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ABSTRACT This paper takes into consideration a combined extended Kalman filter (CEKF) by using
a bivariate polynomial for the estimation of Ly and L, in saturation conditions. In the context of the
Kalman filter (KF), Ly and L, are modelled as nonlinear augmented states to control a permanent magnetic
synchronous machine (PMSM). Once L; and L, are estimated, continuous monitoring of the machine
saturation conditions is achieved to ensure the desired torque even under saturation conditions. The proposed
adaptive control method based on maximum torque per ampere (MTPA) consists of an adaptive feedforward
and PI controller. A discussion in light of the measured results using Hardware-in-the-loop is also included.

INDEX TERMS PMSM, extended Kalman filter, parameter estimation, bivariate polynomial.

I. INTRODUCTION

Permanent magnetic synchronous machines (PMSMs) have 2
become increasingly important for applications with limited

space and high energy density requirements [1]. PMSMs are

therefore a welcome solution in the selection of a suitable 1
electric drive, and not only in the automotive sector, where the
increase in the influence of electromobility is becoming more
and more apparent [2]. PMSMs with reluctance torque are
used in areas where high energy density and, above all, high
electrical torque is required over the widest possible speed
range. -1

MTPA trajectory

A. PMSM CONTROL STRATEGIES

Taking into account the control part of the PMSM, it is -2
necessary to reduce the copper losses in the stator of the
machine, since they are the dominant loss component and
increase quadratically with the machine current. This leads to
a control strategy with a minimum stator current in order to
obtain a defined electrical torque, which is also referred to as

0 1 2 3 4 5
torque [p.u.]

FIGURE 1. MTPA trajectory.

maximum torque per ampere (MTPA) control [3]. The MTPA
trajectory was calculated in a normalized form and given as
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a lookup table into the calculation for the desired currents i;7
and izq, as it can be seen in Fig. 1. A different approach is
maximum torque per voltage (MTPV). This technique is pro-
posed for the control of the drive in a high speed range, based
on direct-flux field-oriented vector control as in [4] or in [5].
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Recently, concerning control, in [6] and in [7] a combination
of sliding mode control (SMC) and MTPA strategies are
proposed and in [8] an adaptive feedforward control strategy
is proposed. In [9] a control scheme for PMSMs using model
predictive control (MPC) and a feedforward action in the
presence of saturated inputs is presented. Knowledge of the
course of the time-varying parameters plays an important
role in the operation with MTPA and MTPV as well as in
the feedforward control. There are different approaches to
obtain the saturated course of the inductance of an electri-
cal machine for the control. A highly-granular measurement
of the inductance is a sufficient but very time-consuming
method. In conventional control, a measurement is performed
for the Ly and L, values to adapt and optimize the control. For
complex machines with a high reluctance component, a more
accurate determination of these parameters is required, which
can entail a time-consuming measurement of several weeks
and would have to be carried out again if structural changes
are made to the PMSM. For instance, in [10], inductances
are modelled as functions of g-axis current based on the
flux data obtained experimentally and using a lookup table
based method. The calculation of flux linkage is proposed
and thus the corresponding inductances are identified. In [11]
a field-weakening scheme based on a 3-D lookup table is
used to control a PMSM. In [12] conventional torque control
methods based on 2D-lookup table are proposed considering
DC-Link voltage variation.

B. INDUCTANCE ESTIMATION

In [13] the parameter observability in an «-B-frame is proven
before an estimation process with a recursive least squares
(RLS) method is presented. Very recently in [14] an estima-
tion of inductance is used to obtain the estimated position.
The estimated methods do not consider the presence of noise.
Other estimation possibilities, as well as a comparative study,
are given in [15], however, there are no considerations of
the saturation effects of the inductance. A possibility with an
RLS method for the consideration of the current dependent
values by regarding the dependence of the inductance in only
d- or g- direction is shown in [16]. The statement is made
that the current dependence for L, in g- current direction as
well as the current dependence for L, in d- current direction
can be neglected for many PMSM models. This may be
a valid possibility for a particular type of machine where
the saturation effects occur only in one current direction.
An advanced method is represented by an extended Kalman
Filter (EKF), which is a popular algorithm often used to
estimate parameters and state variables even in the presence
of unknown inputs, see [17]. The EKF is a set of mathematical
equations that provides an efficient computational recursive
algorithm, which generates a solution of the least-squares
method. The algorithm is a powerful one, which supports
estimations of time-dependent states and it can do so when
the nature of the modeled system is not precisely known
[18]. In the following, a method is described which, by cal-
culating a bivariate polynomial and using an EKF, allows the
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FIGURE 2. Control setup.

determination of the saturated inductance of a PMSM, which
depends on the d- as well as on the g- current. A forward
Euler discretisation is presented. The calculated polynomial
is deliberately calculated from fewer interpolation points in
order to significantly reduce the measurement effort. The
resulting uncertainty between the grid points is compensated
by the EKF used. In Fig. 2, the experimental setup for the
proof of function of the EKF estimation is presented. In the
outer control loop an MTPA control defines the desired sat-
urated current input for the current control, which is calcu-
lated from the desired input torque. It should be noticed that
the estimated currents are also used to calculate Ly and L,
through the characteristics of the motor. As it is possible
to see from Fig. 2, the proposed adaptive control scheme,
based on MTPA with saturating optimal currents iy and i4
as reference currents, consists of an adaptive MTPA, feedfor-
ward and PI controller to work in saturation conditions when
these occur. Concerning the analysis of the observabil-
ity, [19], [20] and [21] showed that the PMSM system in
stator-fixed o, B-coordinates is observable with respect to the
states iy, ig, @, O using only measurements of the currents
iq,3, as long as the velocity w is not zero or Ly # L.
The qualitiy of the state estimation depends on the modelled
system. In the context of electrical machines, a Kalman filter
(KF) is used to estimate unmeasurable states for control and
also to estimate parameters such as resistance and induc-
tance, which are needed in a model-based control strategy to
adapt the control law in accordance with possible parameter
changes which can occur. The modern control techniques for
electrical motors are model based ones and often combined
with sensorless control strategies to reduce the number of
sensors, [22], [23] and more recently in [24] and [25] and
also in [26].

C. MAIN CONTRIBUTION AND STRUCTURE OF THE PAPER
The main contribution of this paper can be summarised in the
following points:
« to continuously monitor saturation conditions of the
machine through the estimation of inductances L; and
L, using an EKF because of the presence of measured
noise and to deal process uncertainties
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« to propose a control scheme based on MTPA with sat-
urating optimal currents iy and i, as reference currents
for an adaptive feedforward and PI controller.

Basically our main contribution consists of the use of the
bivariate polynomial in the context of the Kalman filter to
estimate the parameters of the machine in order to realize an
adaptive feedforward control combined with a PI controller.
The results are validated by prototyping the control with a
TI DSP F28335. The paper is organised in the following
way: Section II is devoted to the description of the machine
with its mathematical model; in Section III the two bivariate
polynomials are derived for the modelling of L; and Lg;
measured results close the paper together with the conclu-
sions. An appendix is included at the end to report a part
of the calculation to implement the Jacobian matrices of
the EKF.

The main nomenclature

ugq(t) Direct voltage input.

ug(t) Quadrature voltage input.

ig(t) Direct current.

ig(t) Quadrature current.

iqd(t) Desired direct current.

iga(t) Desired quadrature current.

(1) Mechanical angular velocity
of the rotor.

e (1) Electrical angular velocity of
the rotor.

p Couple of magnetic poles
(el (1) = pwr(1)).

R, Stator resistance.

Ly(t) Direct axis self-inductance.

Ly() Quadrature axis self-
inductance.

Yy Main flux constant.

T.(t) Electric torque.

04 Coefficient polynomial for
calculation of L;(¢).

0y Coefficient polynomial for
calculation of L(?).

0, Mechanical angle of the rotor.

Il. DESCRIPTION OF THE MODEL OF THE PMSM

The most commonly used model in field-oriented control
is the dg model, which is developed from the three-phase
e-machine model with the help of the Clarke-Park transfor-
mation. The equations which are obtained for the currents
iq and i, are written in (1) and (2) for a constant parameter
of Ly and L.

dig(t) _ ua(®) _ia(ORy = @a(Lg()ig(t) )
dt La(t)  La(t) Ly(t)
diq(t) _ uq(t) _ iq(t)Rs _ el (1)Lg(D)ia(t) . wel (DY
dt Lygt) Ly Ly(t) Ly(t)
)
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FIGURE 4. Course of the characteristic field for Lq.

At high flux densities, as occur when high torque is required,
saturation effects occur in the iron of the electric machine,
which means that the inductance must be considered as a
function of the currents iy and iy:

La.g=f(ia.iq). 3

The course of the inductance in dependence of the currents is
presented in Fig. 3 and Fig. 4. The components dd% and %
are neglected in order to simplify the model to be used in the
EKEF. It is to note that the EKF is able to manage such kind of
simplifications to include them in its process noise. A good
explanation for the consideration of the magnetic conditions
is given in [27]. The electromagnetic torque is calculated
in (4) and consists of the main torque as well as the reluctance

torque due to the different inductances Ly and L.

3
1) = Sp{ig@p + La®) = L))} &
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lll. CALCULATION OF THE BIVARIATE POLYNOMIAL
The general form of a bivariate polynomial is given by:

fi=n— Z;;O(Z:’;Oaiajxiyi) ®)

and the first and the second order bivariate polynomial with
n:=1landm:=1

f() = ay,1xy + ai,0x + ao,1y + ao,o. (6)
And withn:=2andm :=2

fQ2) = a2 0x?y? + ap1x%y + a1 pxy?
+ az,ox2 +ai1xy + a0,2y2 + a1,0x + ap,1y + ao,0-

(N

coefficients ar»2,a21,a12,a20 --.,d0,0 € R. For An.m #£ 0,
n € N, m € N, define the bivariate grade of the polynomial.
A possible formal definition and more details can be found
in [28].

To calculate the bivariate polynomial for the current depen-
dent inductance, the coefficients in (8) with ®, and ®, have
to be calculated.

KiE [X%T/qxd/q } B [X%Lm} o
0y Xd/qu/q Xd/quD
X4/4 1s calculated with the current vectors I; and I,:
Ig=[-350 —150 O] )
and
I, =[0 200 350]. (10)

The direct and quadrature current vectors include 8 elements,
so the matrix for X/, is calculated as follows:

Iq(1)13><1 3«1
LI 1IN L)Lk By |- (11)
L3 17 1,3y B

with 1;(1), 145(2), 14(3) and 1,(1), 14(2), 15(3) as the single
element of the current vectors Iy and I, and /31 as a column
with 3 elements, each being one. Lyp as well as Lyp are
vectors with 9 elements, in which the dependence of the
inductance of the currents is reproduced. For the calculation
of the bivariate polynomial of the inductances L; and L,
the defined example in (6) has to be adapted the following
way, where the first number on the inductance indicates the

Lir oIt
Xajq =

Bivariate Polynomial Ld
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FIGURE 5. Calculated bivariate polynomial L.

dependence in direction of current iy and the second number
indicates the dependence in direction of the current i, as (12),
shown at the bottom of the page.

In dependence of the current i; the following structure
is obtained as (13), shown at the bottom of the page, with
Ou(1), ©4(2), ..., B4(4) and O4(1), O4(2), ..., O4(4) as
the single elements of the calculated vectors ®; and ©,.

The inductances Ly and L, are calculated in dependence
for its current vectors I; and I,;. The current is no longer
time dependent, since Ly and L, are calculated offline in a
static least squares procedure. The inductance L, then can be
written as

Ly(1) = ©4(Dig()ig(t) + ©4(2)ig(2) + O©4(3)ia(t) + O4(4).
(14)

For the inductance L, the bivariate polynomial can be calcu-
lated in a similar way. In a short form, it can be written

La(t) = ©4(D)ia()ig(t) + ©a(2)ia(t) + Oa(3)ig(r) + Oa(4).
5)

The  calculated  bivariate
inductances Ly and L,
in Fig. 6.

polynomials  for  the
are given in Fig. 5 and

Ly(1,1) O,(NL(NI,(1) + O,2)1a(1) + O, (1) + O y(4)
Ly(1,2) | = | ©4(DIg(D)1;(2) + 04(2)1y(1) + 04(3)1,(2) + ©44) | . (12)
L,(1,3) O,V 3) + Oy DLa(1) + ©,3),(3) + O 4(4)
La(1,1) Oq4(DIa(DIy(1) + Oqa(D1a(1) + ©4(3)4(1) + O 4(4)
L2, 1) | = | ©4(WIa(2)1,(1) + ©4(2)1(2) + ©4(3)4(2) + ©4(4) | . (13)
Lq(3,1) Oqa()1a(3)14(1) + Bg(2)14(3) + ©4(3)14(3) + O4(4)
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FIGURE 6. Calculated bivariate polynomial Lg.

IV. CEKF WITH FORWARD EULER DISCRETISATION

The forward Euler discretisation is an explicit calculation
which is more commonly used if compared with other
discretisation methods. Before calculating the implemented
structure of the proposed EKF, a basic background of it is
summarised here below. A tutorial on possible variations of
different KFs can be found in [29].

A. EKF BACKGROUND

As we can see in [ 18], the a priori estimation of the state is as
follows:

X (k+ 1) =f@G& k), utk), wk)), keN (16)

in which function f(x~, u, w) represents a nonlinear field
used to model the considered system. Once Jacobian matrix
J is calculated, the a priori error covariance of the state
prediction is as follows:

P (k+1)=Jk+DPEJKk+D"+0,  (17)

where P represents the a posteriori error covariance matrix at
step k (previous step). Matrix Q is specified by the covariance
matrix of the measurement noise and can be considered as
a quantification of the model uncertainty. The smaller the
values of the trace in the matrix, the higher the reliability of
the model. Lastly, the Kalman gain K, which minimises the
a posteriori error covariance is calculated as:

Kk +1)=P (k+ DHTHP (k + DHT +R,)™!, (18)

with R, as the variance and covariance matrix for the mea-
surement noise. Matrices R, and Q define the tuning param-
eters. The matrix H defines the output Jacobian and indicates
which state serves as the measurement in the EKF algorithm.
The a posteriori estimation is as follows:

Xk+D=x"(k+1D+Kk+ Dk+1)—Hx (k+ 1)),
(19)

VOLUME 10, 2022

where
k+1) =xtk+1)+ vk + 1) (20

represents the measured data in which vector signal v repre-
sents the measured white Gaussian noise associated with the
sensoring system and which is assumed to be independent
of process noise as defined above. Finally, the a posteriori
estimation of the error covariance is as follows:

Pk +1)=(U—K(k+ DH)P™(k +1). 1)

The combined extended Kalman filter (CEKF) divides the
estimated states in a model for the estimation of the mechan-
ical states like load, 6, and w, and another model for the
estimation of the electrical states like the currents ig4, i, as
well as the inductances L, and L,. A CEKEF, even though in
another context, is also described in [6].

B. THE PROPOSED CEKF

The following equations describe the electrical model
which is described with a forward Euler discretisation
and the sample time T7;. For discretisation with forward

Euler we get the following equations for the currents
in (22) and (23):

ik +1) —iq(k) _ ua(k)  ia(k)Ry

k) = Ts T Lo L
a)el(k)Lq(k)iq(k) . 22)
Ly(k)
. ik + 1) —igk)  ugk)  ig(R,
iq(k) = Ts T L Ly
_oa®OLa®iah) _ oaty, o
Ly(k) Ly(k)

For the calculated inductances Ly and L, in (15) and (14)
in forward Euler discretisation by considering its derivation
we get (24)—(26), as shown at the bottom of the next page,
with i:i and i:, as derivations (22) and (23) for the currents iy
and iy. The discrete nonlinear system equations in (26) are
taken for the estimation of the a-priori states x~(k + 1) in
the extended Kalman filter in the prediction step. The initial
values X1(0) are given by the nominal values for Ly and L,
in the data sheet and a value unequal O for the currents iy
and i,. For the estimation of the a-priori states X~ (k + 1) in
the prediction step, the EKF uses the a-posteriori estimation
ZF (k) of the last iteration. The electrical model is described
by nonlinear system equations, that make it necessary for the
estimation process of the EKF to derive the Jacobian matrix
as (27), shown at the bottom of the next page. After cal-
culating the Jacobian matrix by using the estimation results
of the last iteration, we get the following 4 x 4 matrix for
the electrical system as (28), shown at the bottom of the
next page.

For sake of brevity, the elements Jg,, and Jp,, to Jg,, are not
reported in detail.

111549



IEEE Access

T. Zwerger, P. Mercorelli: Using a Bivariate Polynomial in an EKF for State and Inductance Estimations

V. MEASUREMENT AND RESULTS
A. HARDWARE-IN-THE-LOOP REAL-TIME VALIDATION
As already explained in the introductional part, our main
contribution consists of the use of the bivariate polynomial in
the context of the Kalman filter to estimate the parameters of
the machine in order to realize an adaptive feedforward con-
trol combined with a PI controller. The results are validated
by prototyping the control with a TI DSP F28335. Figure 2
shows the main control setup for the taken measurements. The
estimated values for the inductance are added into the MTPA,
which works in an outer control loop and the feedforward
control of the inner control loop. They shall guarantee the
decoupling of the cross coupled d and g branches of the
PMSM.

In order to be able to make a valid statement about the

configuration allows HIL testing to determine how the actual
controller will behave with the future system, with much
greater accuracy than would be possible in a fully simulated
laboratory environment [31]. The HIL 402 runs with the
Software Version V2020.3. Within the HIL 402 hardware
taken from Typhoon, a nonlinear kind of machine emulation
is chosen. This choice is done considering the machine which
is in use in Rolls Royce in order to advance and to implement
control strategies. The control runs on a DSP and was com-
piled from Simulink into C code using an embedded coder.
It operates on a DSP from Texas Instruments. The DSP has
the designation F28335.

The specific parameters of the PMSM are given in Table 1.

TABLE 1. PMSM parameters.

course and accuracy of the estimated inductance in compar- flux distribution sinusoidal
ison with the actual saturated parameters, a Hardware-in- §t3tor res1sta[flce Rs 02'216 [IS}]
the-loop (HIL) environment with Typhoon HIL 402 [30] as inductance g 0.223¢-3 LH]
R . inductance Ly 0.751e-3 [H]
shown in Fig. 7 was chosen. HIL is a model-based, automated - Vs
closed-loop test solution. The HIL simulation is often referred ﬂux 1-nduced by magnets ¥p 0.058 [ radz]
to as a plant system. It mimics the system to which the 1nert;)a J e pa 0'371 [kgm~]
controller will be connected after testing is complete. This NUMBEr of po’e pairs p
Ld(k+ 1)_Ld(k) . ~ . fod
T = Og(D)ig(k)ig(k) + Og(1)ig(k)ig(k)
+04(2)ig(k) + Oa(3)ig(k). (24)
Lok + 1) — Ly(k) - R
T = Qaig(0)ia (k) + Oa(Dia(k)ig(k)
+©4(2)ig(k) + Oa(3)ig(k). (25)
i) — TsRyig(k) Tspwr(k)iq(k)Lq(k) Tsuq(k)
iq(k +1) d Ld(kz La(k)
igk + 1) k) — Ty(—p)or(K)ia(k)La(k) — TsRsig(k)  Tsug(k) — Typpew, (k) 26)
Ly(k + 1) ! Ly(k) Lyk)  Lotk). Ly(k)
Ly(k+1) La(k) + Ts(®a(1)ig(k)ia (k) + ©a(1)ia(k)ig(k) + ©a(2)ia (k) + ©a(3)ig(k))
Ly(k) + To(O4(Dig(k)ig(k) + O 4(Dig(k)ig(k) + O 4(2)ig(k) + ©g(3)ig(k))
[ digk + 1) digk + 1) diglk + 1) digtk +1) 7
dig(k) dig(k) oLy(k) 9L, (k)
digk+1)  digk+ 1) digk+ 1) diglk+ 1)
_ dig(k) dig(k) oLy(k) oL, (k)
e+ D=\ ar,+1) oLk +1)  Lgk+1) LGk + 1) @7
dig(k) diy(k) oLy (k) oL, (k)
oLk + 1) oLk+1)  aLk+1) oL,k + 1)
dig(k) dig(k) oLy (k) oL, (k)
R, Ly(k) i (k)
—T—— T, k J, T. k)——
SLdék()k) swel ( )Ld(k) f13 . sel ( )Ld(k)
d ld
= | —Tswe(k —T—— —T, k)——= J
]f(k +1) sWel ( )Lq(k) qu(k) sWel ( )Lq(k) /o4 (28)
Ity It It Ity
Ity Jhn Ity Ity
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FIGURE 7. Experimental setup.
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FIGURE 8. Actual machine electrical torque T, for measurement with
forward Euler discretisation.

For the currents iy and i; in Fig. 9 and in Fig. 10 the
estimation process is without delay and very accurate due
to the fact, that these values are measured in the input of
the Kalman filter. The estimation process of L, returns valid
results right at the beginning of the control and becomes more
accurate for a higher torque demand.

B. MEASUREMENT AND RESULTS WITH FORWARD EULER
DISCRETISATION

The measurement results were taken for a desired torque
between 50Nm and 250Nm in different steps. Fig. 8 displays
the actual electrical machine torque 7T,; which is measured
at the rotor of the PMSM. The torque ripple in Fig.8 is
between 7% and 9%. The torque ripple is based on struc-
tural geometrical characteristics of the electrical machine.
Contributions such as [32] as well as [33] indicate that a

VOLUME 10, 2022
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FIGURE 9. Estimated and actual values for forward Euler discretised
quadrature current ig.

Direct Current iO|
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FIGURE 10. Estimated and actual values for forward Euler discretised
direct current iy.

reduction of the torque ripple down to 9% becomes possible
if some particular actions described, for instance, in these two
papers are taken into account in the geometric design of the
machine. As explained, the torque ripple is connected with
structural geometric characteristics of the machine and can-
not be reduced significantly below these values. The desired
currents iy and i, are defined by an MTPA trajectory. The
actual values for the estimated and measured current quanti-
ties are given in Fig. 9 and in Fig. 10. The current dependent
nonlinear inductances are given in Fig. 11 and in Fig. 12,
where the blue curve stands for the estimated inductance
and the red curve for the actual inductance. The estimation
process of Ly initially shows the same deviation as for L;. Due
to the small current values at low torque demands in the input
of the EKEF, the estimation process shows small deviations to
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<10 Quadrature Inductance Lq
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FIGURE 11. Estimated and actual values for forward Euler discretised
quadrature inductance Lgq.

<104 Direct Inductance L q
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FIGURE 12. Estimated and actual values for forward Euler discretised
direct inductance L.

the real existing values in the machine. Since the deviations
are very small, they do not have a negative influence on the
control.

VI. CONCLUSION

This paper deals with a combined extended Kalman filter
by using a bivariate polynomial for the estimation of the
saturated nonlinear states Ly and L, in a permanent magnetic
synchronous machine. The bivariate polynomial is calculated
and considered in the estimation process using extended
Kalman filters. A forward Euler discretisation is proposed in
the extended Kalman filter’s structure. Once Ly and L, are
estimated, continuous monitoring of saturation conditions of
the machine through these estimations is conducted to guar-
antee the desired torque in saturation conditions. In fact, the
proposed adaptive control scheme, based on MTPA with sat-
urating optimal currents iy and i, as reference currents, con-
sists of an adaptive feedforward and PI controller. Differences
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in between are discussed in light of measured results using
Hardware-in-the-loop.
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