _2(|z|),\end {equation}


\begin {equation}\label {10} \frac {\partial V(z)}{\partial z} q(z,\chi )\leq -k_0 V(z) + \gamma (|\xi _1|) + d_0,\end {equation}


$k_0 > 0$


$d_0 > 0$


$\theta _1$


$\theta _2$


$\gamma $


$K_\infty $


$g_i(\bar {\chi }_i)$


$b_m$


$\phi _i$


$\psi _{i1}(|\bar {\chi }_i|)$


$\psi _{i2}(|z|)$


$\psi _{i1}(|\bar {\chi }_i|)$


$\psi _{i2}(|z|)$


$K_{\infty }$


$\phi _i$


$\chi _1$


$z$


$z$


\begin {equation}\label {11} \dot {\chi } = f(\chi , t), \quad \chi (0) = \chi _0\end {equation}


$f(\cdot )$


$\chi \in \mathbb {R}^n$


$T$


$t \geq T$


$\chi (t) = 0$


$T$


$T_m$


$x$


$y$


$c_1$


$c_2$


$c_3$


\begin {equation}\label {12} |x|^{c_1} |y|^{c_2} \leq \frac {c_1}{c_1 + c_2} c_3 |x|^{c_1 + c_2} + \frac {c_1}{c_1 + c_2} c_3^{-\frac {c_1}{c_2}} |y|^{c_1 + c_2}.\end {equation}


$r_1 > 0$


$r_2 > 0$


$p > 1$


$0 < s < 1$


$\beta \ge 0$


$V(\chi ) > 0$


\begin {equation}\label {13} \dot {V}(\chi ) \le -r_1 V^p(\chi ) - r_2 V^s(\chi ) + \beta , \quad \forall \chi \in \mathcal {D} \subseteq \mathbb {R}^n,\end {equation}


$\mathcal {D}$


\begin {equation}\label {14} T \le T_{m} := \frac {1}{r_1 \Phi (p-1)} + \frac {1}{r_2 \Phi (1-s)}.\end {equation}


\begin {equation}\label {15} \chi \in \left \{ V(\chi ) \le \min \left [ \left (\frac {\beta }{(1-\Phi ) r_1}\right )^{\frac {1}{p}}, \left (\frac {\beta }{(1-\Phi ) r_2}\right )^{\frac {1}{s}} \right ] \right \}.\end {equation}


$\mathcal {D}$


$c > 1$


$x_i \geq 0$


\begin {equation}\label {16} \left (\sum _{i=1}^{N}|x_i|\right )^c\leq \sum _{i=1}^{N} |x_i|^c \leq N^{1-c} \left ( \sum _{i=1}^{N} |x_i| \right )^c\end {equation}


$x, y \in \mathbb {R}$


\begin {equation}\label {17} xy \leq \frac {\varepsilon ^p}{p} |x|^p + \frac {1}{q\varepsilon ^q} |y|^q,\end {equation}


$\varepsilon > 0, \, p > 1, \, q > 1, \, \text {and } (p - 1)(q - 1) = 1$


$V$


$\dot {z} = q(z,\chi )$


$\bar {a} \in (0, a_o)$


$z_0 = z(t_0)$


$\bar {\gamma }(|\chi _1|) \geq \gamma (|\chi _1|)$


$D(t)$


$T_0 = T_0(\bar {a}, r_0, z_0)$


\begin {equation}\label {18} \dot {r} = -\bar {a}r + \bar {\gamma }(|\chi _1|) + d, \quad r(0) = r_0\end {equation}


$D(t) = 0$


$t \geq T_0$


$V(z) \leq r(t) + D(t)$


$D(t)$


\begin {equation}\label {19} D(t) = \max \{0, e^{-a(t-t_0)V(z_0)} - e^{-\bar {a}(t-t_0)v_0}\}.\end {equation}


$\bar {\gamma }(s) = s^2\gamma _0(s^2)$


$\gamma _0(s^2)>0$


\begin {equation}\label {20} \dot {r} = -\bar {a}r + \chi ^2_1\gamma _0(|\chi ^2_1|)+d, \quad r(0) = r_0.\end {equation}


$\zeta $


$x \in \mathbb {R}$


\begin {equation}\label {21} |x| \leq x \tanh (x/\zeta ) \leq \sigma \zeta \end {equation}


$\sigma = 0.2785$


$\nu >0$


$\Omega _{z_1}$


$\Omega _{z_1} := \{ z_1 \mid |z_1| < 0.8814 \nu \}$


$z_1 \notin \Omega _{z_1}$


$1 - 2 \tanh ^2\left ( \frac {z_1}{\nu } \right ) \leq 0$


$f(Z)$


$\Omega _Z \subset \mathbb {R}^q$


$W^{*T} S(Z)$


$\varepsilon >0$


\begin {equation}\label {22} f(Z) = W^{*T} S(Z) + \delta (Z), \quad |\delta (Z)| \leq \varepsilon \end {equation}


$\delta (Z)$


$W^*$


\begin {equation}\label {23} W^* := \arg \min _{W \in \mathbb {R}^l} \left \{ \sup _{Z \in \Omega _Z} |f(Z) - W^T S(Z)| \right \},\end {equation}


$W = {[w_1, w_2, {\ldots }, w_l]}^T \in \mathbb {R}^l$


$S(Z) = {[s_1(Z), s_2(Z), {\ldots }, s_l(Z)]}^T$


\begin {equation}\label {24} s_i(Z) = \exp \left ( -\frac {(Z - \mu _i)^T (Z - \mu _i)}{\tau ^2} \right ),\end {equation}


$\mu _i = {[\mu _{i1}, \mu _{i2}, \ldots , \mu _{iq}]}^T$


$\tau $


$S(Z) = {[s_1(Z), \ldots , s_l(Z)]}^T$


$Z = {[z_1, \ldots , z_n]}^T$


$m \leq n$


$Z_m = {[z_1, \ldots , z_m]}^T$


\begin {equation}\label {25} ||S(Z)||^2\leq ||S(Z_m)||^2.\end {equation}


\begin {equation}\label {26} z_i = \chi _i - \varsigma _{i-1}, \quad i = 1, 2, \ldots , n\end {equation}


$\varsigma _{i-1}$


$\varsigma _0 = y_d$


\begin {equation}\label {27} \begin {aligned} \dot {z}_1 &= \dot {\chi }_1-\dot {y}_d\\ &= g_1\chi _2+f_1+\phi _1+d_1-\dot {y}_d. \end {aligned}\end {equation}


\begin {equation}\label {28} V_1 = \frac {z_1^2}{2} +\frac {1}{\kappa _0}r + \frac {b_m}{2\kappa _1} \tilde {\eta }_1^2\end {equation}


$\kappa _0>0$


$\kappa _1>0$


$b_m$


$\tilde {\eta }_1 = \eta _1 - \hat {\eta }_1$


$\hat {\eta }_1$


$\eta _1$


$V_1$


\begin {equation}\label {29} \begin {aligned} \dot {V}_1 &= z_1 \left (g_1z_2 + \varsigma _1+f_1+\phi _1+d_1-\dot {y}_d \right )+\left |\chi _1\right |\psi _{11}\left (\left |\chi _1\right |\right )+\left |z_1\right |\psi _{12}\left (\left |z\right |\right ) \\&+ \frac {1}{\kappa _0}\left (\chi _1^2\psi _0\left (\chi _1^2\right )+d\right )-\frac {\bar {a}}{\kappa _0}r-\frac {1}{\kappa _1}\tilde {\eta }_1\dot {\hat {\eta }}_1. \end {aligned}\end {equation}


\begin {equation}\label {30} z_1 d_1 \leq \frac {1}{2}z_1^2+\frac {{d_1^*}^2}{2}.\end {equation}


$\left |\chi _1\right |\psi _{11}\left (\left |\chi _1\right |\right )$


$\left |z_1\right |\psi _{12}\left (\left |z\right |\right )$


\begin {align}\label {31} \nonumber \left |\chi _1\right |\psi _{11}\left (\left |\chi _1\right |\right ) & \leq \sigma ^{'}_1+z_1\psi _{11}\left (\left |\chi _1\right |\right )\tanh \left (\frac {z_1\psi _{11}\left (\left |\chi _1\right |\right )}{\sigma _1}\right ) \\ & = e_1\hat {\psi }_{11}(x_1)+\sigma ^{'}_1,\end {align}


$\sigma ^{'}_1 = 0.2785\sigma _1$


$\hat {\psi }_{11}(\chi _1) = \psi _{11}(\left |\chi _1\right |)\tanh \left (\frac {z_1\psi _{11}(\left |\chi _1\right |)}{\sigma _1}\right )$


\begin {align}\label {32} \nonumber \left |z_1\right |\psi _{12}\left (\left |z\right |\right ) &\leq \left |z_1\right |\bar {\psi }_{12}(r)+\frac {1}{4}z^2_1+b_1(t)\\ \nonumber &\leq z_1\bar {\psi }_{12}(r)\tanh \left (\frac {z_1\bar {\psi }_{12}(r)}{\iota _1}\right )+\iota ^{'}_1+\frac {1}{4}z^2_1+b_1(t)\\ &= z_1\hat {\psi }_{12}(\chi _1, r)+\iota ^{'}_1+\frac {1}{4}z^2_1+b_1(t),\end {align}


$\iota ^{'}_1 = 0.2785\iota _1$


$\hat {\psi }_{12}(r) = \psi _{12}\circ \theta ^{-1}_1(2r)$


$b_1(t) = (\kappa _{12}\circ \theta ^{-1}_1(2D(t)))^2$


$\hat {\psi }_{12}(\chi _1, r) = \bar {\chi }_{12}(r)\tanh \left (\frac {z_1\bar {\psi }_{12}(r)}{\iota _1}\right )$


$b_1(t)\geq 0$


$t\geq 0$


\begin {align}\label {33} \nonumber \dot {V}_1\leq & z_1(g_1z_2+\bar {f}_1(Z_1)-\frac {1}{2}z^2_1+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0} -\frac {1}{\kappa _1}\tilde {\eta }_1\dot {\hat {\eta }}_1-\frac {\bar {a}}{\kappa _0}r+\sigma ^{'}_1\\ &+\frac {d}{\kappa _0}+\iota ^{'}_1+b_1(t)+\frac {{d_i^*}^2}{2},\end {align}


\begin {equation}\label {34} \bar {f}_1(Z_1+ =\frac {1}{2}z_1+f_1-\dot {y}_d+\hat {\psi }_{11}(\chi _1)+\hat {\psi }_{12}(\chi _1, r)+\frac {2}{z_1}\tanh ^2(z_1/\nu )) \frac {\chi ^2_1\psi _0(x^2_1)}{\kappa _0}+\frac {1}{4}z_1.\end {equation}


$\bar {f}_1(Z_1)$


$f_1$


$g_1$


$\varepsilon _1 > 0$


$W_1^{*T} P_1(Z_1)$


\begin {equation}\label {35} \bar {f}_1(Z_1) = W_1^*{}^T P_1(Z_1) + \delta _1(Z_1), \quad |\delta _1(Z_1)| \leq \varepsilon _1\end {equation}


$Z_1 = {[\chi _1, \ldots , \chi _n, y_d, \dot {y}_d, r]}^T$


\begin {equation}\label {36} \begin {aligned} z_1\bar {f}_1(Z_1) &= z_1(W_1^{*T} P_1(X_1) + \delta _1(Z_1))\\ &\leq \frac {1}{2b_1^2}z_1^2\|W^{*}_1\|^2 P_1^T(Z_1)P_1(Z_1) + \frac {a_1^2}{2} + \frac {z_1^2}{2} + \frac {\varepsilon _1^2}{2}\\ &\leq \frac {b_m}{2a_1^2}z_1^2\eta _1 P_1^T(X_1)P_1(X_1) + \frac {a_1^2}{2} + \frac {z_1^2}{2} + \frac {\varepsilon _1^2}{2} \end {aligned}\end {equation}


$a_1>0$


$\eta _1 = \frac {\|W^{*}_1\|^2}{b_m}$


$X_1 = {[\chi _1, y_d, \dot {y}_d, r]}^T$


\begin {equation}\label {37} \varsigma _1 = -k_1z_1^{2\alpha -1}-q_1z_1^{2\beta -1}- \frac {1}{2a^2_1}\hat {\eta }_1z_1P^T_1(X_1) P_1(X_1).\end {equation}


$\alpha >1$


$\beta \in (0,1)$


$k_1>0$


$q_1>0$


$a_1>0$


\begin {equation}\label {38} \dot {\hat {\eta }}_1 = \frac {\kappa _1}{2a^2_1}z_1^2P^T_1(X_1)P_1(X_1)-\varrho _1\hat {\eta }_1-\bar {\varrho }_1\hat {\eta }_1\end {equation}


$\kappa _1>0$


$a_1>0$


$\varrho _1>0$


$\bar {\varrho }_1>0$


\begin {equation}\label {39} \begin {aligned} \dot {V}_1 &\leq - k_1b_m z_1^{2\alpha }- q_1b_mz_1^{2\beta } -\frac {\bar {a}}{\kappa _0}r + \frac {a^2_1}{2} + \frac {\varepsilon ^2_1}{2} +(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}\\ &+\frac {\varrho _1}{\kappa _1}\tilde {\eta }_1\hat {\eta }_1+\frac {\bar {\varrho _1}}{\kappa _1}\tilde {\eta }_1\hat {\eta }_1 +\frac {d}{\kappa _0}+\iota ^{'}_1 +\sigma ^{'}_1+b_1(t)+\frac {{d_i^*}^2}{2}+g_1z_1z_2 \end {aligned}\end {equation}


$i$


$(2 \leq i \leq n-1)$


\begin {equation}\label {40} \begin {aligned} \dot {z}_i &= \dot {\chi }_i-\dot {\varsigma }_{i-1}\\ &= g_i\chi _{i+1}+f_i+\phi _i+d_i-\dot {\varsigma }_{i-1} \end {aligned}\end {equation}


\begin {equation}\label {41} \begin {aligned} \dot {\varsigma }_{i-1} = \sum _{j=1}^{i-1} \frac {\partial \varsigma _{i-1}}{\partial \chi _j}\phi _j+\Xi _{i-1} \end {aligned}\end {equation}


\begin {equation}\label {42} \begin {aligned} \Xi _{i-1} = \sum _{j=1}^{i-1} \frac {\partial \varsigma _{i-1}}{\partial \chi _j}(f_j+g_j\chi _{j+1})+\sum _{j=1}^{i-1} \frac {\partial \varsigma _{i-1}}{\partial \hat {\eta }_j}\dot {\hat {\eta }}_j+\sum _{j=0}^{i-1} \frac {\partial \varsigma _{i-1}}{\partial y^{(i)}_d}y^{(j+1)}_d+\frac {\partial \varsigma _{i-1}}{\partial r}\dot {r}. \end {aligned}\end {equation}


\begin {equation}\label {43} V_i = V_{i-1}+\frac {1}{2}z^2_i+\frac {b_m}{2\kappa _i}\tilde {\eta }^2_i,\end {equation}


$\kappa _i>0$


$b_m$


$\tilde {\eta }_i = \eta _i - \hat {\eta }_i$


$\hat {\eta }_i$


$\eta _i$


$V_i$


\begin {equation}\label {44} \dot {V}_i = \dot {V}_{i-1} + z_i (g_iz_{i+1} + g_i\varsigma _i+f_i+\bar {\phi }_i+d_i-\Xi _{i-1}) -\frac {1}{\lambda _i}\tilde {\eta }_i\dot {\hat {\eta }}_i.\end {equation}


$\bar {\phi }_i = \phi _i - \sum _{j=1}^{i-1} \frac {\partial \varsigma _{i-1}}{\partial \chi _j} \phi _j$


$\dot {V}_{i-1}$


\begin {equation}\label {45} \begin {aligned} \dot {V}_{i-1} &\leq -\sum _{j=1}^{i-1} k_jb_m z_j^{2\alpha }-\sum _{j=1}^{i-1} q_jb_mz_j^{2\beta } -\frac {\bar {a}}{\kappa _0}r + \sum _{j=1}^{i-1}\left (\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}\right ) \\ &+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}+\sum _{j=1}^{i-1}\frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j+\sum _{j=1}^{i-1}\frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j +\frac {d}{\kappa _0}. \end {aligned}\end {equation}


\begin {equation}\label {46} z_i d_i \leq \frac {1}{2}z_i^2+\frac {{d_i^*}^2}{2}.\end {equation}


\begin {align}\label {47} \nonumber \left |z_i\bar {\phi }_i\right | &\leq \left |z_i\right |\left (\left |\phi _i\right |+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\left |\phi _i\right |\right ) \\ \nonumber &\leq \left |z_i\right |\left (\psi _{i1}(\left |\bar {\chi }_i\right |)+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j1}(\left |\chi \right |)\right ) \\ &\quad + \left |z_i\right |\left (\psi _{i2}(\left |z\right |)+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j2}(\left |z\right |)\right ).\end {align}


\begin {equation}\label {48} \left |z_i\right |\left (\psi _{i1}(\left |\bar {\chi }_i\right |)+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j1}(\left |\bar {\chi }_i\right |)\right ) \leq z_i\hat {\psi }_{i1}(\bar {\chi }_i,\hat {\eta }_{i-1},r)+\sigma ^{'}_i,\end {equation}


$\sigma ^{'}_i = 0.2785\sigma _i$


$\hat {\psi }_{i1}(\chi ,\hat {\eta }_{i-1},r) = \left ( \psi _{i1}+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j1}\right ) \tanh \left ( z_i\left (\psi _{i1}+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j1}/\sigma _i\right ) \right )$


\begin {equation}\label {49} \left |z_i\right |\left (\psi _{i2}(\left |z\right |)+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{j2}(\left |z\right |)\right ) \leq \frac {z^2_i}{4}\left ( 1+\sum _{j=1}^{i-1}\left ( \frac {\partial \varsigma _{i-1}}{\partial \chi _j} \right )^2 \right )+z_i\hat {\psi }_{i2}(\chi ,\hat {\eta }_{i-1},r)+\iota ^{'}_i+b_i(t),\end {equation}


$\iota ^{'}_i = 0.2785\iota _i$


$\hat {\psi }_{i2}(\chi ,\hat {\eta }_{i-1},r) =\bar {\psi }_{i2}(\bar {\chi }_i,\hat {\eta }_{i-1},r)\tanh \left (\frac {z_i\bar {\psi }_{i2}(\chi ,\hat {\eta }_{i-1},r)}{\iota _i}\right )$


$\bar {\psi }_{i2}(\bar {\chi }_i,\hat {\eta }_{i-1},r) = \psi _{i2} \circ \theta ^{-1}_1(2r)+\sum _{j=1}^{i-1}\left |\frac {\partial \varsigma _{i-1}}{\partial \chi _j}\right |\psi _{i2}\circ \theta ^{-1}_1(2r)$


$b_i(t) = \sum _{j=1}^{i}(\psi _{j2}\circ \theta ^{-1}_1(2D))^2$


$b_i(t)\geq 0$


$t\geq 0$


\begin {equation}\label {50} \begin {aligned} \dot {V}_i &\leq -\sum _{j=1}^{i-1} k_jb_m z_j^{2\alpha }-\sum _{j=1}^{i-1} q_jb_mz_j^{2\beta } \\ & -\frac {\bar {a}}{\kappa _0}r + z_i\left (g_i\varsigma _i+\bar {f}_i(Z_i)\right ) \sum _{j=1}^{i-1}\left (\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}\right ) \\ &+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0} +\sum _{j=1}^{i-1}\frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j+\sum _{j=1}^{i-1}\frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j +\frac {d}{\kappa _0}+\iota ^{'}_i +\sigma ^{'}_i+b_i(t)+\frac {{d_i^*}^2}{2} \end {aligned}\end {equation}


\begin {equation}\label {51} \bar {f}_i(X_i) = g_iz_{i+1}+f_i-\Xi _{i-1}+\hat {\psi }_{i1}(\bar {\chi }_i,\hat {\eta }_{i-1},r) +\hat {\psi }_{12}(\bar {\chi }_i,\hat {\eta }_{i-1}, r).\end {equation}


$\bar {f}_i(Z_i)$


$f_i$


$g_i$


$\varepsilon _i > 0$


$W_i^{*T} P_i(Z_i)$


\begin {equation}\label {52} \bar {f}_i(Z_i) = W_i^*{}^T P_i(Z_i) + \delta _i(Z_1), \quad |\delta _i(Z_i)| \leq \varepsilon _i\end {equation}


$Z_i = {[\chi _1, \ldots \chi _n, \bar {\hat {\eta }}^T_{i-1}, \bar {y}^{(i)}_d, r]}^T$


$\bar {\hat {\eta }}^T_{i-1} = {[\hat {\eta }_1,\ldots , \hat {\eta }_{i-1}]}^T$


$\bar {y}^{(i)}_d]{}^T = {[y_d, \ldots , y^{(i)}_d]}^T$


\begin {equation}\label {53} \begin {aligned} z_i\bar {f}_i(Z_i) &= z_i(W_i^{*T} P_i(Z_i) + \delta _i(Z_i))\\ &\leq \frac {1}{2a_i^2}z_i^2\|W_i^{*}\|^2 P_i^T(Z_i)P_i(Z_i) + \frac {a_i^2}{2} + \frac {z_i^2}{2} + \frac {\epsilon _i^2}{2}\\ &\leq \frac {b_m}{2a_i^2}z_i^2\eta _i P_i^T(X_i)P_i(X_i) + \frac {a_i^2}{2} + \frac {z_i^2}{2} + \frac {\varepsilon _i^2}{2} \end {aligned}\end {equation}


$b_m$


$a_i > 0$


$\eta _i$


$\eta _i = \frac {\|W_i^*\|^2}{b_m}$


$X_i$


$X_i = {[\bar {\chi }_i^T, \bar {\hat {\eta }}_{i-1}^T, \bar {y}^{(i)}_d, r]}^T$


$\bar {\chi }_i = {[\chi _1, \ldots , \chi _i]}^T$


$\varsigma _i$


\begin {equation}\label {54} \varsigma _i = -k_iz_i^{2\alpha -1}-q_iz_i^{2\beta -1}- \frac {1}{2a_i^2}\hat {\eta }_iz_iP_i^T(X_i) P_i(X_i),\end {equation}


$\alpha >1$


$\beta \in (0,1)$


$k_i>0$


$q_i>0$


$a_i>0$


\begin {equation}\label {55} \dot {\hat {\eta }}_i = \frac {\kappa _i}{2a_i^2}z_i^2P_i^T(X_i)P_i(X_i)-\varrho _i\hat {\eta }_i-\bar {\varrho }_i\hat {\eta }_i\end {equation}


$\kappa _i>0$


$\varrho _i>0$


$\bar {\varrho }_i>0$


\begin {equation}\label {56} \begin {aligned} \dot {V}_i &\leq -\sum _{j=1}^{i} k_jb_m z_j^{2\alpha }-\sum _{j=1}^{i} q_jb_mz_j^{2\beta } -\frac {\bar {a}}{\kappa _0}r +(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}\\ &+\sum _{j=1}^{i}\frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j+\sum _{j=1}^{i}\frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j +\frac {d}{\kappa _0}+\sum _{j=1}^{i}\left (\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}\right ) \end {aligned}\end {equation}


$n$


\begin {equation}\label {57} \begin {aligned} \dot {z}_n &= \dot {\chi }_n-\dot {\varsigma }_{n-1}\\ &= g_n u^f +f_n +\phi _n + d_n(t)-\dot {\varsigma }_{n-1}\\ &=g_n\left (K(t)m(t)v+K(t)\beta (t)+L(t)\right )+f_n +\phi _n + d_n(t)-\dot {\varsigma }_{n-1}\\ &g_nK(t)m(t)v+g_nK(t)\beta (t)+g_nL(t)+f_n +\phi _n + d_n(t)-\dot {\varsigma }_{n-1} \end {aligned}\end {equation}


$\dot {\varsigma }_{n-1}$


$i =n$


\begin {equation}\label {58} V_n = V_{n-1}+\frac {1}{2}z^2_n+\frac {b_m}{2\kappa _n}\tilde {\eta }^2_n,\end {equation}


$\kappa _n>0$


$b_m$


$\tilde {\eta }_n = \eta _n - \hat {\eta }_n$


$\hat {\eta }_n$


$\eta _n$


$V_n$


\begin {equation}\label {59} \dot {V}_n = \dot {V}_{n-1} +g_nK(t)m(t)v+g_nK(t)\beta (t)+g_nL(t)+f_n + d_n(t)+\bar {\phi }_n-\Xi _{n-1} -\frac {1}{\kappa _n}\tilde {\eta }_n\dot {\hat {\eta }}_n,\end {equation}


$\bar {\phi }_n = \phi _n - \sum _{j=1}^{n-1} \frac {\partial \varsigma _{n-1}}{\partial \chi _j} \phi _j$


$\dot {V}_{n-1}$


$i =n$


\begin {equation}\label {60} \begin {aligned} \left |z_n\bar {\phi }_n\right | &\leq z_n\hat {\psi }_{n1}(\bar {\chi }_n,\hat {\eta }_{n-1},r)+z_n\hat {\psi }_{n2}(\bar {\chi }_n,\hat {\eta }_{n-1},r) \\ &+\frac {z^2_i}{4}\left ( 1+\sum _{j=1}^{n-1}\left ( \frac {\partial \varsigma _{i-1}}{\partial \chi _j} \right )^2 \right )+\sigma ^{'}_n+\iota ^{'}_n+b_n(t), \end {aligned}\end {equation}


$\hat {\psi }_{n1}(\bar {\chi }_n,\hat {\eta }_{n-1},r)$


$\hat {\psi }_{n2}(\bar {\chi }_n,\hat {\eta }_{n-1},r)$


$b_n(t)\geq 0$


$t\geq 0$


\begin {equation}\label {61} z_n d_n \leq \frac {1}{2}z_n^2+\frac {{d_n^*}^2}{2}.\end {equation}


\begin {equation}\label {62} z_ng_nK(t)\beta (t)\leq \frac {1}{2}z_n^2+\frac {b_m\bar {\beta }^2}{2}.\end {equation}


\begin {equation}\label {63} z_ng_nL(t)\leq \frac {1}{2}z_n^2+\frac {b_m\bar {L}^2}{2}.\end {equation}


\begin {equation}\label {64} \begin {aligned} \dot {V}_n &\leq -\sum _{j=1}^{n-1} k_jb_m z_j^{2\alpha }-\sum _{j=1}^{n-1} q_jb_mz_j^{2\beta } -\frac {\bar {a}}{\kappa _0}r\\& + z_n\left (g_nK(t)m(t)v+\bar {f}_n(Z_n)\right ) \sum _{j=1}^{n-1}\left (\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}\right ) \\ &+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0} +\sum _{j=1}^{n-1}\frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j \\&+\sum _{j=1}^{n-1}\frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j +\frac {d}{\kappa _0}+\iota ^{'}_n +\sigma ^{'}_n+b_n(t)+\frac {{d_n^*}^2}{2}+\frac {b_m\bar {\beta }^2}{2}+\frac {b_m\bar {L}^2}{2}-\frac {1}{2}z^2_n, \end {aligned}\end {equation}


\begin {equation}\label {65} \bar {f}_n(Z_n) = f_n-\dot {\Xi }_{n-1}+2z_n.\end {equation}


$\bar {f}_n(Z_n)$


$f_n$


$g_n$


$\epsilon _n > 0$


$W_n^{*T} P_n(Z_n)$


\begin {equation}\label {66} \bar {f}_n(Z_n) = W_n^*{}^T P_n(Z_n) + \delta _n(Z_n), \quad |\delta _n(Z_n)| \leq \epsilon _n\end {equation}


$Z_n = {[\zeta _1, \ldots , \zeta _n, \bar {\hat {\eta }}^T_{n-1}, \bar {y}^{(n)}_d,r]}^T$


$\bar {\hat {\eta }}^T_{n-1} = {[\hat {\eta }_1, \ldots , \hat {\eta }_{n-1}]}^T$


$\bar {y}^{(n)}_d]{}^T = [y_d, \ldots , y^{(n)}_d]{}^T$


\begin {equation}\label {67} \begin {aligned} z_n\bar {f}_n(Z_n) &= z_n(W_n^{*T} P_n(Z_n) + \delta _n(Z_n))\\ &\leq \frac {1}{2a_n^2}z_n^2\|W_n^{*}\|^2 P_n^T(Z_n)P_n(Z_n) + \frac {a_n^2}{2} + \frac {z_n^2}{2} + \frac {\varepsilon _n^2}{2}\\ &\leq \frac {b_m}{2a_n^2}z_n^2\eta _n P_n^T(X_n)P_n(X_n) + \frac {a_n^2}{2} + \frac {z_n^2}{2} + \frac {\varepsilon _n^2}{2} \end {aligned}\end {equation}


$\eta _n = \frac {\|W^{*}_i\|^2}{b_m}$


$X_n = {[\bar {\chi }_n^T, \bar {\hat {\eta }}_{n-1}^T, \bar {y}^{(n)}_d, r]}^T$


$\bar {\chi }_n = {[\chi _1, \ldots , \chi _n]}^T$


$a_n>0$


$v$


\begin {equation}\label {68} v = -k_nz_n^{2\alpha _1}-q_nz_n^{2\beta -1}- \frac {1}{2a_n^2}\hat {\eta }_nz_nP_n^T(X_n) P_n(X_n),\end {equation}


$\alpha >1$


$\beta \in (0,1)$


$k_n>0$


$q_n>0$


$a_n>0$


\begin {equation}\label {69} \dot {\hat {\eta }}_n = \frac {\kappa _n}{2a_n^2}z_n^2P_n^T(X_n)P_n(X_n)-\varrho _n\hat {\eta }_n-\bar {\varrho }_n\hat {\eta }_n\end {equation}


$\kappa >0$


$\varrho >0$


$\bar {\varrho }_n>0$


\begin {equation}\label {70} g_nK(t)m(t)v \leq -b_m\bar {m}k_n z_n^{2\alpha } - b_m\bar {m}q_n z_n^{2\beta } + \frac {1}{2a_n^2} e_n^2 \hat {\eta }_n P_n^T(X_n)P_n(X_n)\end {equation}


\begin {equation}\label {71} \begin {aligned} \dot {V}_n &\leq -\sum _{j=1}^{n}\left ( c_jz_j^{2\alpha }\right )-\sum _{j=1}^{n-1} \left (\bar {c}_jz_j^{2\beta }\right )-\frac {\bar {a}}{\kappa _0}r +(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}\\ &+\sum _{j=1}^{n}\frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j+\sum _{j=1}^{n}\frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j +\frac {d}{\kappa _0}+\sum _{j=1}^{n}\left (\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}\right )\\&+\frac {b_m\bar {\beta }^2}{2}+\frac {b_m\bar {L}^2}{2} \end {aligned}\end {equation}


$c_j = k_j b_m + \bar {m} k_n b_m$


$\bar {c}_j = q_j b_m + b_m \bar {m} q_n$


$j = 1, \ldots , n-1$


\begin {equation}\label {72} \frac {\varrho _j}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j \leq -\frac {\varrho _j}{2\kappa _j}\tilde {\eta }_j^2 + \frac {\varrho _j}{2\kappa _j}\eta _j^2,\end {equation}


\begin {equation}\label {73} \frac {\bar {\varrho _j}}{\kappa _j}\tilde {\eta }_j\hat {\eta }_j \leq -\frac {\bar {\varrho _j}}{2\kappa _j}\tilde {\eta }_j^2 + \frac {\bar {\varrho _j}}{2\kappa _j}\eta _j^2.\end {equation}


\begin {equation}\label {74} \begin {aligned} \dot {V}_n &\leq -\sum _{j=1}^{n}\left ( c_j e_j^{2\alpha }+\frac {\varrho _j}{2\kappa _j}\tilde {\eta }^2_j\right )-\sum _{j=1}^{n} \left (\bar {c}_j e_j^{2\beta }+\frac {\bar {\varrho }_j}{2\kappa _j}\tilde {\eta }^2_j\right )\\ & +(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}-\frac {\bar {a}}{\kappa _0}r + \Delta \end {aligned}\end {equation}


$\Delta = \sum _{j=1}^{n}\vartheta _j+\frac {b_m\bar {\beta }^2}{2}+\frac {b_m\bar {L}^2}{2}+\frac {d}{\kappa _0}$


$\vartheta _j = \frac {\varrho _j}{2\kappa _j}\eta _j^2+\frac {\bar {\varrho _j}}{2\kappa _j}\eta _j^2\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2}+\iota ^{'}_j +\sigma ^{'}_j+b_j(t)+\frac {{d_j^*}^2}{2}, j = 1,\ldots , n$


\begin {equation}\label {75} \left (\sum _{j=1}^{n} \frac {\tilde {\eta }^2_j}{2\kappa _j}\right )^{\alpha }\leq \sum _{j=1}^{n} \frac {\tilde {\eta }^2_j}{2\kappa _j}+(1-\alpha )\alpha ^{\frac {\alpha }{1-\alpha }}\end {equation}


\begin {equation}\label {76} \left (\sum _{j=1}^{n} \frac {\tilde {\eta }^2_j}{2\kappa _j}\right )^{\beta }\leq \sum _{j=1}^{n} \frac {\tilde {\eta }^2_j}{2\kappa _j}+(1-\beta )\beta ^{\frac {\beta }{1-\beta }}\end {equation}


\begin {equation}\label {77} \begin {aligned} \dot {V}_n &\leq -\sum _{j=1}^{n} c_j z_j^{2\alpha }- \sum _{j=1}^{n} \varrho _j \left (\frac {\tilde {\eta }_j^2}{2\kappa _j}\right )^{\alpha }- \sum _{j=1}^{n} \bar {c_j} z_j^{2\beta }- \sum _{j=1}^{n}\bar {\varrho }_j\left (\frac {\tilde {\eta }_j^2}{2\kappa _j}\right )^{\beta }\\ &+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}+ b_0\\ &\leq -c\sum _{j=1}^{n}(\frac {1}{2}z^2_j)^{\alpha }-c\sum _{j=1}^{n}\left (\frac {\tilde {\eta }_j^2}{2\kappa _j}\right )^{\alpha }-\hat {c}\sum _{j=1}^{n}(\frac {1}{2}z^2_j)^{\beta }-k\sum _{j=1}^{n}\left (\frac {\tilde {\eta }_j^2}{2\kappa _j}\right )^{\beta }\\&+b_0+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0} \end {aligned}\end {equation}


$c = \min \left \{2^{\alpha } c_j, \varrho _j, \bar {a}: 1\leq j\leq n\right \}, \quad \hat {c} = \min \left \{2^{\beta } \bar {c}_j, \bar {\varrho }_j, \bar {a}: 1\leq j\leq n\right \}, \quad b_0 = \sum _{j=1}^{n}\vartheta _j + \frac {b_m\bar {\beta }^2}{2} + \frac {b_m\bar {L}^2}{2} ++\frac {d}{\kappa _0}+ (1-\alpha )\alpha ^{\frac {\alpha }{1-\alpha }} + (1-\beta )\beta ^{\frac {\beta }{1-\beta }}$


$\vartheta _j = \frac {\varrho _j}{2\kappa _j}\eta _j^2 + \frac {\bar {\varrho _j}}{2\kappa _j}\eta _j^2+\frac {a^2_j}{2} + \frac {\varepsilon ^2_j}{2} + \iota ^{'}_j + \sigma ^{'}_j + b_j(t) + \frac {{d_j^*}^2}{2}$


$j = 1, \ldots , n$


\begin {equation}\label {78} \begin {aligned} \dot {V}_n &\leq c \left (\sum _{j=1}^{n}\left (\frac {z^2_j}{2}+\frac {\tilde {\eta }^2_j}{2\kappa _j}\right )\right )^{\alpha } - \hat {c}\left (\sum _{j=1}^{n}\left (\frac {z^2_j}{2} + \frac {\tilde {\eta }^2_j}{2\kappa _j}\right )\right )^{\beta }\\& + b_0+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}\\ &\leq -cV^{\alpha }(\chi ) - kV^{\beta }( \chi ) + b_0+(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}. \end {aligned}\end {equation}


$(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}$


$z_1 \in \{ z_1 \mid |z_1| < 0.8814 \nu \}$


$\nu $


$\chi _1$


$i = 1$


$z_1$


$y_d$


$\gamma _0(\chi _1^2)$


$(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0}$


$c_0$


\begin {equation}\label {79} V_n \leq -cV^{\alpha }(\chi ) - kV^{\beta }( \chi ) + \varkappa _0,\end {equation}


$\varkappa _0 = b_0 + c_0$


$z_1 \notin \{ z_1 \mid |z_1| < 0.8814 \nu \}$


$\chi _1^2 \gamma _0(\chi _1^2)/ \kappa _0$


$(1-2\tanh ^2(z_1/\nu ))\frac {\chi ^2_1\gamma _0(\chi ^2_1)}{\kappa _0} \leq 0$


\begin {equation}\label {80} V_n \leq - cV^{\alpha }(\chi ) - kV^{\beta }( \chi ) + b_0.\end {equation}


\begin {equation}\label {81} V_n \leq -cV^{\alpha }(\chi ) - kV^{\beta }( \chi ) + \varkappa _0 .\end {equation}


\begin {equation}\label {82} \chi \in \left \{ V(\chi ) \leq \min \left [\left (\frac {\varkappa _0 }{(1 - \Phi )c}\right )^{1/\alpha }, \left (\frac {\varkappa _0 }{(1 - \Phi )\hat {c}}\right )^{1/\beta }\right ]\right \},\end {equation}


\begin {equation}\label {83} T \leq T_m = \frac {1}{c\Phi (\alpha - 1) }+ \frac {1}{\hat {c}\Phi (1 - \beta )}.\end {equation}


$V_n$


\begin {equation}\label {84} |y - y_d| \leq 2 \left (\frac {\varkappa _0 }{(1-\Phi )c}\right )^{1/2\alpha }.\end {equation}


$T$


$T_m$


$k_i$


$q_i$


$\rho _i$


$\bar {\rho }_i$


$a_i$


$k_i$


$q_i$


$\rho _i$


$\bar {\rho }_i$


$a_i$


$a_i$


\begin {equation}\label {85} \begin {cases} \dot {z} = -z-\chi ^2_1+0.5,\\ \dot {\chi }_1 = (2 + \sin (\chi _1))\chi _2 + 0.1 \sin (\chi _1 \chi _2)+z\sin (\chi ^2_1) \\ \dot {\chi }_2 = (2 + \cos (\chi _1 \chi _2))u^f + 0.5 \sin (\chi _1^2 \chi _2^2) +\chi ^2_1z\\ y = \chi _1 \end {cases}\end {equation}


$\chi _1$


$\chi _2$


$u^f$


$y$


$g_1 = 2 + \sin (\chi _1)$


$g_2 = 2 + \cos (\chi _1 \chi _2)$


$f_1 = 0.1 \sin (\chi _1 \chi _2)$


$f_2 = 0.5 \sin (\chi _1^2 \chi _2^2)$


$\phi _1 = z\sin (\chi ^2_1)$


$\phi _2 = \chi ^2_1z$


\begin {equation}\label {86} u^f = \begin {cases} v & \text {if } t < 10 \\ \left (0.4+0.6\exp (-0.2t)\right )u(v) + \chi _2\cos ^2(\chi _1) & \text {if } t \geq 10 \end {cases}\end {equation}


$K(t) = 0.4+0.6\exp (-0.2t)$


$L(t) = \chi _2\cos ^2(\chi _1)$


\begin {equation}\label {87} u(v) = \begin {cases} (v(t) - 0.5) & \text {if } v \geq 0.5 \\ 0 & \text {if } -0.6 < v(t) < 0.5 \\ 1.2(v(t) + 0.6) & \text {if } v(t) \leq -0.6 \end {cases}\end {equation}


$m_r = 1$


$m_l = 1.2$


$b_r = 0.5$


$b_l = 0.6$


$y$


$y_d = 0.5(\sin (t) )$


$V(z) = z^2$


\begin {equation}\label {88} \dot {V}(z) = 2z(-z + \chi _1^2 + 0.5) \leq -2z^2 + \frac {1}{4\epsilon }(2z)^2 + \epsilon \chi _1^4 + \frac {\epsilon }{4} + \frac {z^2}{\epsilon }.\end {equation}


$\epsilon = 2.5$


\begin {equation}\label {89} \dot {V}(z) \leq -1.2z^2 + 2.5\chi _1^4 + 0.625.\end {equation}


$\theta _1(|z|) = 0.5z^2$


$\theta _2(|z|) = 2z^2$


$c_0 = 1.2$


$d = 0.625$


$\gamma (|\chi _1|) = 2.5\chi _1^4$


$\bar {a} = 1 \in (0, a_0)$


$r$


\begin {equation}\label {90} \dot {r} = -r+ 2.5\chi _1^4 + 0.625.\end {equation}


$\varsigma _1$


$v$


$\eta _i$


\begin {align}\label {91,92,93} \varsigma _1 &= -k_1z_1^{2\alpha -1}-q_1z_1^{2\beta -1}- \frac {1}{2a^2_1}\hat {\eta }_1z_1P^T_1(X_1) P_1(X_1)\\ v &= -k_2z_2^{2\alpha -1}-q_2z_2^{2\beta -1}- \frac {1}{2a^2_2}\hat {\eta }_2z_2P^T_2(X_2) P_2(X_2)\\ \dot {\hat {\eta }}_i &= \frac {\kappa _i}{2a^2_i}z_i^2P^T_i(X_i)P_i(X_i)-\varrho _i\hat {\eta }_i-\bar {\varrho }_i\hat {\eta }_i, \quad i =1,2.\end {align}


$k_1 = 10$


$k_2 = 10$


$q_1 = 8$


$q_2 = 8$


$a_1 = 5$


$a_2 = 2$


$\kappa _1 = 2$


$\kappa _2 = 2$


$\varrho _1 = 2$


$\varrho _2 = 2$


$\bar {\varrho }_1 = 1$


$\bar {\varrho }_2 = 1$


$\chi _1(0) = 0.5$


$\chi _2(0) = 0.5$


$\hat {\eta }_1(0) = 0$


$\hat {\eta }_1(0) = 0$


$z(0) = 0$


$r(0) = 0$


$S_i(Z_i)$


$i=1,2$


$\mu _i = {[-1.5, -1, -0.5, 0, 0.5, 1, 1.5]}^T$


$\tau =2$


$y$


$y_d$


$y$


$y_d$


$z_1$


$\chi _2$


$\chi _2$


$\hat {\eta }_1$


$\hat {\eta }_2$


$\hat {\eta }_1$


$\hat {\eta }_2$


$v$


$u^f$


$v$


$u^f$


$z$


$r$


$z$


$r$


$z_1$


\begin {equation}\label {94} \text {RAE} = \sqrt {\frac {\sum _{i=1}^{n} (y_i(t) - y_{id}(t))^2}{\sum _{i=1}^{n} (y_i(t))^2}}\end {equation}


\begin {equation}\label {95} \text {MSE} = \frac {\sum _{i=1}^{n} (y_i(t) - y_{id}(t))^2}{n}\end {equation}


\begin {equation}\label {96} \text {RMSE} = \sqrt {\frac {\sum _{i=1}^{n} (y_i(t) - y_{id}(t))^2}{n}}\end {equation}


\begin {equation}\label {97} \text {MAE} = \frac {1}{n} \sum _{i=1}^{n} |y_i(t) - y_{id}(t)|\end {equation}


$n$


$y_i$


$y_{id}$


\begin {equation}\label {98} ML\ddot {\theta } + BL\dot {\theta } + MgL\sin \theta = u,\end {equation}


$\theta $


$\dot {\theta }$


$M$


$L$


$B$


$g$


$M = 0.25$


$L = 4$


$B = 0.25$


$g = 10$


$^2$


$\chi _1 = \theta $


$\chi _2 = \dot {\theta }$


\begin {equation}\label {99} \begin {cases} \dot {z} = -2z+0.25\chi ^2_1\\ \dot {\chi }_1 = x_2+z\chi _1+0.2\sin (t) \\ \dot {\chi }_2 = \frac {1}{ML} u^f - \left ( \frac {g}{L} + \frac {B}{M} \right ) \sin (\chi _1\chi _2)+z\chi _2\sin (\chi _1)+0.3\cos (t) \\ y = \chi _1 \end {cases}\end {equation}


$\chi _1$


$\chi _2$


$u^f$


$y$


$g_1 = 1$


$g_2 = \frac {1}{ML}$


$f_1 = 0$


$f_2 = - \left ( \frac {g}{L} + \frac {B}{M} \right ) \sin (\chi _1\chi _2)$


$\phi _1 = z\chi _1$


$\phi _2 = z\chi _2\sin (\chi _1)$


$d_1 = 0.2\sin (t)$


$d_2= 0.3\cos (t)$


\begin {equation}\label {100} u^f = \begin {cases} v & \text {if } t < 5 \\ \left (0.4+0.6\exp (-0.2t)\right )u(v) + \chi _2\cos ^2(\chi _1) & \text {if } t \geq 5 \end {cases}\end {equation}


$K(t) = 0.4+0.6\exp (-0.2t)$


$L(t) = \chi _2\cos ^2(\chi _1)$


\begin {equation}\label {87} u(v) = \begin {cases} (v(t) - 0.5) & \text {if } v \geq 0.5 \\ 0 & \text {if } -0.6 < v(t) < 0.5 \\ 1.2(v(t) + 0.6) & \text {if } v(t) \leq -0.6 \end {cases}\end {equation}


$m_r = 1$


$m_l = 1.2$


$b_r = 0.5$


$b_l = 0.6$


$y$


$y_d = \sin (0.5t)$


$V(z) = z^2$


\begin {equation}\label {102} \dot {V}(z) = 2z(-z + 0.25\chi _1^2 ) \leq -2z^2 + \frac {1}{4\epsilon }(z)^2 + \epsilon \chi _1^4 + \frac {\epsilon }{4} + \frac {z^2}{\epsilon }.\end {equation}


$\epsilon = 2.5$


\begin {equation}\label {103} \dot {V}(z) \leq -1.5z^2 + 2.5\chi _1^4 + 0.625.\end {equation}


$\theta _1(|z|) = 0.5z^2$


$\theta _2(|z|) = 2z^2$


$c_0 = 1.5$


$d = 0.625$


$\gamma (|\chi _1|) = 2.5\chi _1^4$


$\bar {a} = 1 \in (0, a_0)$


$r$


\begin {equation}\label {104} \dot {r} = -r+ 2.5\chi _1^4 + 0.625.\end {equation}


$\varsigma _1$


$v$


$\eta _i$


\begin {align}\label {105,106,107} \varsigma _1 &= -k_1z_1^{2\alpha -1}-q_1z_1^{2\beta -1}- \frac {1}{2a^2_1}\hat {\eta }_1z_1P^T_1(X_1) P_1(X_1)\\ v &= -k_2z_2^{2\alpha -1}-q_2z_2^{2\beta -1}- \frac {1}{2a^2_2}\hat {\eta }_2z_2P^T_2(X_2) P_2(X_2)\\ \dot {\hat {\eta }}_i &= \frac {\kappa _i}{2a^2_i}z_i^2P^T_i(X_i)P_i(X_i)-\varrho _i\hat {\eta }_i-\bar {\varrho }_i\hat {\eta }_i, \quad i =1,2.\end {align}


$k_1 = 25$


$k_2 = 25$


$q_1 = 20$


$q_2 = 20$


$a_1 = 5$


$a_2 = 2$


$\kappa _1 = 2$


$\kappa _2 = 2$


$\varrho _1 = 1$


$\varrho _2 = 1$


$\bar {\varrho }_1 = 2$


$\bar {\varrho }_2 = 1$


$\chi _1(0) = 0.6$


$\chi _2(0) = 0.1$


$\hat {\eta }_1(0) = 0$


$\hat {\eta }_2(0) = 0$


$z(0) = 0$


$r(0) = 0$


$S_i(Z_i)$


$i=1,2$


$\mu _i = {[-1.5, -1, -0.5, 0, 0.5, 1, 1.5]}^T$


$\tau = 2$


$y$


$y_d$
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$z_1$


$\chi _2$


$\chi _2$


$\hat {\eta }_1$


$\hat {\eta }_2$


$\hat {\eta }_1$


$\hat {\eta }_2$


$v$


$u^f$


$v$


$u^f$


$z$


$r$


$z$


$r$


$z_1$

https://orcid.org/0000-0003-3288-5280
mailto:paolo.mercorelli@leuphana.de
https://doi.org/10.1016/j.cnsns.2026.110041
https://doi.org/10.1016/j.cnsns.2026.110041
http://crossmark.crossref.org/dialog/?doi=10.1016/j.cnsns.2026.110041&domain=pdf
http://creativecommons.org/licenses/by/4.0/

M. Kharrat and P. Mercorelli Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110041

The previously reported results often overlook the influences of unmodeled dynamics and external disturbances, which are com-
monly encountered in practical engineering systems [15]. Unmodeled dynamics present significant challenges due to external dis-
turbances, measurement noise, and modeling inaccuracies, often leading to degraded system performance or even instability [16].
Consequently, addressing control challenges posed by nonlinear systems affected by unmodeled dynamics has received increasing
attention, resulting in the development of various effective control strategies [17,18]. For example, dynamic auxiliary signals have
been incorporated into control schemes to reduce the effects of unmodeled dynamics and improve overall system performance [19].
Observer-based fuzzy adaptive control methods have also been developed for nonlinear systems experiencing unmodeled dynamics
and time delays [20], while adaptive control strategies for strict-feedback nonlinear systems have been designed to handle dynamic
uncertainties and time delays [21]. Nevertheless, these methods typically assume fully operational actuators and do not account for
possible actuator faults.

In real-world industrial systems, actuator faults are common and can significantly impair performance or even lead to severe in-
stability [22,23]. To enhance system reliability and safety, fault-tolerant control strategies have been developed to handle actuator
faults in nonlinear systems [24,25]. Illustrative examples include fuzzy output-feedback adaptive fault-tolerant control for systems
with actuator faults [26], adaptive control for strict-feedback nonlinear systems with unknown control direction and actuator faults
using neural networks combined with dynamic surface control [27], and fault-tolerant adaptive output-feedback control for switched
nonlinear systems with unmodeled dynamics based on a small-gain approach [28]. However, these studies generally address either
unmodeled dynamics or actuator faults separately, and do not tackle both issues concurrently within a single framework.

The dead-zone, a prominent non-smooth nonlinearity frequently observed in industrial devices such as valves and DC servo motors,
can significantly degrade system performance if not properly handled [29]. Ignoring this nonlinearity may lead to reduced control
accuracy, impaired performance, potential equipment damage, and even system instability. Therefore, incorporating the dead-zone
into controller design is essential for achieving optimal system behavior [30]. Various adaptive control approaches, based on fuzzy
logic or neural networks, have been proposed to tackle nonlinear systems affected by unknown dead-zone characteristics [31,32].
For instance, an event-triggered adaptive control scheme using fuzzy logic systems has been developed for nonlinear systems with
dead-zone effects [33]. Likewise, an adaptive control strategy addressing nonlinear systems with dead-zone and time-varying state
constraints has been introduced using an output-feedback approach [34]. Additionally, an adaptive control method integrating pre-
defined performance objectives and observer-based implementation has been proposed for nonlinear systems subject to dead-zone
nonlinearity [35].

Furthermore, the system performance discussed in all the aforementioned results is related to the behavior as time approaches infin-
ity. However, from a practical standpoint, it is more aligned with requirements to achieve the control objective within a finite or fixed
time [36]. Finite-time control offers better transient performance and robustness compared to traditional control methods, making
it an area of significant interest with notable research contributions in recent years [37,38]. For example, an adaptive finite-time
control method has been introduced to handle nonlinear systems with unmodeled dynamics [39]. In a similar vein, an adaptive fuzzy
finite-time control strategy has been designed for stochastic nonlinear systems subject to actuator faults [40]. However, a drawback
of finite-time control is its potential variability in settling time, which can limit its applicability based on the initial states [41]. In
contrast, the emergence of fixed-time control methods provides a compelling alternative that overcomes the dependency on initial
states for achieving fast convergence [42]. This characteristic is particularly advantageous for ensuring system stability within a fixed
time. Notably, fixed-time stability has demonstrated excellent performance in numerous practical applications [43-45]. For example,
an adaptive control problem for stochastic nonlinear pure-feedback systems has been addressed using fixed-time stability theory [46].
Moreover, FLSs have been used with a fixed-time adaptive control technique to address nonlinear strict-feedback switched systems
[47]. Additionally, an adaptive control strategy has been devised to address actuator hysteresis and state constraints in nonlinear
systems, incorporating fixed-time theory and fuzzy approximation capabilities [48].

Motivated by the aforementioned studies, this work focuses on the adaptive control of nonlinear systems using a fixed-time control
framework. A systematic fixed-time adaptive control scheme is developed by combining the backstepping design with Lyapunov sta-
bility theory, guaranteeing that all closed-loop signals converge within a predetermined fixed time. The proposed method effectively
tackles practical challenges such as unmodeled dynamics, actuator faults, input dead-zone, and external disturbances, which often
compromise control performance in real-world nonlinear systems. The key contributions of this paper are outlined as follows:

(1) Compared with recent works [42-45], this study develops an adaptive fixed-time control framework for nonstrict-feedback non-
linear systems subject to unmodeled dynamics, actuator faults, input dead-zone, and external disturbances. Unlike existing ap-
proaches [22,23,31], which address actuator faults and input dead-zone separately, the proposed design simultaneously accounts
for their coupled effects, thereby capturing more realistic actuator characteristics. To mitigate the adverse influence of unmodeled
dynamics, a dynamic compensating signal is incorporated into the control law. Moreover, radial basis function neural networks
(RBFNNG5) are employed to approximate unknown nonlinear functions, effectively reducing modeling uncertainty and simplifying
adaptive parameter adjustment.

(2) In contrast to finite-time control schemes [36,37], whose settling time depends on initial conditions, the proposed fixed-time
adaptive controller ensures convergence within a preassigned time bound that is entirely independent of initial states. This property
enhances the controller’s predictability, reliability, and applicability to practical systems where initial conditions are uncertain
or variable. By properly selecting design parameters, the proposed controller achieves improved tracking precision, reduced
steady-state error, and superior robustness against disturbances and actuator nonlinearities compared with existing finite-time
approaches.
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(3) Extensive simulation studies and quantitative comparisons based on performance evaluation metrics are conducted to verify the
effectiveness and advantages of the proposed control strategy. The obtained results confirm that the developed scheme guarantees
fixed-time convergence and boundedness of all closed-loop signals, while exhibiting faster transient response, enhanced tracking
accuracy, and improved fault-tolerant capability relative to existing methods.

The organization of this paper is as follows: Section 2 provides the problem formulation and relevant preliminaries. Section 3 details
the design of the controller along with stability analysis. Section 4 illustrates simulation results that demonstrate the effectiveness of
the proposed approach. Finally, Section 5 concludes the study.

2. Problem formulation and preliminaries

Consider the following nonstrict-feedback nonlinear systems subject to unmodeled dynamics, actuator faults, dead-zone, and
external disturbances:

z2=4q(z, y),

X =8 Xy + i)+ ¢i(x 2,0 +d (1), i=12,....,n—1, eh)

In = 8! + .00 + bu(x02.1) + (1),

y=x
where 7, = [x1,...,x;]T € R fori=1,...,nand y =[y,..., ,]T € R" denote the system state vectors. Here, u/ € R is the system
input, y € R is the system output, and d,(r) represents bounded external disturbances. The functions f;(y) and g;(7;) fori =1,...,n are
unknown smooth nonlinear functions. To guarantee controllability of the system, it is assumed that g;(7;,) #0, i=1,2,...,n. d;(t)

represents bounded external disturbances. z € R" symbolizes the unmeasurable portion of the state, z-dynamics in (1) symbolizes
the unmodeled dynamics, and ¢; denotes system dynamic uncertainty. ¢;(.) and z(.) in (1) are supposed to be Lipschitz functions.
This paper adopts the actuator fault model expressed as [40]

u/ = K(tu(v) + L@ 2
where 0 < K(¢) < 1 is referred to as the actuator efficiency factor, which may vary with time either slowly or rapidly, L(r) denotes an
additional bias fault. The dead-zone characteristic, denoted as u(v), is defined as follows [41]

m,(u(t) = b,) if v(®) > b,
u(v) =40 if —b, <v(t) <b, (3)
m((®) + b)) if v(®) < —b,

where v is the control input, m, and m, represent the slopes of the dead zone, while b, and b, denote the breakpoints. Then (3) can be
expressed as

u(v) = m(Mv + p(1) 4
with
m; ifv<0
= 5
o {m, ifo>0 ®)
and

-m.b, ifv>b,
p0)=q-m@v if —b <v<b, 6)
mb, ifo<-b

It is easy to know that

7

min(m,,m)) = m < |m(t)| < m = max(m,, m;)
min(m,b,,m b)) = p < |p(1)| < f = max(m,b,, m;b,).

Following the approach in [41], it is assumed that m and m are known.
The architecture of the control system is depicted in Fig. 1.

Remark 1. In contrast to the systems discussed in [46] and [47], which focus on pure-feedback or nonlinear systems, system (1)
involves nonlinear functions f;(-) that relate to the entire system states. As a result, system (1) is categorized as a nonstrict-feedback
system. Designing controllers for nonstrict-feedback systems is important because these systems are commonly found in real-world
applications like electromechanical systems, aircraft, mass-spring-damper systems, and robots [42].
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Fig. 1. Block diagram of control system.

The goal is to develop a fixed-time controller for the system (1) to ensure that:

(i) all signals in the closed-loop system are bounded for a fixed time, and
(ii) the system output y follows the desired reference signal y,.

To achieve control objectives, certain assumptions and lemmas are established.

Assumption 1. There exist positive constants K and L such that K < K(f) < 1 and |L(t)| < L.

Assumption 2. The reference signal y, and its derivatives up to the ith order, denoted as y

> are bounded and continuous for

i=1,2,...,n.

Assumption 3. The signs of g;(-), where 1 < i < n, are known, and there exist two constants b,, > 0 and b,, > 0 such that b,, < |g;(-)| <
by It is assumed, without loss of generality, that 0 < b,, < g;(-).

Assumption 4. The external disturbance d;(¢) is required to satisfy |d;(#)| < d;, where the constants d; > 0 are unknown for i =
1,...,n

Assumption 5. There exist nonnegative smooth functions y;,(-) and y;,(-) with w,,(0) =0 for i = 1, ..., n such that
[l < win (1) + win(lzD. ®

Assumption 6. The dynamics described by z = ¢(z, y) are defined as exponentially input-state-practical stability (exp-ISpS), indi-
cating the existence of an exp-ISpS Lyapunov function V(z). This function must meet the following conditions:

6,(121) < V() < Oy(lz0). ©)
oV
"D 2,10 < k¥ @)+ 108D + o, (10)

where k, > 0 and d,, > 0 are known scalars, and 6,, 6,, and y are K -functions.

Remark 2. Assumption 1 is often used in control problems for nonlinear systems subject to actuator faults, as explained in [40]. On
the other hand, the Assumption 2 is commonly used in tracking problems in control systems [36,37] to simplify stability analysis.
For system (1) to satisfy the controllability requirement, it is necessary that the control gains g;(;) are nonzero, and without loss of
generality, can be assumed positive. This makes Assumption 3 reasonable. The lower bound b,, mainly serves purposes of stability
and convergence analysis [49]. Assumption 4 introduces a practical consideration to system analysis and control design by implying
bounded external disturbances [45]. Assumption 5 posits that the dynamic disturbances ¢; are bounded by the combined influence
of yw;1(| 7;]) and y;»(|z]). It’s important to note that both y;,(| 7;|) and y;,(|z|) fall within the class K, signifying that ¢; remains
within bounds as long as y; and z are bounded [36]. Assumption 6 asserts that the unmodeled dynamics of z exhibit ISpS. With this
assumption, one can design a dynamic signal to effectively handle the unmodeled dynamics [36].

Definition 1 (Ref. [36]). Consider a nonlinear system as follows:
x=rxn, x0)=rx an

where f(-) is a nonlinear function and y € R" is a system variable. Suppose the system (11) is stable under a Lyapunov function, if
there exists a convergence time T such that for all# > T, y(¢) = 0, then system (11) demonstrates finite-time stability. Moreover, if the
convergence time T is bounded by a fixed upper bound 7,,, which is independent of the initial state, then system (11) is characterized
by fixed-time stability.



M. Kharrat and P. Mercorelli Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110041

Remark 3. The primary distinction between fixed-time stability and finite-time stability is their settling time characteristics. The
settling time in finite-time stability [36-38] is bounded by the initial state and increases indefinitely. On the other hand, regardless
of the initial conditions, fixed-time stability guarantees that the settling time is bounded and constant.

Lemma 1 ([36]). For real numbers x, y, and positive constants c|, c,, c3, one has

‘1
1 o c1+ey 12
158 [yl (12)
Lemma 2 ([36]). Consider system (11). If there exist design constants ry >0, r, >0, p>1, 0<s< 1, and f >0, and a continuously
differentiable function V (y) > 0 such that

V) < =rVP() =nV* () +B8, Yy eDCR", 13

1

[x]T ]y < e3lx|1*2 +
2

then the system (11) is fixed-time stable on the set D with settling time
1 1

< = .
T<Ty r®@p-1) + ry®(1 =) a4
The trajectories of (11) converge to the residual set
1 1
. B 4 B s
¥ €3V (y) < min <(1—¢)"|> ’<(1—CI>)r2> . (15)

Here, D is a sufficiently large compact set containing the initial conditions.

Lemma 3 (Ref. [36]). For any ¢ > 1 and x; > 0, the following inequality holds:

N ¢ N N ¢
(Z |x,~|> <Y lxle < N“(Z |xi|> (16)
i=1 i=1 i=1

Lemma 4 ([29]). For x,y € R, one has
el 1
xy < —x|” + —|y|%, a7)
p 4

wheree >0,p>1,g>1,and (p—)(g—1) =1

Lemma 5 ([36]). Suppose V serves as an exp-ISpS Lyapunov function for the subsystem z = q(z, y), where inequalities (9) and (10) are
satisfied. For any constant a € (0,a,), and given an initial condition z, = z(t,), any function 7(|x;|) = y(|x,|), there exists a nonnegative
function D(1), a finite time T,) = T,(a, ry, z), and a dynamic signal described as

F=—ar+y7(xy)+d, r0)=r (18)
such that D(t) = 0 for all t > T,y and V (z) < r(t) + D(t). The function D(t) is given by

D(t) = max {0, e~V Go) _ p=al—to)vo ) (19)
Without losing generality, assume that 7(s) = szyo(sz), with yo(sz) > 0 is a continuous function. Now, (18) can be rewritten as

F=—ar+ )(127’0(|,1’12|) +d, r0)=r,. (20)
Lemma 6 ([36]). There exists a positive constant ¢ such that for any x € R, the inequality

[x| < xtanh(x/{) < o 1

holds, where ¢ = 0.2785.
Lemma 7 ([36]). For any constant v > 0, consider the set Q. defined as Q; :={z;||z;| <0.8814v}. Then, for every z; & Q. , the
inequality 1 — 2 tanh? (271) < 0 holds.

2.1. Neural networks

In this work, the unknown functions are approximated by RBFNNs. As mentioned in [36], for a continuous nonlinear function
f(Z) defined in a compact set Q, C RY, there exists a neural network W*7 §(Z) and constant ¢ > 0 such that

FZ)y=w*TS(2)+8(2), |62) <¢ (22)
With §(Z) being the approximation error and W* being the ideal constant weight vector and defined as
W* :=arg min { sup |f(Z)-WwTs(2) } (23)
WeR! | zeq,

with W = [wy, w,, ..., w,]T e R! and S(Z) = [5,(2), 55(Z), ..., s,(Z)]T represents the basis function vector with
(Z - Mi)T(Z - /4,')>

72

s;(Z) = exp <— (24)

where p; = [p;1. . .., ;1" represents the center, and z denotes the width of the Gaussian function.

5



M. Kharrat and P. Mercorelli Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110041
Lemma 8 ([36]). Define S(Z) = [s,(Z),... ,s,(Z)]T as the basis function vector of an RBFNN, and let Z = [z,, ..., z,]T. For any positive
integer m < n, consider Z,, = [z, ..., z,,]". Then
ISP < ISZIP. (25)
3. Controller design and stability analysis
This section focuses on developing an adaptive fixed-time controller utilizing the backstepping technique. Before proceeding, the
following coordinate transformation needs to be defined:
z;=x—¢G_1, i=12,...,n (26)

where ¢;_, represents the virtual control law to be designed later, with ¢, = y,.
Step 1: According to (1) and (26), we have

b= — 3
1=X1~Yd . @7)
=gintfité +d -y,
Chose the Lyapunov function candidate as follows:
22 b
V=Ll onp (28)

2k 2 !

where k; > 0 and «; > 0 are design parameters, while b,, is specified in Assumption 3. The term 7, = 5, — 7, denotes the estimation
error, where #; is an adjustable parameter used for estimating the unknown constant #,, which will be specified later.
By differentiating V; and using Assumption 5 and (20), one has

Vi=zi(giza+ 61+ fi+ &1 +di =) + | xlwi () + |21 lwia(l2D
1 a 1. (29
+ K—O(}(flllo(}(lz) +d) - K_or_ K—1W1'11~

Applying Lemma 4 and Assumption 4, one has

1 d*2
z1d; < —zf+%. (30)

Next, the terms |y, |y, (|x1]) and |z,|wy,(Iz]) in (29) are handled. By using Lemma 6, it follows that

Z1‘/111(|)(1|)>

|)(1|1I/1|(|)(1|)SU;+21W11(|){1|)taﬂh< P

= ey (x)) + 0y, (31)

where o/ = 027850, and iy, (x;) = wi; (| 7, ]) tanh (%ﬂm)

) is a smooth function. Similar to the methods used in [36], one has

|21 |wia(l2]) < |21 [0 (r) + %z% +b,(t)

zZyya(r
< 2,ip15(r) tanh <#2()> +i+ iz% +b,(1)
1

X 1
= 21950 1)+ sz +b,(0), (32)

where | = 0.27851; and y,,(r) = y1,00, (27, b, (1) = (k12007 D)%, and §y3(x1.F) = Z1(r) tanh (%{2(”) with b,(r) > 0 for all 1 > 0.
By using (30)—(32)into (29), one has

2 2
. _ 1 nry) 1. . a )
Vi Zz1(g12p + f1(Z)) - EZ% +(1- 2tanh2(,z1/v))’(—O - K—lnlnl - K—0r+o'1
d %2
, :
+ b O+ (33)
0
where
2 2
- 1 o R 2 1iwolxp) 1
F(Zit = 520+ f1 = Sa + 0000 + bGn 0+ = tanhz(zl/v))% + 4 (34)
1 0

Since f(Z,) includes the unknown functions f; and g,, an RBFNN is utilized to approximate them. According to (22), for any £, > 0,
there exists a neural network W P;(Z,) such that

F(Z)=WTP(Z)+6/(Z), 16/(Z)]<¢ (35)
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with Zy = [y, v s A Va Yo 11T
Applying Lemmas 4 and 8, one obtain

21 f1(Z) = z; W T Pi(X)) + 6,(Z)))

1 a 3 e
2 #112 pT
< —zi|\WH P, (ZDP(Z)+ — + — + =
2 1T TSR Ty T (36)
2 2 2
by 5 o1 a5 &
ngl'ﬁpl (X|)P1(X1)+?+7+?

1

. . . w2
with a; > 0 being a design parameter and #, = ! s ! ,and X, =[x,y va. 117

Construct the virtual controller as follows:
- 1 .
¢ =—ky 25 g, Z?ﬂ 1_ FnlzlPlT(Xl)Pl(Xl). (37)
a
1
witha > 1, f € (0,1), k; >0, g, > 0, and a; > 0 being the design parameters.
Construct the adaptive law as follows:

R K
fy = 2_12z§p{ (XDP((X)) = o,y = &,y (38)
a
1
with k; >0, a; > 0, ¢; > 0, and ¢, > 0 being the design parameters.
By using (36)—(38) into (33), yields

2 2
) = a 3 )( i ()()
Vi < —~kibyz = ibpz? — Lr 4 2 (1= 20anh?(z, ) A
Ko 2 2 Ko 39)
0 ¢ d *2
1o o 1. - — i
+ =i+ =i+ —+1 o b+ — +
x| niMm x| mm X0 L To 1) 5 812123
Stepi (2 <i <n-1):Based on (1) and (26), one has
2= Ji = 6i-1 (40)
=gl tfitdi+di—¢
where
i-1
. 96— =
Si-1 = Z ¢ +Ei (41)
= 9%
with
i1 i1
- 9¢;_y < %1 ; 0Gi_1 (a1 , 9Gi-1,
Eic1 =Z—(f, +gj)(j+1)+z o Vlj+zwyd + (42)
Jj=1 Jj=1 J j=0 0Y,
Take the Lyapunov function candidate as follows
b,
V=V 412422 43)

271 T 2

where «; > 0 denotes a design parameter, while b,, is specified in Assumption 3. The term #; = ; — #; denotes the estimation error,
where #; is an adjustable parameter used for estimating the unknown constant #;, which will be specified later.
By differentiating V;, yields

1. .
Vi=Vi_i +z:(gzi01 + &6 + fi + & +d; — )_I”i"" (44)
where ¢, = ¢, — Z’ ! (k‘ : ¢ and V;_, fulfills the following result, which can be attained by utilizing a methodology similar to step 1.

i-1 -1 /2 g2 a2
V,-_ls—j;kjbmzj —qu —K—r+z<—+7+t +o0; +b(t)+7>

1

. . (45)
nrud) Qe Q6 . d
+(1 —2tanh2(zl/v))1— Z—jnjnj+ —jnj i+ —.
Ko =1 %Ki =1 K ko
Applying Lemma 4 and Assumption 4, one has
*2
2,4

z;d; < 2 z; + 'T (46)
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)
1//,1(|)(|)>

By using Assumption 5, one has

|z¢|<|z,|<|¢|+z

j=1

961

< |z |<Wzl(|)(1

+1z |< W,z(|7~|)> (47)
Similar to (31), we have
|Zt|<‘l’,1(|)(t|)+z V’Jl(|%|)> Szili/il(fi’ﬁi—lvr)"'g;’ (48)

39

9Gi-1

where o] = 0.27850; and ¥, (1. fii_;. 1) = <w,1 +X0

1//]1> tanh (Z,- (V/il + Z;_:l Wll/ >>

w,2<|z|>> ( 2( 1)>+z,-u>,-2(x,ﬁ,-_1,r)+:;+b,-<r>, (49)

Similar to the (32), one has

|Zf|<‘l/i2(|z|) 2

N N PN Wi (Aot PN _ i— a’
where l; =0.27851; and W, (x,f;_1,r) = Wi (¥, fii_1, ) tanh (M), Win(Zis lim1, 1) = Wipo] T2r) + Z}; d y/,zoé' '@2r), and
b(1) = 2" | (20071 (2D))? with b;() > 0 for all > 0.
Substltutmg (45)—(49) into (44), one has
i—1 i-1
2
Vi, <= 3 kb2t = Y a;bpz’
= j=1
il /g2 g2 d*?
——r+z(g,g,+f,(Z)) <?’+7’+z +o, +b(t)+7> (50)
j=1
2y -l -1 = 2
1o 0; j d:
+(- 2tanh2(zl/v)); + ) i Y i+ o+ b1+ ——
Ko =1 ki =1 K 0
where
FiXD) = gizigy + fi = Bisy + W (T oy 1) + 900 (i iy 1) (51)

Since f;(Z;) contains the unknown functions f; and g;, an RBFNN is utilized to approximate them. Based on (22), for any ¢; > 0, there
exists a neural network W;*T P,(Z;) such that

f(Z)=WTP(Z) +6(2)), 16(Z)| <¢ (52)

(')]T

_ hoT = R R 0T .
where Z; = [y, ... ;(n,n‘_T_l,jzf;),r] with r/l.T_] = [y, ... ,;1,._1] and 7, [Vgs--- ,yf;)] , respectively.

By using Lemmas 4 and 8, one has

5fi(Z) = (W P(Z) + 6/(Z))
a.2 Z.2 6‘.2
< L2 PRI (Z)P(Z)+ E v Ly

Lol
A B I (53)

2 2 2
by o 1 4 E &
2
where b,, is specified in Assumption 3, while g; > 0 denotes a tunable design parameter. The term #; is defined as 5, = ”V: I , and the
~ n T "
vector X, is given by X, = [77.77 .7.r] , where 7, = [1,..... z,]".
Construct the virtual controller ¢; as follows:
26-1 L.
6= —kizp" =gzl = oo Bl (X)PX), (54)
a:
1
witha > 1, f € (0,1), k; > 0, ¢; > 0, and a4; > 0 being the design parameters.
Construct the adaptive law as follows:
s _ K oo PSRN 55
n = ﬁz" P, (XD P(X;) — 0;fi; — 0:7; (55)

i
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where k; > 0, g; > 0 and ¢; > 0 are the design parameters.
By inserting (53)—(55) into (50), one has

. d 1irole)
V<= Y k;b, 2 qub 2 - —r+ (1- 2tanh2(z]/v))Lo'
j=1
G 2 & d*2 (56)
J o s J s
;K—nn ;K A+ +Z<—+7+1+6+b(t)+7>
Step n: According to (1), (2), (4), and (26), one has
Z'n = /?n - Cn—l
=g + [+ +d, (1)=&
g fot o (=< ‘ 57)
= g,(KMm@)v + KOP®) + L) + f, + b +d, (1) — §y
g K®OmMv + g, KO + g, LB + f,, + b, +d, () — ¢,
where ¢,_; is defined in (41) with i = n.
Chose the candidate of Lyapunov function as follows:
— 1 2 bm ~2 58
Vn—Vn—1+§Z,,+E'I,,s (58)

where k, > 0 denotes a design parameter, while b,, is specified in Assumption 3. The term 7, = 5, — #, denotes the estimation error,
where 7, is an adjustable parameter used for estimating the unknown constant #,, which will be specified later.
The dynamic equation of V,, is

V= Vooy + 8, KOm@®v + g, KOPW) + 8, LO) + f + dy() + B = By = =Tyl 59

where ¢, = ¢, — Z;;l Yt ; and V,_; defined in (45) with i = n.

Utilizing the same estlmatlon techmques as described in Egs. (47) through (49), one has

|zn¢_)n| < Zrl‘i/nl(in’ ﬁn—] ’ V) + znli/nZ(fna ﬁ)’l—l’r)
2 n—1 2
22 ac._ (60)
+ T’<1+2 <%> >+6;+l:l+bn(t),
j=1 xj

where ¥, (7, ,—1, 1) and ¥, (7, fi,_;. r) are defined in (48) and (49), respectively, and b,(r) > 0 for all # > 0.
Applying Lemma 4 and Assumption 4, one has

1, 47
z,d, < 5Zn + 7 (61)
Applying Lemma 4 and Assumptions 1 and 3 with (7), one has
L P
2,8, K(B(1) <3 2 %n m2 . (62)
Similarly, applying Lemma 4 and Assumptions 1, one has
by, Zz
2,8, L(1) < EZ,, t= (63)
By using (60)—(63) into (59), one has
n—1
V,<- 2 q;b,,
j=1
n—1 a2 2 d*Z
+2, (g, KOmtw + £,(Z)) Y | = —’+z +o‘ +b,(0+ L
n n n =l 2 2 2
1 (64)
1inGd) Qe
(1= 2tank(z ) T 4 Y L
Ko =15
n—1 - #2 32 j2
i d d b, p b, L 1
+ K—’_jj+K—+:;+a;+b,1(t)+%+ = -
j=1"J 0
where
f_n(Zn):fn _:n—l +2zn' (65)
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Since f,(Z,) includes the unknown functions f, and g,, an RBFNN is utilized to approximate it. According to (22), for any ¢, > 0,
there exists a neural network W*TP > (Z,) such that

2y =W TP(Z)+6,(Z,), 16,(Z)| <e, (66)
where Z, = [{, ..., {p AL l,yd ,r] with 77 =T#;,....#,_,1" and y(")]T [Vgs--- ,y;")]T, respectively.
By using Lemmas 4 and 8, one has

2,/(Z,) = 2, W T P(Z,) +6,(Z,)

S |=m|\>

< L 2w PR (2,)P(Z,) +

2a2 (67)

lemm N|=N'°

leNm lea"’

2
< ln 220, PT (X, )P, (X,) + Gy
< 5a2F 5

w112
where 7, =

,and X, [;? 1,yd ,r] with 7, = [x,..., )", and a, > 0 denotes a design parameter.
The actual control input v is de51gned as follows:

qnz n

2 1,
v=—k,z," — g,z - ﬁnnznPnT(X,,)Pn(X,,), (68)
n

witha > 1, p € (0,1), k, > 0, g, > 0, and a,, > 0 being the design parameters.
Construct the adaptive law as follows:

Ay = 22z,,P,,T<x VP(X,)) = 0yfly = Byl (69)

where k > 0, 90 > 0, and ¢, > 0 represent the design parameters.
By using Lemma 4, Assumptions 1 and 3 along with (7), one obtains

_ 1
gnK(t)m(t)U < _bmmknz -b My, Z nﬁ + z_e nP,,T(Xn)Pn(Xn) (70)

Substituting (67)—(70) into (64), one has

5 . 2w\ N (. 2 a ) }(11’0()()
v, < —; (cjzj ) - Z (cjzj ) — o7 (1= 20 (zl/v))K—O

L. n g d*2 71)
J ~ A
+j:§1 anjn/+j:§1 + z ( + = +z +a +b;(0)+ = >

b, f? N b, L?
2 2

where ¢; = k;b,, + mk,b, and ¢; = q;b,, + b,,img, for j =1,....,n— 1.

Theorem 1. Consider the nonlinear system described in (1), subject to Assumptions 1-6. By implementing the virtual controllers (37) and
(54), the actual control law (68), and the adaptive update rules (38), (55), and (69), the aim is to ensure boundedness of all signals in the
closed-loop system and achieve convergence of the output to a small neighborhood around the origin within a fixed-time.

Proof. It is noteworthy that

9 9 o O »

ii;f; < —z—l(jnj + Z—an,, 72)
9 9 5, 9 ,
=7 < -0 + =1 73
P3 i < 2%, i 2%, ur (73)

By using (72)-(73) into (71), we have
n 0 n 6
; 2 J =2 _ 2p )
o o 29) B o )
=

o)

0

74)

+ (1 =2tanh?(z, /v) =22~ Lpp A
Ko
2 *2

_ _ 2
R o buB* | byL? JL— _9 2. 6 2% & ! / J
whereA_Ej:18j+ o et w1th19j——2anj+—2anj—2 totyto+b+ 5. i=1.n

By using Lemma 1, we have

L AN
J j a
— ) < — 4+ (1 -aaie (75)
(]:Zl 2Kj> Z 2k;

j=1 %

10
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no=2\7 n 52
Z n; Z n; s
( 2x; ) = j=1 2x; - 70)

By using (75) and (76) into (74), one has

2\ &, & 2\’
J — J
<37 -Folat) 297 -3o(x)

“ = = o
+(1- 2tanh2(z]/v))M + by
(;1? NI Ve A\ 77
—CZ( 2" - 2{(%) —é;(zzﬁ)ﬂ—kZ;(T’;)

+ by + (1 = 2tanh®(z, /v))

. . ) N o ) buf® . b2 d o £
c:mln{Z"cj,oj,a. ISJSH}, c:mln{Zﬂcj,pj,a. l<j§n}, bozz;':ll9j+ 2ﬂ +T++K—0+(l—a)alﬂ'+(1—ﬂ)ﬂ1"’
2 *2

wheresz%r/?+—n + 4y ’ +1 +0' +b;(0) + -
J

,forj=1,....,n

By using Lemma 3, we have

2 2\ 2 @2\
y J J N J J
< z —_ —_ — z —_ —_
V"‘c( <2+2K->> < <2+2K->>
Jj=1 J j=1 J

+by+(1— 2tanh2(z1/v))m (78)

<=V = kVP() + by + (1 - 2tanh2(zl/v))w

The significance of the last term (1 — 2tanh2(zl /v)

2 »2
w in (78) becomes apparent when analyzing the stability of the closed-loop

system. We proceed to demonstrate the system’s stability through two cases:
Case 1 When z; € {z, | |z;| < 0.8814v} with v as a positive constant, the boundedness of y, is evident from (26) with i = 1 since z,
and y, are bounded variables. Additionally, y(x; 2, being a non-negative smooth function, is also bounded. Consequently, the last

X Vo(ll

term (1 — 2tanh2(z] /)= is bounded and ¢ is assumed to be its bound. From (78), one has

V, < —cV(y) - kV”(){) + %o, 79)

where x; = by + ¢.
Case 2 When z; & {z; | |z;| <0.8814v}, applying Lemma 7 and considering the non-negativity of y, 70()( )/x leads to (1—

2 tanh?(z, /v)) 2040 )

Hence, (78) 51mp11ﬁes to

V, < —=cV () = kVP () + by, (80)
Summarizing the two cases yields the following conclusion

V, <=V () = kVE(y) + . (81)

Utilizing Lemma 2, we can conclude that all system signals of (1) exhibit semi-global fixed-time stability and converge to the following
compact residual set:

' % 1/a % 1/p
X € V(x) < min ((1 @)C) ,<m) s (82)

where the convergence is guaranteed for initial states within a sufficiently large compact set. Then, the settling time is
1 1
T<T,= + . 83
ST da—1)  éd(l - p) (83)
Given the definition of V,, we have

X 1/2a
|y—Yd|S2<m> . (84)

The tracking error can be decreased within an ideal range in a fixed time by choosing the design parameters properly. O

11
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Fig. 2. Block diagram of the proposed adaptive fixed-time control design method.

Fig. 2 illustrates the proposed control scheme, providing a clearer understanding of the control procedures.

Remark 4. The convergence time bound 7 in (83) is independent of the initial conditions and ensures that the tracking error
converges to a compact neighborhood of the origin within the fixed time 7,,. Although the presence of bounded approximation
errors and external disturbances prevents exact convergence to zero, the size of this neighborhood can be made arbitrarily small by
appropriately tuning the controller parameters. Hence, the proposed adaptive fixed-time control scheme guarantees high-precision
tracking performance within a predefined time bound, without imposing any restrictions on the initial states.

Remark 5. In practical systems, recovering to normal operation quickly after a fault is crucial. Existing finite-time control methods
[36-38] face challenges as settling time depends on initial states, leading to longer recovery times. This paper proposes using two
exponential terms in virtual control signals to establish an upper bound on settling time, independent of initial states. This approach
ensures predictable and efficient recovery regardless of initial conditions.

Remark 6. The fixed-time performance of the proposed control system, while independent of the initial conditions, is influenced by
the selection of design parameters such as k;, g;, p;, p;, and q;. Parameters k; and ¢; primarily determine the convergence rate, where
higher values can accelerate convergence but may lead to larger control signal amplitudes, potentially causing actuator saturation.
The parameters p; and p; affect robustness against disturbances and uncertainties, with larger values improving disturbance rejection
at the cost of higher control effort. The parameter g; shapes the convergence curve and indirectly impacts the fixed-time boundary;
reducing g; can decrease settling time but may induce high-frequency oscillations if chosen too small. Therefore, achieving satisfactory
control performance requires careful tuning of these parameters. In practice, they are adjusted iteratively, typically through trial-
and-error, to ensure a balance between fast fixed-time convergence, smooth control action, and practical feasibility of the control
signals.

4. Simulation results
In this section, a simulation study along with a real-world example is provided to demonstrate the performance of the proposed
control approach.
Example 1. Consider the following second-order nonlinear system as reported in [49]
t=—z— 7 +05,
H1=Q+sin(r))pn +0.1sin(ry ) + zsin(x?)

i2 = Q+cos(r )l +0.5sin(y2x2) + yiz
y=xn

(85)

where y, and y, represent the state variables, v/ and y denote the input and output signals, g; = 2 +sin(y;), g = 2 + cos(x; 1),
f1=0.1sin(x, 72), fo = 05sin(x? 42), 1 = zsin(x}), ¢y = 72
The actuator faults model (2) is chosen as

W = v ifr <10 86)
(0.4 4+ 0.6 exp(=0.20))u(v) + x> cosz(;(l) ift>10

where K(t) = 0.4 + 0.6 exp(—0.2¢t) and L(f) = y, cos*(x)).

12
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The dead-zone model (3) is chosen as

(v(t) = 0.5) ifv>05
u(v) =<0 if —0.6 <) <0.5 (87)
1.2(v(r) +0.6) if v(r) < —0.6
wherem,. =1, m; =12,b.=0.5and b, =0.6.

The objective is to develop an adaptive controller that guarantees the boundedness of all signals and ensures that the system output
y follows the desired reference trajectory y, = 0.5(sin(t)). To verify the validity of Assumption 6, consider choosing V' (z) = z2, then

2
V() =2z(~z+ 72 +05) < 222 + i(zz)2 +ert+ i + Z: (88)

By choosing € = 2.5, we obtain
V(z) < =1.22% + 251} +0.625. (89)

Furthermore, define 6, (|z|) = 0.5z%, 0,(|z]) = 22%, ¢y = 1.2,d = 0.625,and y(| 7, |) = 2.5;(;‘ to satisfy Assumption 6. Choose a = 1 € (0, ay)
and define a dynamic signal r as

F=—r+25y] +0.625. e

As per Theorem 1, the construction of the virtual control law ¢;, the real control law v, and the adaptive laws #; is as follows

_ - 1,
¢ =k - g - ﬁmzlPlT (XDP(X)) (91)
a
1
o= k2 g2 L PTx,)Pyx 92
=—kyz) 0z, 2az'lzzz y (X2)Pr(X3) (92)
2
. K;
ﬁ,-=2—'22,.21’,~T(X,»)P[(X;)—o,»ﬁ,~—5,-17[, i=12. (93)
a

1
The control parameters are determined through a trial-and-error method as follows: k; = 10, k, =10, ¢; =8, ¢, =8, a; =5, a, =2,
K1 =2,k =20 =20 =20 =1,3 =1, and initial values are set at y,(0) = 0.5, x,(0) = 0.5, #,(0) = 0, #,(0) = 0, z(0) = 0, r(0) = 0.
The basis vector functions S;(Z;) (where i = 1,2) are defined using a center of the receptive field y; = [-1.5,-1,-0.5,0,0.5, 1, 151"
and Gaussian functions with a width = = 2.

Fig. 3 presents the system output trajectory y along with the desired reference signal y,. It can be seen that the output closely

follows the reference, indicating that the proposed fixed-time adaptive controller achieves accurate tracking performance under
various operating conditions. This demonstrates the controller’s ability to compensate for uncertainties, actuator faults, input dead-
zone, and external disturbances. In Fig. 4, the tracking error trajectory is shown, converging rapidly to a small neighborhood around
zero. This confirms the fixed-time convergence property of the proposed method, which ensures that the error reaches a bounded
region within a predefined time regardless of the initial conditions. Fig. 5 depicts the response of the state variable y,, illustrating
the smooth and stable behavior of the system states under the proposed control strategy. Fig. 6 shows the estimated signals 7, and #,,
reflecting the effectiveness of the radial basis function neural networks (RBFNNs) in approximating the unknown nonlinear functions
and reducing the impact of unmodeled dynamics. Fig. 7 presents the control input v and the system input «/, demonstrating that
all control signals remain well-defined and bounded throughout the operation, which is critical for practical implementation. Fig. 8
illustrates the trajectories of z and the dynamic compensating signal r, highlighting the active mitigation of unmodeled dynamics and
improvement in overall system robustness.
To further validate the performance of the proposed method, a comparative analysis is conducted with the finite-time adaptive control
scheme reported in [36]. Fig. 9 shows the tracking errors obtained under both methods. It is observed that the proposed fixed-time
controller achieves faster convergence of the tracking error, and the settling time remains independent of initial conditions. In contrast,
the finite-time method exhibits convergence that varies with the initial states. Moreover, the steady-state error under the proposed
approach is smaller, demonstrating superior tracking accuracy. This comparison highlights the advantages of the proposed fixed-
time adaptive controller in terms of predictable settling time, enhanced robustness against disturbances and actuator nonlinearities,
and improved transient performance over the finite-time approach. Overall, the figures collectively demonstrate that the proposed
control scheme effectively ensures bounded closed-loop signals, achieves accurate tracking, mitigates unmodeled dynamics, and
provides superior performance in comparison with existing methods.

To evaluate the effectiveness of the proposed fixed-time adaptive control method in comparison with the existing finite-time control
approach [36], we employ the performance evaluation metrics described in [29]. These metrics provide quantitative measures to
assess tracking accuracy, transient response, and robustness of the control schemes. The comparison between the proposed fixed-time
control approach and the finite-time method [36] is conducted using the following metrics:

1. Relative approximation error (RAE)

Y i) = g (0)?
o ()2

94

13
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Fig. 3. Trajectories of system output y and reference signal y,.
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Fig. 4. Trajectory of tracking error z;.
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Fig. 5. Trajectory of state y,.

2. Mean squared error (MSE)
Y 00 = i)

n

MSE =

3. Root mean squared error (RMSE)

Z:;] (yi(’) - y,-d(t))2

n

RMSE =

4. Mean absolute error (MAE)

1}'!
MAE = = 3" |y,(t) = y;q(t
n & [3:(®) = y;a(®)]

where n represents the number of observations, y; denotes the system’s output, and y;; represents the desired reference signal.

(95)

(96)

(97)

The results presented in Table 1 demonstrate a clear performance improvement of the proposed fixed-time control method over the
existing finite-time approach [36]. The evaluation metrics indicate that the proposed method achieves faster convergence, reduced
tracking error, and improved transient response. These results highlight the effectiveness and robustness of the proposed control
scheme in handling actuator faults, input dead-zone, and unmodeled dynamics, thereby validating its practical applicability and

superiority over conventional finite-time approaches.

14



M. Kharrat and P. Mercorelli Communications in Nonlinear Science and Numerical Simulation 161 (2026) 110041

0.05 T T T T
—

0.04 -
0.03}% 1

1

\
0.02 L|I b

)
0.01 k¢ B

1

0 ‘s o= P £ L~ s~ oy
0 10 20 30 40 50
Time (sec)
Fig. 6. Trajectories of adaptive laws 7, and #,.
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Fig. 7. Trajectories of control input v and system input /.

0 r r r r
0 10 20 30 40 50
Time (sec)
Fig. 8. Trajectories of z and r.
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Fig. 9. Trajectory of tracking error z;, under two methods.

Table 1
Comparison of the tracking performance using performance
evaluation metrics.

Method RAE MSE RMSE MAE

Proposed method 0.1375 0.0027 0.0517 0.0209
Method in [36] 0.1597  0.0036  0.0600  0.0295
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Fig. 10. Pendulum.

Example 2. To validate the proposed method further, a pendulum system depicted in Fig. 10 is utilized, and it can be described as
follows [49]
MLO+BLO+ MgLsin® = u, (98)

where 6 signifies the angle between the rod and the vertical upward direction, while § denotes the rod’s angular velocity. The
parameters M and L stand for the bob’s mass and the rod’s length, respectively. Additionally, B represents the frictional coefficient,
and g indicates the acceleration due to gravity. For this particular system, the parameters are chosen as M =0.25 kg, L =4 m,
B =025, and g = 10 m/s2.

By defining y, = 6 and y, = 6, and taking into account the impact of unmodeled dynamics, actuator faults, dead-zone, and external
disturbances, the pendulum system (98) can be rewritten as:
z=-22+0.25y7
X1 =Xy + zy; +0.2sin(?)
Y 4 99)
=W - (Z + ﬁ) sin(y x») + 2y, sin( ;) + 0.3 cos(?)
y=xn
where y, and y, represent the state variables, u/ and y denote the input and output signals, g, =1, g, = ﬁ, f1=0, f,=
—<% + %) sin(yy x2)s &1 = 2x1, ¢2 = 2 ) sin(yy), d; = 0.2sin(t), d, = 0.3 cos(?).
The actuator faults model (2) is chosen as

v ift<5
ul = (100)
(0.4 + 0.6 exp(=0.2t))u(v) + x5 cos*(y;) ift>5

where K(t) = 0.4 + 0.6 exp(—0.2¢t) and L(f) = y, cos*(x)).
The dead-zone model (3) is chosen as
(@) - 0.5) ifv>05
u() =140 if —0.6 <0v(t)<0.5 (101)
1.2(v(1) + 0.6) if v(t) < -0.6
where m, =1, m; =12,b,=0.5and b, =0.6 .
The goal is to create an adaptive neural controller that ensures the boundedness of all signals and enables the system output y to
track the desired reference trajectory y, = sin(0.5¢). To verify the validity of Assumption 6, consider choosing V' (z) = z2, then
. 2
V(2) = 22(~z +02547) < —22° + Lise sz (102)
4e 4 €
By choosing € = 2.5, we obtain

V(z) < -1.52% + 2.5z} +0.625. (103)

Furthermore, define 6, (|z|) = 0.52%, 6,(|z|) = 2z%, ¢ = 1.5, d = 0.625, and y(| y,|) = 2.5y} to satisfy Assumption 6. Choose a = 1 € (0, )
and define a dynamic signal r as

F=—r+25y] +0.625. (104)
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Fig. 11. Trajectories of system output y and reference signal y,.

Table 2

Comparison of the tracking performance using performance
evaluation metrics.

Method RAE MSE RMSE MAE

Proposed method 0.1157 0.0066 0.0810 0.0477
Method in [36] 0.1422  0.0092  0.0960  0.0636

As per Theorem 1, the construction of the virtual control law ¢;, the real control law v, and the adaptive laws #; is as follows

_ 261 1 .
¢ = —k 22! _qlzlﬁ - 55 zrllzlPlT(Xl)Pl(Xl)
a

(105)
1
_ 20—-1 _ 2p-1 _ L" T 106
v=—kyz; 0z, 5 522 Py (X2)Py(X3) (106)
a
2
i = — 22PT(X,)P/(X,) — 0;fi, — Gy i=1,2 107)
’Ii—zaz,-i 5 A) = oty = 0y E= L, 2

1
The control parameters are determined through a trial-and-error method as k; = 25, k, =25, q; =20, ¢, =20, a; =5, a, =2, k; =2,
Ky =2,0,=1,0,=1, 0, =2, ¢, = 1. Initial values are set at y,(0) = 0.6, y,(0) = 0.1, #,(0) = 0, #,(0) = 0, z(0) = 0, r(0) = 0. The basis
vector functions S;(Z;), where i = 1,2, are determined using a center of the receptive field y; = [-1.5,-1,-0.5,0,0.5,1, 1.5]7 and
Gaussian functions with a width = = 2.

Fig. 11 illustrates the trajectories of the system output y and the reference signal y,. It is observed that the output signal closely

follows the desired reference, demonstrating the accurate tracking capability of the proposed fixed-time adaptive controller. This
shows that the controller effectively compensates for uncertainties, actuator faults, input dead-zone, and external disturbances. In
Fig. 12, the tracking error trajectory is presented, showing rapid convergence to a small neighborhood around zero. This confirms the
fixed-time convergence property of the proposed controller and indicates that the system achieves the desired performance within
a predictable and predefined time, independent of the initial conditions. Fig. 13 depicts the response of the state variable y,, high-
lighting the smooth and stable behavior of the system states under the proposed control strategy. Fig. 14 shows the estimated signals
#; and #,, which demonstrate the effectiveness of the radial basis function neural networks (RBFNNs) in approximating unknown
nonlinear functions. This ensures that the influence of unmodeled dynamics is mitigated, contributing to the overall robustness and
performance of the system. Fig. 15 presents the control input v and the system input u/, showing that both signals remain bounded and
well-defined throughout the operation. This is particularly important for practical implementation, as it guarantees that the actuators
operate within safe limits even in the presence of faults and uncertainties. Fig. 16 illustrates the trajectories of z and the dynamic
compensating signal r, which actively reduces the effect of unmodeled dynamics, ensuring that the system maintains stability and
desired tracking performance under uncertain conditions.
To further validate the effectiveness of the proposed method, a comparison is conducted with the finite-time adaptive control scheme
reported in [36]. Fig. 17 shows the tracking errors obtained under both methods. It can be observed that the proposed fixed-time
method achieves faster convergence and reduced steady-state error compared to the finite-time approach. In addition, the settling
time with the proposed method remains independent of the initial states, whereas the finite-time scheme exhibits convergence that
depends on the initial conditions. This highlights the practical advantage of the proposed approach in achieving predictable tran-
sient performance. The comparison also demonstrates improved robustness and reliability in the presence of actuator faults, input
dead-zone, and unmodeled dynamics, confirming that the proposed fixed-time adaptive control strategy provides superior overall
performance relative to the conventional finite-time approach.

The same performance evaluation metrics used in Example 1 are applied in this example as well. Table 2 distinctly showcases the
advantage of the proposed fixed-time control method compared to the existing finite-time control method [36]. This underscores the
effectiveness of our approach, as highlighted by the performance evaluation metrics.

Table 2 presents a quantitative comparison of the proposed fixed-time control method with the existing finite-time approach [36]
using performance evaluation metrics. The results indicate that the proposed method achieves slightly better performance in terms
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Fig. 15. Trajectories of control input v and system input u/.

of faster convergence, smaller tracking errors, and improved transient response. These improvements highlight the effectiveness of
the proposed control strategy in handling actuator faults, input dead-zone, external disturbances, and unmodeled dynamics. The
comparison demonstrates that the proposed fixed-time controller not only ensures predictable settling time independent of initial
conditions but also enhances robustness and reliability compared to the conventional finite-time method.
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Remark 7. Examples 1 and 2 are taken from the existing study [49]. Compared to [49], this paper considers unmodeled dynamics,
actuator faults, dead-zone, and external disturbances in nonlinear systems, making it more challenging and relevant from a practical
perspective.

5. Conclusion

This research addresses the adaptive fixed-time control problem for nonstrict-feedback nonlinear systems, specifically tackling

challenges such as actuator faults, input dead-zone, external disturbances, and unmodeled dynamics. Radial basis function neural
networks are employed to approximate unknown nonlinear functions, and a dynamic compensating signal is incorporated to mitigate
the influence of unmodeled dynamics. By combining Lyapunov stability theory with the backstepping approach, the proposed adap-
tive fixed-time controller ensures boundedness of all closed-loop signals and achieves the desired tracking performance within a fixed
time. Importantly, the settling time is independent of initial conditions and is determined solely by the selected design parameters.
Two illustrative examples demonstrate the effectiveness of the proposed approach.
While the proposed method provides robust and efficient control, certain limitations remain. The current design focuses on continuous-
time nonstrict-feedback systems and may require adaptation for discrete-time or higher-order nonlinear systems. The controller as-
sumes that bounds of actuator faults and unmodeled dynamics are known or estimable, which may not always be feasible in practice.
Additionally, the computational complexity increases with system order and the number of approximated nonlinear functions. Ad-
dressing these limitations, such as extending the approach to discrete-time or stochastic systems, handling completely unknown fault
bounds, or improving computational efficiency, represents potential avenues to further enhance the applicability and performance
of the proposed control strategy.
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