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A B S T R A C T

This paper deals with optimal control strategies robustified by a decoupling super-twisting slid-
ing mode control (ST-SMC) for permanent magnet synchronous machines (PMSM). In general,
ST-SMC is a robust method for controlling systems and guarantees asymptotic convergence
in cases where the upper bound of model uncertainties such as disturbances and parametric
uncertainties is not known a priori, if the upper bound of the derivative is known. The
proposed optimal control strategy is designed for a constant torque reference whose control is
implemented in two control regions: maximum torque per ampere (MTPA) and flux-weakening
control. In the proposed analysis, the operating point of the motor can also be in the saturation
region, which makes the estimation of 𝐿𝑑 and 𝐿𝑞 in the proposed optimization procedure of
particular interest and also important for the decoupling control implemented with ST-SMC.
To compensate for typical parameter variations, adaptive parameter estimation is introduced
into the control system using an extended Kalman filter (EKF) in combination with a bivariate
polynomial. In order to be able to make an assessment of the control performance of the ST-
SMC, a comparison with a conventional PI controller is shown at the end of the paper. Measured
results using hardware in the loop (HIL) to validate the results and their detailed discussion
and analysis are included.

1. Introduction and motivation

Permanent magnet synchronous machines (PMSMs) are highly recommended for all applications where high energy densities
re required. In fact, PMSMs are highly efficient electric motors for a wide range of applications. As the name suggests, this motor
echnology requires magnetic material in the rotor. In the proposed analysis, the operating point of the motor can also run in
aturation regions and thus the estimation of 𝐿𝑑 and 𝐿𝑞 is of particular interest in the proposed optimization procedure and also for
he decoupling control realized with help of super-twisting sliding mode control (ST-SMC) to minimize the amplitude of its switching
ains. The typical parameter fluctuations are compensated by estimation with an extended Kalman filter (EKF). By estimating the
urrent-dependent parameters, the optimization method becomes robust. In fact, the optimization procedure based on Lagrange
ethod is strongly depending on the variation of the parameters of the model. Secondly, the decoupling strategy that minimizes
he PI variation in [1] depends on the variations of the parameters. Finally, the equivalent part of the sliding mode control (SMC)
epends on the variation of the parameters, and if an adaptive estimation of these parameters is made, small switching gains are
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The main nomenclature

𝑢𝑑 (𝑡) direct voltage input
𝑢𝑞(𝑡) quadrature voltage input
𝑖𝑑 (𝑡) direct current
𝑖𝑞(𝑡) quadrature current
𝑖𝑑𝑑 (𝑡) desired direct current
𝑖𝑞𝑑 (𝑡) desired quadrature current
𝐈𝐝 measured current vector 𝑖𝑑
𝐈𝐪 measured current vector 𝑖𝑞
𝐋𝐝𝐃 measured inductance vector 𝐿𝑑
𝐋𝐪𝐃 measured inductance vector 𝐿𝑞
𝜔𝑒𝑙(𝑡) electrical angular velocity of the rotor
𝑝 pair of magnetic poles (𝜔𝑒𝑙(𝑡) = 𝑝𝜔𝑟(𝑡))
𝑅𝑠 coil resistance
𝐿𝑑 (𝑡) direct axis self-inductance
𝐿𝑞(𝑡) quadrature axis self-inductance
𝐿̂𝑑∕𝑞(𝑡) estimated direct and quadrature axis self-inductance
𝑖𝑑∕𝑞(𝑡) estimated direct and quadrature axis currents
𝛹𝑝 main flux constant
𝜓𝑑 (𝑡) direct flux component
𝜓𝑞(𝑡) quadrature flux component
𝑇 (𝑡) torque
𝑇𝑑 (𝑡) desired torque
𝚯𝑑 coefficient polynomial for calculation of 𝐿𝑑
𝚯𝑞 coefficient polynomial for calculation of 𝐿𝑞
𝜃𝑒𝑙(𝑡) electrical angle of the rotor
𝐿𝑎𝑔 Lagrangian function

guaranteed, as already explained. Application examples for the control of PMSMs using different types of SMC are also well analyzed
in [2,3], where speed control with self-triggered SMC is presented. Self-triggering is used to reduce the communication frequency
for controlling the networked PMSM. For current control within a variable speed range, the PMSM operates in different ranges. In
the constant torque range, the limit of the maximum current must be maintained. At the same time, it is important to reduce the
copper losses of the PMSM, which are essentially caused by the current impression.

1.1. Control strategies for PMSMs

Maintaining the desired torque while limiting the current to a minimum value presents an initial optimization problem: The so-
alled maximum torque per ampere (MTPA) is a well-known approach, as can be seen in [4], where a normalized MTPA calculation
s performed for a PMSM with reluctance torque. Also taking into account the maximum allowed voltage, the maximum torque
ust be determined, which is the definition of another optimization problem. This can be solved by using the so called maximum
orque per voltage (MTPV) optimization approach. Although MTPA and MTPV are consolidated optimization strategies, they are
till the subject of research. Indeed, in [5], the authors recently proposed a new optimal online tracking method with improved
TPA and MTPV considering the magnetic core saturation effect. Typically, the control is a PI control with a feedforward action
or decoupling the coupled branches in a PMSM. Once the electrical part of the system is decoupled (see, for example, [1]), various
ontrol techniques can be used. Another control approach is described by the usage of the SMC, which is described as a type of
ariable structure control and which has been implemented in the 1950s. The SMC is known as a robust control type for linear
nd nonlinear systems and describes a nonlinear design process. Due to its insensitivity against parameter uncertainties, it can have
dvantages regarding the control of an electrical machine, especially in a saturated condition as it can occur for higher torque
emands. The classical SMC is a first order SMC, with a first degree sliding surface. The SMC uses for its control a discontinuous
ontrol signal, which ensures the control on a sliding surface. The main disadvantage of the SMC is the chattering at the output at
he system, which can cause damage to, for example, inverters because of resulting current peaks. This resulting disadvantage led to
he introduction of the ST-SMC, which is a type of second-order SMC and was introduced in 1993 by Levant in [6]. The advantage
f higher-order ST-SMC is that a continuous control function is generated, which results in the moving variable and its derivative
eing brought to zero in finite time. More recently, in [7], two composite current controllers, each combining two ST-SMCs, are
roposed for the drive system of a synchronous reluctance motor considering magnetic self-saturation and cross-saturation. Theorem
2
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1 in [7] is the theoretical guideline for selecting the gain of the conventional ST-SMC, which requires the a priori knowledge of the
upper limit of the derivative of the lumped disturbance. In this proposed contribution the same control law as in [8] and in [9] in
which it is shown that ST-SMC is a robust method for controlling systems without a priori knowledge of the upper bound of model
uncertainties such as disturbances and parameter deviations and guarantees asymptotic convergence. However, it is required that
the derivative of the disturbance is bounded, but not the upper bound of the disturbance.

1.2. ST-SMC for PMSM

The efficiency, high power density and adaptability of PMSMs have brought them to the forefront for a variety of industrial
pplications in recent years. To realize the full potential of PMSMs, in-depth control systems are required to ensure precise and
eliable operation [10]. ST-SMC, one of these techniques, stands out as a possible tool for improving PMSM performance under severe
oad conditions. The theory, practice, advantages and disadvantages of using ST-SMC for PMSMs are examined in this literature
eview [11]. The ST-SMC is a robust control method that traces the states of a system along a sliding manifold back to the origin
o stabilize its dynamics. The ST-SMC is a variant of the SMC that uses higher order sliding modes, resulting in higher convergence
peed and lower chattering. This method is an attractive option for PMSM control and is characterized by robustness with respect
o the presence of model uncertainties, disturbances, and nonlinearities [12] or [13]. When it comes to dealing with the difficulties
osed by parameter variations, external disturbances, and model uncertainties, the ST-SMC approach provides an impressive level
f robustness [14]. The higher order sliding modes of the ST-SMC are responsible for the resilience of the algorithm, which enables
ast convergence and precise tracking of the desired trajectories [15]. As a result, PMSM systems show significant performance gains
n both transient and steady-state behavior when operated with ST-SMC [16] or [17,18]. A major advantage of ST-SMC is that it
ignificantly reduces chatter compared to other SMC techniques. The super-twisting algorithm, which is vital for reducing chatter, is
idely used by ST-SMC. This improvement in running smoothness means that the electrical machine is subjected to less mechanical
tress and consequently less wear, which can extend its service life. Since nonlinear behavior is characteristic of PMSM systems
ith reluctance torque, ST-SMC elegantly accounts for this behavior without requiring a precise model of the system. ST-SMC is
haracterized by its nonlinear adaptability, which enables it to handle the complexity of PMSM dynamics and performance. Due
o its robustness to model uncertainties, fast response times, chatter suppression and ability to navigate through intrinsic nonlinear
haracteristics, ST-SMC proves to be a comprehensive control approach for PMSM systems. PMSMs are of critical importance in
lectric vehicles (EVs) due to their high torque density and high efficiency. ST-SMC builds on the strengths of PMSMs in electric
ehicles by improving the accuracy of torque control and thus the efficiency of the system. This improvement directly contributes
o extending battery life and increasing the range of electric vehicles. ST-SMC plays a crucial role in realizing the full potential of
MSMs in the context of sustainable mobility by optimizing the use of power and resources [19]. Wind energy conversion systems
WECS) take advantage of PMSMs and harness the power of the wind to generate electricity [20]. It is becoming clear that the
ntegration of ST-SMC into these systems is critical to achieve both maximum power generation and smooth grid integration. ST-
MC expertly controls volatile wind conditions and ensures that power generation remains stable and in phase with the grid even
hen there is no wind. The critical function of ST-SMC in improving the efficiency and reliability of wind power systems cannot be
verstated. Applications using PMSM-equipped robotic arms highlight the need for precise motion control in the field of robotics.
n this context, ST-SMC proves to be an organizing principle that helps these robotic systems to follow their trajectories precisely
nd to manipulate them smoothly. By using ST-SMC, robotic arms are able to perform even the most complex tasks with the highest
ccuracy, opening up new possibilities for robotic systems in manufacturing, healthcare, and academia [21]. The performance of
MSMs can be improved by using ST-SMC, which has proven to be a reliable and successful method. Its ability to deal with model
ncertainties, disturbances, and nonlinearities makes it well suited for real systems. It is expected that further improvements in
ontroller design, parameter tuning, and hardware implementation will increase the prevalence of ST-SMC in PMSM-based systems
nd enhance their efficiency, reliability, and overall performance as research in this area continues [22].

.3. Estimation of inductance

The estimation of the inductance is extremely important in the context of the optimization procedures. It is known that any
ptimal control strategy is based on a model and therefore its solution depends on the parameters of the model that need to be
stimated. In particular, the estimation of the inductance is important in the proposed problem, because saturation changes the value
f the inductance. To get an impression of existing estimation methods for the parameter estimation of inductances in PMSMs, the
eview in [23] gives a very good overview. The main difference between the estimation methods listed there is that saturation is
ot included and only nominal values are considered for the estimation. However, the estimation method presented here is able to
ake saturation into account by introducing the bivariate polynomial into the EKF. The Kalman filter (KF) and especially the EKF is
feasible approach and shows effectiveness and easy to implement solutions for this type of problems. In [24], a motion sensorless
ontrol of an internal combustion engine using EKF is proposed. In [25–27], different control strategies are applied using virtual
ensors based on EKF.

.4. Contribution of the results and structure of the paper

The main contributions of the paper consists of a combination and harmonization of different control strategies supported by an
3

ptimal observer using KF:



Journal of the Franklin Institute 361 (2024) 106934T. Zwerger and P. Mercorelli
• an optimal control strategy, designed for constant torque reference for PMSM and is made robust by a decoupling ST-SMC.
• An EKF is used to estimate the inductance of the PMSM to adapt the proposed ST-SMC, which is a robust method to control
systems without a priori knowledge of the upper bound of model uncertainties and disturbances in case of asymptotical
convergence.

• an optimal control strategy is investigated in two control ranges: MTPA for constant torque range and flux weakening control
for constant power range.

• a compensation for typical parameter variations is done by an adaptive parameter estimation, which is introduced into the
control system using an EKF in combination with a bivariate polynomial.

• measured results using hardware in the loop (HIL) are presented where the control performance of the ST-SMC is compared
with a conventional proportional integral (PI) controller.

Considering the last point of the contributions, it is possible to conclude that the aim of using HIL as an emulator for validation is to
establish the functionality of the presented estimation method both in the saturation region and under the influence of cross-coupling
effects as well as spatial harmonics. The neglect of temperature effects as well as losses in the iron core is permissible in order to
verify the functionality of the mentioned methods and it justifies the use of a HIL emulator for the experimental verification. The
paper is organized as follows. Section 2 presents the physical and mathematical model of PMSMs. Section 3 discusses MTPA and
a flux weakening approach. Then, a decoupling ST-SMC approach for a PMSM application is presented in Section 4, and an EKF
for inductance estimation even in saturated regions is presented in Sections 5 and 6. The paper continues with Section 7, where
HIL measurements and results show the validation of the proposed control scheme. Section 8 is dedicated to a detailed discussion
and analysis of the results in relation to the role of the different elements of the proposed control strategy. A conclusion closes the
paper.

2. The physical and mathematical model of PMSMs

The most common control of PMSM is the use of field-oriented control. For this, the three-phase model of the electrical machine,
which works with sinusoidal variables, is converted into a constant variable model. The conversion takes place with the aid of the
so-called Clarke–Parke transformation. By the conversion into a system of equal quantities, a control for the so-called 𝑑- and 𝑞-
axis can be constructed. The cross coupling cannot be neglected. Rather, it describes both a premagnetization of the 𝑞-axis by
the 𝑑-current and a premagnetization of the 𝑑-axis by the 𝑞-current. The decoupling is achieved by feedforward control and is an
essential measure for the dynamics of a control system. Eqs. (1) and (2) describe the transformed constant variable system equations
for the PMSM.

d𝑖𝑑 (𝑡)
d𝑡

=
𝑢𝑑 (𝑡)
𝐿𝑑 (𝑡)

−
𝑖𝑑 (𝑡)𝑅𝑠
𝐿𝑑 (𝑡)

+
𝜔𝑒𝑙(𝑡)𝐿𝑞(𝑡)𝑖𝑞(𝑡)

𝐿𝑑 (𝑡)
. (1)

d𝑖𝑞(𝑡)
d𝑡

=
𝑢𝑞(𝑡)
𝐿𝑞(𝑡)

−
𝑖𝑞(𝑡)𝑅𝑠
𝐿𝑞(𝑡)

−
𝜔𝑒𝑙(𝑡)𝐿𝑑 (𝑡)𝑖𝑑 (𝑡)

𝐿𝑞(𝑡)
−
𝜔𝑒𝑙(𝑡)𝛹𝑝
𝐿𝑞(𝑡)

. (2)

The flux correlations are given in (3) and (4) by considering the flux as

𝜓𝑑 (𝑡) = 𝐿𝑑 (𝑡)𝑖𝑑 (𝑡) + 𝛹𝑝 (3)

and

𝜓𝑞(𝑡) = 𝐿𝑞(𝑡)𝑖𝑞(𝑡). (4)

Since a coupled system is present as described, decoupling of the voltage is performed on the basis of feedforward control. If we
consider (5) and (6), we get

d𝑖𝑑 (𝑡)
d𝑡

𝐿𝑑 (𝑡) = 𝑢𝑑 (𝑡) − 𝑖𝑑 (𝑡)𝑅𝑠 + 𝜔𝑒𝑙(𝑡)𝐿𝑞(𝑡)𝑖𝑞(𝑡) (5)

and
d𝑖𝑞(𝑡)
d𝑡

𝐿𝑞(𝑡) = 𝑢𝑞(𝑡) − 𝑖𝑞(𝑡)𝑅𝑠 − 𝜔𝑒𝑙(𝑡)𝐿𝑑 (𝑡)𝑖𝑑 (𝑡) − 𝜔𝑒𝑙(𝑡)𝛹𝑝. (6)

The parameter 𝛹𝑝 is defined by the main flux, which is not the total flux of the permanent magnets, but the portion that passes
from rotor to stator through the air gap. The higher the flux density is, the higher is the saturation effect that occurs, especially
when high torques are required. For consideration of the saturation effects, it is necessary to consider inductance as a function of
the currents 𝑖𝑑 and 𝑖𝑞 :

𝐿𝑑,𝑞 = 𝑓 (𝑖𝑑 , 𝑖𝑞). (7)

Figs. 1 and 2 show the variation of the inductances as a function of the currents 𝑖𝑑 and 𝑖𝑞 . These values were determined by
measurement on the test bench, with the PMSM to be controlled serving as the test specimen. To go more in the depth, Figs. 1
and 2 show the curves of the current-dependent inductances 𝐿𝑑 and 𝐿𝑞 . A detailed measurement of the PMSM is a time-consuming
undertaking, as the measurements must be as granular as possible in order to obtain a sufficiently high resolution. In addition, it
4

is not always possible to measure up to the saturation range, for example if the PMSM is already permanently installed coupled
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Fig. 1. Course of the characteristic field for 𝐿𝑑 .

Fig. 2. Course of the characteristic field for 𝐿𝑞 .

to a shaft. The present estimation of the saturation behavior enables a sufficiently high estimation even with a determination of
only a few, in this case nine, measuring points and is therefore much more flexible. An explanation for the magnetic conditions is
given in [28], where the current dependence of the inductances is illustrated. The PMSM machine equations are completed by the
electrical torque equation, which can be calculated from the machine currents 𝑖𝑑 , 𝑖𝑞 , the main flux 𝛹𝑝, the inductances of the PMSM
𝐿𝑑 , 𝐿𝑞 and the pole pair number 𝑝 in (8), with

𝑇 (𝑡) = 3
2
𝑝
{

𝑖𝑞(𝑡)𝜓𝑑 (𝑡) − 𝑖𝑑 (𝑡)𝜓𝑞(𝑡)
}

. (8)

3. MTPA and flux weakening approaches

The PMSM operates in different ranges during current control within a variable speed and torque demand range. During the
constant current range, the limit of the maximum current must be maintained. At the same time, it is important to reduce the
copper losses of the PMSM, which are essentially caused by the impressing of the current. Maintaining the desired torque while
keeping the current limit at a minimum current amount describes a first optimization problem. If a voltage limit defined by the
5
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Fig. 3. The proposed control scheme.

Fig. 4. Control constraints.

nverter is reached due to the increase in speed or further increase in torque, control is applied at the voltage limit. Here, taking into
ccount the maximum allowed voltage, the maximum torque is to be set, which represents the definition of another optimization
roblem. As the PMSM speed increases, the induced voltage increases proportionally, leading to the need for field weakening at
he voltage limit as well as the current limit. This control range is described by Region II, see set A-B of Figs. 4 and 5. Whether
the control can take place within this region up to the maximum speed, until 𝑖𝑞 = 0, clearly depends on the parameters and thus
the nature of the PMSM. For PMSMs where setting the current for control at the control limit is no longer possible due to the
increased reactance when the speed is increased beyond a certain range, the Region III, see set B-C of Figs. 4 and 5, with its control
approach enters. It is the so called maximum per voltage (MTPV) optimization approach. In [29] a control strategy consisting out
of MTPA and MTPV is shown without switching between both regions. Both optimization problems, the MTPA and MTPV, can be
solved using a Lagrangian optimization. If both constraints, reaching current and voltage limit, are fulfilled, a combination of the
two equation constraints for the maximum current as well as for the maximum voltage to solve the optimal problem is excluded
due to the complexity of the solutions. In this case, the flux weakening strategy is applied, see Region II, which is represented by
the set A-B in Figs. 4 and 5. The calculation according to Lagrange is therefore considered separately, once for the range of control
at the current limit by the control rule from the MTPA and once for the range of control at the voltage limit by the control rule
from the MTPV. In [30] as well as in [31], an MTPA and MTPV is carried out for an optimal control by considering the saturation
conditions which occur for higher loads in the PMSM or in a synchronous reluctance machine. The long calculations for the optimal
current setting can be a limitation for some controller hardware platforms, therefore [32] presented a possibility to reduce this
6
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T

Fig. 5. Control regions.

calculation effort. The following equations present the calculation for MTPA by using the Lagrange optimization as well as for the
flux weakening. Since the control was carried out in these two ranges, the MTPV is not explicitly discussed. The following remark
emphasizes some aspects related to the choice of the two ranges excluding the MTPV strategy of control.

Remark 1. The consideration of two different control ranges (one in the constant torque range and the other one in the constant
power range) should make it clear that the control is also capable of functioning in the range of strong non-linearities and smaller
values. Since the control stability generally becomes more unstable in the constant power range, field weakening has to be active
here in order to increase the speed, what reduces the motor’s torque. As the torque decreases, control over the speed and load of
the motor is more difficult. By showing that control is possible even in the area of the necessary field weakening, this indicates the
stability of the control system.

3.1. MTPA

The PMSM operates in different regions during current control within a variable speed range. During the constant current range,
Region I, the limit of the maximum current 𝐼𝑚𝑎𝑥 must be maintained. At the same time, it is important to reduce the copper losses
of the PMSM, which are essentially caused by the impressing of the current. The losses increase quadratically with the current and
are therefore mainly load-dependent. The relationships are presented in

𝑃𝑙𝑜𝑠𝑠 = 𝑖2𝑙𝑜𝑎𝑑𝑅𝑤𝑖𝑛𝑑𝑖𝑛𝑔 , (9)

where 𝑖𝑙𝑜𝑎𝑑 is the load current and 𝑅𝑤𝑖𝑛𝑑𝑖𝑛𝑔 is the winding resistance. Maintaining the desired torque while keeping the current limit
at a minimum current amount is necessary to reduce the losses and at the same time it describes a first optimization problem. The
solution is stated by the so called MTPA approach, which works in the outer control loop and defines the desired current inputs
𝑖𝑑𝑑 and 𝑖𝑞𝑑 for the torque control input. When calculating the optimization problem according to Lagrange, this corresponds to the
optimization according to (8), while maintaining a maximum current amount according to

𝐼𝑚𝑎𝑥 ≤
√

𝑖𝑑 (𝑡)2 + 𝑖𝑞(𝑡)2, (10)

which is defined as the equation constraint of the Lagrangian. When calculating the optimization problem according to Lagrange,
it must be noted that the calculation here is usually done according to the method for the local minimum. For this purpose, the
Lagrangian is set up using the objective function in (8) and the constraint from (10). This results in the following Lagrange function:

𝐿𝑎𝑔(𝑖𝑑 (𝑡), 𝑖𝑞(𝑡), 𝛬) = 3
2
𝑝
(

(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))𝑖𝑞(𝑡)𝑖𝑑 (𝑡) + 𝛹𝑝𝑖𝑞(𝑡)
)

+𝛬(𝐼2𝑚𝑎𝑥 − 𝑖𝑑 (𝑡)
2 + 𝑖𝑞(𝑡)2). (11)

The local minimum is calculated by forming the partial derivatives of (11) according to the current components 𝑖𝑑 (𝑡), 𝑖𝑞(𝑡) and 𝛬.
he resulting equations are:

𝑑𝐿𝑎𝑔
𝑑𝑖𝑑 (𝑡)

= 3
2
𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))𝑖𝑞(𝑡) − 2𝛬𝑖𝑑 (𝑡), (12)

𝑑𝐿𝑎𝑔
= 3 𝑝(𝛹𝑝 + (𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))𝑖𝑑 (𝑡)) − 2𝛬𝑖𝑞(𝑡), (13)
7
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and
𝑑𝐿𝑎𝑔
𝑑𝛬

= 𝐼2𝑚𝑎𝑥 − 𝑖
2
𝑑 (𝑡) − 𝑖

2
𝑞(𝑡). (14)

After setting (12) and (13) to zero, solving them for 𝛬, they can be equalized and solved for 𝑖𝑑 , which results in the following
quation:

𝑖𝑑 (𝑡)1,2 = −
𝛹𝑝 ±

√

4𝑖2𝑞(𝑡)(𝐿
2
𝑑 (𝑡) − 𝐿

2
𝑞(𝑡)) + 𝛹 2

𝑝

2(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))
. (15)

To obtain the torque equation with optimal current splitting, the solution where the current (15) is a minimum must be found and
nserted into (8). To obtain the correct of the two solutions from (15), the singular points of the Lagrangian must be calculated with
he gradient set to zero. The nature of the solutions in (15), that is, whether it is a local maximum, a local minimum or a saddle
oint, can then be determined by the second derivative of the Lagrangian function (11). This can be done by setting up a matrix
nd examining it according to the Sylvester criterion, as described in [33]. The second derivatives of the Lagrange function give:

𝑑2𝐿𝑎𝑔
𝑑𝑖2𝑑 (𝑡)

= −2𝛬, (16)

𝑑2𝐿𝑎𝑔
𝑑𝑖𝑑 (𝑡)𝑑𝑖𝑞(𝑡)

= −3
2
𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)), (17)

𝑑2𝐿𝑎𝑔
𝑑𝑖𝑞(𝑡)𝑑𝑖𝑑 (𝑡)

= −3
2
𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)), (18)

and
𝑑2𝐿𝑎𝑔
𝑑𝑖2𝑞(𝑡)

= −2𝛬. (19)

The matrix then can be set up with:

⎡

⎢

⎢

⎢

⎣

𝑑2𝐿𝑎𝑔
𝑑𝑖2𝑑 (𝑡)

𝑑2𝐿𝑎𝑔
𝑑𝑖𝑑 (𝑡)𝑑𝑖𝑞 (𝑡)

𝑑2𝐿𝑎𝑔
𝑑𝑖𝑞 (𝑡)𝑑𝑖𝑑 (𝑡)

𝑑2𝐿𝑎𝑔
𝑑𝑖2𝑞 (𝑡)

⎤

⎥

⎥

⎥

⎦

=

[

−2𝛬 − 3
2 𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))

− 3
2 𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)) −2𝛬

]

. (20)

To check whether it is a local minimum of the Lagrangian function, all eigenvalues of the upper left minors of the matrix in (20)
must be positive. For (17) and (18), a positive pole pair number is valid as well as the fact that 𝐿𝑑 < 𝐿𝑞 . To investigate when 𝛬
becomes negative in (16) and (19),

𝛬 = −
3𝑝(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))𝑖𝑞(𝑡)

4𝑖𝑑 (𝑡)
(21)

has to be considered, which is obtained when the derivations in (12) and (13) are set to zero and solved for 𝛬. The current 𝑖𝑑 from
15) now has to be substituted into (21). If we consider a positive motor current for 𝑖𝑞 , a negative 𝛬 is obtained for solution 2 in
15) and therefore the second solution with

𝑖𝑑 (𝑡) =
−𝛹𝑝

2(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))
−

√

√

√

√𝑖2𝑞(𝑡) +
𝛹 2
𝑝

4(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))2
(22)

is the right solution for considering maximum torque while obtaining constant current. To obtain the torque requirement for MTPA
strategy, (8) has to be calculated with (22). This results in the following torque requirement as a function of current 𝑖𝑞 :

𝑇 (𝑖𝑞) = −
3𝑝
(

𝑖𝑞 (𝑡)(𝛹𝑝+
√

4𝑖2𝑞 (𝑡)(𝐿𝑑 (𝑡)−𝐿𝑞 (𝑡))2+𝛹2
𝑝 )

2 − 𝑖𝑞(𝑡)𝛹𝑝

)

2
. (23)

When calculating the 𝑖𝑞 setpoint specification from (23), a 4th degree polynomial is produced with 𝑇 now as the desired torque 𝑇𝑑 :

𝑖4𝑞(𝑡) +
2𝑇𝑑𝛹𝑝

3(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))2𝑝
𝑖𝑞(𝑡) −

(2𝑇𝑑 )2

9(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))2𝑝2
= 0. (24)

Eqs. (12) and (13) can also be equalized after solving for 𝛬 and solved for 𝑖𝑞 , which results in equation

𝑖𝑞(𝑡)1,2 = ±
𝑖𝑑 (𝑡)𝛹𝑝 + 𝑖2𝑑 (𝑡)(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))

𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)
. (25)

After searching for the local minimum by the usage of the Sylvester criterion, the correct equation is given by:

𝑖𝑞(𝑡) = −
𝑖𝑑 (𝑡)𝛹𝑝 + 𝑖2𝑑 (𝑡)(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)) . (26)
8

𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)
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The equation constraint in (14) is set to 0 and solved for 𝑖𝑞 which leads to the quadrature current 𝑖𝑞 under compliance with the 𝐼𝑚𝑎𝑥
condition with

𝑖𝑞(𝑡) =
√

𝐼2𝑚𝑎𝑥 − 𝑖
2
𝑑 (𝑡). (27)

Equating both equations of 𝑖𝑞 , (26) as well as (27), and solving for 𝑖𝑑 , gives the specification for the field-forming current 𝑖𝑑 under
compliance with the 𝐼𝑚𝑎𝑥 condition with

𝑖𝑑 (𝑡) =
−𝛹𝑝

4(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))
−

√

√

√

√

𝐼2𝑚𝑎𝑥
2

+
𝛹 2
𝑝

16(𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡))2
. (28)

To select the correct solution from the four solutions resulting for 𝑖𝑞 out of (24), several constraints have to be performed in the
solution approach. The desired solution must be real and positive for 𝑖𝑞 in motor operation. The operating constraint for 𝑖𝑞 is given
by (27). To better illustrate the constraints on the selection of set currents for 𝑖𝑑 and 𝑖𝑞 , see Region I characterized by set O-A
of Figs. 4 and 5. Here 𝐼𝑚𝑎𝑥 describes the circle with fixed radius of the maximum usable current for reaching maximum torque
𝑇𝑚𝑎𝑥. 𝐼𝑚𝑎𝑥 is divided into 𝑖𝑑 and 𝑖𝑞 components, according to (10), which also is the equation constraint of the Lagrangian for the
MTPA. The intersection of the MTPA trajectory in Fig. 4 gives the maximum torque by maintaining minimum current in point 𝐴. For
controlling the torque while maintaining the minimum required current, the respective intersection point with the desired torque
can be used along the MTPA trajectory to obtain the specification for 𝑖𝑑 as well as 𝑖𝑞 . In the global calculation of the optimum,
which means that the optimization problem of MTPA as well as MTPV are considered in a joint solution, as it can be calculated
using the Bellman principles of optimization approach, a constraint arises for the control condition of 𝑖𝑞 as well as for 𝑖𝑑 . These
constraints do not arise when a suboptimal solution is considered with the calculation by the usage of the Lagrangian for MTPA and
the constraints for the flux weakening control. Therefore, and due to the shorter solution of the suboptimal, the use of the results
of the calculation of the suboptimals is done.

3.2. Flux weakening

If a voltage limit defined by the inverter is reached due to the increase in speed or further increase in torque, the control is
applied additionally or even exclusively at the voltage limit. From this point, field weakening is necessary to increase the speed of
the PMSM. A control is therefore carried out in Region II, see Fig. 4, at the current as well as at the voltage limit. The control is
described by flux limit

𝜓2 = 𝜓2
𝑑 + 𝜓2

𝑞 , (29)

respectively the voltage limit
𝑈2
𝑚𝑎𝑥

𝜔2
𝑒𝑙(𝑡)

=
(

𝛹𝑝 + 𝐿𝑑 (𝑡)𝑖𝑑 (𝑡)
)2

+
(

𝐿𝑞(𝑡)𝑖𝑞(𝑡)
)2
. (30)

If (30) is resolved for the current division according to 𝑖𝑑 , it can be seen that a maximum achievable speed exists:

𝑖𝑑 (𝑡) = −
𝛹𝑝
𝐿𝑑 (𝑡)

± 1
𝐿𝑑 (𝑡)

√

√

√

√

𝑈2
𝑚𝑎𝑥

𝜔2
𝑒𝑙(𝑡)

− (𝐿𝑞(𝑡)𝑖𝑞(𝑡))2. (31)

f the speed is too high, the root in (32) becomes negative. The maximum speed is therefore reached as soon as the term below the
oot becomes zero. The resulting point is also called the short-circuit point. The coordinates for the short-circuit point as the origin
f the voltage boundary ellipses, as shown in Fig. 4, can be calculated as follows:

𝑖𝑑 (𝑡) = −
𝛹𝑝
𝐿𝑑 (𝑡)

; 𝑖𝑞(𝑡) = 0. (32)

o continue the control at the current limit as well as at the voltage limit, that is in Region II, (30) is solved for 𝑖𝑑 and replaced in
8), what leads to

𝑇𝑓𝑤 = 3
2
𝑝
(

𝛹𝑝𝑖𝑞(𝑡) +
𝐿𝑑 (𝑡) − 𝐿𝑞(𝑡)

𝐿𝑑 (𝑡)
𝐴𝑖𝑞(𝑡)

)

, (33)

with

𝐴 = −𝛹𝑝 ±

√

√

√

√

𝑈2
𝑚𝑎𝑥

𝜔2
𝑒𝑙(𝑡)

− 𝐿2
𝑞(𝑡)𝑖2𝑞(𝑡).

Solving (33) for 𝑖𝑞 results in a 4th order polynomial. To obtain the correct solution for the currents 𝑖𝑞 and thus also 𝑖𝑑 , several
criteria must be fulfilled. The solution must be within the defined limits, be real and 𝑖𝑞 > 0 for motor operation. So as to summarize,
control in Region II takes place for the existence of two limits, as control in Region I and III exists for current or voltage limit. In
principle, the control can be continued up to the maximum speed in Region II. However, as to be seen in (31), for a defined speed
control at the current limit is no longer possible, resulting in only one limit range prevailing. When the short circuit point of (32)
lies outside the circle of the maximum current amount, the control in Region II is possible for the whole speed amount. In case
the short circuit point of (32) lies inside this circle, the higher speeds are achieved by a different control, the MTPV approach, that
9

takes these into account.
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4. A decoupling ST-SMC approach for PMSM

Decoupling control is a widely used control technique in practice. Accurate and fast parameter estimation is extremely important
or the operation and control of PMSMs. Recently in [34] a parameter decoupling estimation method based on multi-state
easurement was proposed to analyze and estimate parameters of the machines, such as inductances. More recently also in [1]
decoupling based on feedforward action has been applied to simplify the identification algorithm for estimating the inductances
n a PMSM. The idea in this paper is to use the two input voltages 𝑢𝑑 and 𝑢𝑞 to obtain the two noninteracting dynamics 𝑑 and 𝑞 using
a robust control method based on the definition of two decoupled floating manifolds, 𝑠𝑑 and 𝑠𝑞 . SMC is the term used to describe
a nonlinear control strategy that applies a discontinuous signal to change the dynamics of a system. SMC systems are divided into
two different phases, the so-called reaching phase and the sliding phase. During the reaching phase, the SMC attempts to bring the
system to the sliding surface. Once the sliding phase is reached, the SMC tries to hold this system state over the sliding phase with
the help of a switching function. The control signal of the SMC is a discontinuous signal, which makes it difficult to use within
the electrical control loop. The application of the ST-SMC therefore has the ability to combine the advantages of the SMC while
eliminating the disadvantage by using a continuous control signal [35]. By deriving the sliding function 𝑠(𝑡) → 0, a linear function
is obtained. To recall some fundamental background information, the following remark is proposed

Remark 2. The presented remark is in agreement with [8,9]. In particular, the authors of [9] used the same following property
in their Eq. (36) in the context of ST-SMC:

∫

𝑡

0
sgn(𝑠(𝜏))𝑑𝜏 = sgn(𝑠(𝑡))∫

𝑡

0
𝑑𝜏, (34)

where 𝑠(𝑡) is the sliding surface. This property is based on the equivalent control part and the construction of equivalent dynamics,
see [36] and more directly in [37] on page 283–286, where it is clarified how 𝑠̇(𝑡) = 0 and 𝑠(𝑡) = 0 is guaranteed even with imperfect
switching control. In fact, the two correcting parts of the controller guarantee the ‘‘average residence’’ of the trajectory of the surface
with 𝑠̇(𝑡) = 0 and 𝑠(𝑡) = 0 since the control switching is ‘infinitely’ fast.

Remark 3. If we examine the theoretically infinitely fast switching processes in more detail using the following considerations, we
see that on the surface 𝑠̇(𝑡) = 0 and 𝑠(𝑡) = 0 and that therefore (35) can be applied. If we consider 𝑡𝑖 time points with 𝑚 = 1, 2,… , 𝑛,
n which the trajectory passes through the sliding surface, then the following expression

∫

𝑡+𝑖

𝑡−𝑖

sgn(𝑠(𝜏))𝑑𝜏 = 0 (35)

an be proven, where 𝑡−𝑖 and 𝑡
+
𝑖 indicate the infinitesimal time before and after the intersection with the surface at time 𝑡𝑖. In fact,

ith the help of integration by parts, then is

∫

𝑡+𝑖

𝑡−𝑖

sgn(𝑠(𝜏))𝑑𝜏 = sgn(𝑠(𝜏))𝜏
|

|

|

|

𝑡+𝑖

𝑡−𝑖
− ∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏. (36)

f 𝑡−𝑖 → 𝑡+𝑖 → 𝑡𝑖, then sgn(𝑠(𝜏))𝜏
|

|

|

|

𝑡+𝑖

𝑡−𝑖
→ 0 applies where the presence of the pulse indicates that the switching is infinitely fast at time

𝑖. Considering the second part of (36) and integrating it by parts, then

1 × ∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏 = 𝜏 ∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏
|

|

|

|

𝑡+𝑖

𝑡−𝑖
− ∫

𝑡+𝑖

𝑡−𝑖

1 ×
(

∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏
)

𝑑𝜁 (37)

nd using the shifting property of the impulse, then it is

𝜏 ∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏
|

|

|

|

𝑡+𝑖

𝑡−𝑖
− ∫

𝑡+𝑖

𝑡−𝑖

1 ×
(

∫

𝑡+𝑖

𝑡−𝑖

𝛿(𝜏 − 𝑡𝑖)𝑠̇(𝜏)𝑑𝜏
)

𝑑𝜁 = 𝜏𝑠̇(𝑡𝑖)
|

|

|

|

𝑡+𝑖

𝑡−𝑖
− 𝜏𝑠̇(𝑡𝑖)

|

|

|

|

𝑡+𝑖

𝑡−𝑖
= 0. (38)

his indicates that if the switching occurs infinitely fast at 𝑡𝑖, then expression (35) is true and therefore also on the surface is 𝑠̇(𝑡) = 0
nd 𝑠(𝑡) = 0. For further analysis, see [36].

roposition 1. Considering the model for the PMSM described in (1) and (2), two control laws are obtained that globally stabilize
symptotically the system around the reference currents 𝑖𝑑𝑑 and 𝑖𝑞𝑑 assuming that disturbances and model uncertainties of the 𝑑 and 𝑞
ynamics, 𝜑𝑑 and 𝜑𝑞 are Lipschitz functions and such that |𝜑̇𝑑 | ≤ 𝛿𝑑 and |𝜑̇𝑞| ≤ 𝛿𝑞 with 𝛿𝑑 and 𝛿𝑞 are real numbers.

roof. The errors are defined in the following way:

𝑒𝑞(𝑡) = 𝑖𝑑𝑑 (𝑡) − 𝑖𝑑 (𝑡) (39)

nd
10

𝑒𝑑 (𝑡) = 𝑖𝑞𝑑 (𝑡) − 𝑖𝑞(𝑡), (40)
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and therefore the set up sliding surfaces in (41) and (42):

𝑠𝑑 (𝑡) = 𝑒𝑑 (𝑡) + 𝑘1 ∫

𝑡

0
𝑒𝑑 (𝜏)𝑑𝜏 − 𝑒𝜏 (0−) (41)

and

𝑠𝑞(𝑡) = 𝑒𝑞(𝑡) + 𝑘2 ∫

𝑡

0
𝑒𝑞(𝜏)𝑑𝜏 − 𝑒𝜏 (0−). (42)

It is worth mentioning here that the terms 𝑒𝑖𝑑 (0) and 𝑒𝑖𝑞(0) bring the phase to be reached to zero regardless of the initial values of
the currents 𝑖𝑑 (0) and 𝑖𝑞(0). To obtain the state on the sliding surface 𝑠 = 0, the currents 𝑖𝑑 and 𝑖𝑞 must converge exponentially to
their reference values. The parameters 𝑘1 as well as 𝑘2 thereby form the positive gains for the dynamic stability, with 𝑒𝜏 (0−) = 0.
The Lyapunov function

𝑉 (𝑡) = 1
2
𝑠2𝑞(𝑡) +

1
2
𝑠2𝑑 (𝑡) (43)

nd its derivation

𝑉̇ (𝑡) = 𝑠𝑞(𝑡)𝑠̇𝑞(𝑡) + 𝑠𝑑 (𝑡)𝑠̇𝑑 (𝑡), (44)

where 𝑠𝑑 (𝑡) and 𝑠𝑞(𝑡) are the limits for the stationary system with the derivations

𝑠̇𝑑 (𝑡) = 𝑒̇𝑑 (𝑡) + 𝑘1𝑒𝑑 (𝑡) = 0 (45)

and

𝑠̇𝑞(𝑡) = 𝑒̇𝑞(𝑡) + 𝑘2𝑒𝑞(𝑡) = 0. (46)

By inserting terms ̇𝑠𝑑 and ̇𝑠𝑞 we get

𝑉̇ (𝑡) = 𝑠𝑞(𝑡)
[ 𝑑𝑖𝑞𝑑 (𝑡)

𝑑𝑡
−
𝑑𝑖𝑞(𝑡)
𝑑𝑡

+ 𝑘1
(

𝑖𝑞𝑑 (𝑡) − 𝑖𝑞(𝑡)
)

+ 𝑠𝑑 (𝑡)
(

𝑑𝑖𝑑𝑑 (𝑡)
𝑑𝑡

−
𝑑𝑖𝑑 (𝑡)
𝑑𝑡

)

+ 𝑘2
(

𝑖𝑑𝑑 (𝑡) − 𝑖𝑑 (𝑡)
)

]

. (47)

Taking into account (1) and (2), then the following expressions are obtained:

𝑉̇𝑠𝑑 (𝑡) = 𝑠𝑑 (𝑡)
[ 𝑑𝑖𝑑𝑑 (𝑡)

𝑑𝑡
−
𝑢𝑑 (𝑡)
𝐿𝑑 (𝑡)

+
𝑖𝑑 (𝑡)𝑅𝑠
𝐿𝑑 (𝑡)

−
𝜔𝑒𝑙(𝑡)𝐿𝑞(𝑡)𝑖𝑞(𝑡)

𝐿𝑑 (𝑡)
+ 𝑘2

(

𝑖𝑑𝑑 (𝑡) − 𝑖𝑑 (𝑡)
)

]

(48)

nd

𝑉̇𝑠𝑞(𝑡) = 𝑠𝑞(𝑡)
[ 𝑑𝑖𝑞𝑑 (𝑡)

𝑑𝑡
−
𝑢𝑞(𝑡)
𝐿𝑞(𝑡)

+
𝑖𝑞(𝑡)𝑅𝑠
𝐿𝑞(𝑡)

+
𝜔𝑒𝑙(𝑡)𝐿𝑑 (𝑡)𝑖𝑑 (𝑡)

𝐿𝑞(𝑡)
+
𝜔𝑒𝑙(𝑡)𝛹𝑝
𝐿𝑞(𝑡)

+ 𝑘1
(

𝑖𝑞𝑑 (𝑡) − 𝑖𝑞(𝑡)
)

]

, (49)

where

𝑉̇ (𝑡) = 𝑉̇𝑠𝑑 (𝑡) + 𝑉̇𝑠𝑞(𝑡). (50)

Calculating the equivalent inputs 𝑢𝑑 and 𝑢𝑞 which realize 𝑠̇𝑑 (𝑡) = 0 and 𝑠̇𝑞(𝑡) = 0 respectively through (48) and (49), the following
xpressions are obtained of the ST-SMC controller:

𝑢𝑒𝑑 (𝑡) = 𝐿̂𝑑 (𝑡)
[𝑑𝑖𝑑𝑑 (𝑡)

𝑑𝑡
+
𝑅𝑠𝑖𝑑 (𝑡)
𝐿̂𝑑 (𝑡)

−
𝜔𝑒𝑙(𝑡)𝐿̂𝑞(𝑡)𝑖𝑑 (𝑡)

𝐿̂𝑑 (𝑡)
+ 𝑘1(𝑖𝑑𝑑 (𝑡) − 𝑖𝑑 (𝑡))

]

(51)

and

𝑢𝑒𝑞(𝑡) = 𝐿̂𝑞(𝑡)
[ 𝑑𝑖𝑞𝑑 (𝑡)

𝑑𝑡
+
𝑅𝑠𝑖𝑞(𝑡)

𝐿̂𝑞(𝑡)
+
𝜔𝑒𝑙(𝑡)𝐿̂𝑑 (𝑡)𝑖𝑑 (𝑡)

𝐿̂𝑞(𝑡)
+
𝜔𝑒𝑙(𝑡)𝛹𝑝
𝐿̂𝑞(𝑡)

+ 𝑘2
(

𝑖𝑞𝑑 (𝑡) − 𝑖𝑞(𝑡)
)

]

, (52)

where 𝑖𝑑 , 𝑖𝑞 , 𝐿̂𝑑 and 𝐿̂𝑞 are the states estimated by EKF. In fact, if (51) and (52) are inserted into (48) and into (49) respectively,
hen 𝑉̇𝑠𝑑 = 0 and 𝑉̇𝑠𝑞 = 0 are obtained. To obtain 𝑉̇𝑠𝑑 < 0 and 𝑉̇𝑠𝑞 < 0 it is enough to consider the following control law in accordance
ith [37]:

𝑢𝑑 (𝑡) = 𝑢𝑒𝑑 (𝑡) + 𝑢dcor(𝑡) (53)

nd

𝑢𝑞(𝑡) = 𝑢𝑒𝑞(𝑡) + 𝑢qcor(𝑡). (54)

o as already mentioned, the controller output of the ST-SMC contains two parts. The equivalent and the corrective part. The
orrective parts are given with:

𝑢dcor(𝑡) =
√

𝑈𝑑
√

|𝑠𝑑 (𝑡)| sgn(𝑠𝑑 (𝑡)) + 𝜉(𝑡) (55)

𝜉̇ (𝑡) = 𝑊 sgn(𝑠 (𝑡)) (56)
11
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and

𝑢qcor(𝑡) =
√

𝑈𝑞
√

|𝑠𝑞(𝑡)| sgn(𝑠𝑞(𝑡)) + 𝜉𝑞(𝑡) (57)

𝜉̇𝑞(𝑡) = 𝑊𝑞 sgn(𝑠𝑞(𝑡)). (58)

The parameters 𝑈𝑑 , 𝑈𝑞 , 𝑊𝑑 and 𝑊𝑞 represent positive constants which, in order to ensure asymptotic stability, are calculated
according to [8,9], 𝑊𝑑 > 𝛿𝑑 and 𝑊𝑞 > 𝛿𝑞 , where 𝛿(.) is the upper bound of the derivative of the disturbance. In fact, considering the
model uncertainties and disturbances 𝜑𝑑 (𝑡) and 𝜑𝑞(𝑡), through the two equivalent parts 𝑢ed and 𝑢eq the following expression from
(47) is obtained:

𝑉̇ (𝑡) = 𝑠𝑑 (𝑡)[−
√

𝑈𝑑
√

|𝑠𝑑 (𝑡)| sgn(𝑠𝑑 (𝑡)) − 𝜉𝑑 (𝑡) + 𝜑𝑑 (𝑡)] + 𝑠𝑞(𝑡)[−
√

𝑈𝑞
√

|𝑠𝑞(𝑡)| sgn(𝑠𝑞(𝑡)) − 𝜉𝑞(𝑡) + 𝜑𝑞(𝑡)]

≤ 𝑠𝑑 (𝑡)[−𝜉𝑑 (𝑡) + 𝜑𝑑 (𝑡)] + 𝑠𝑞(𝑡)[−𝜉𝑞(𝑡) + 𝜑𝑞(𝑡)]. (59)

If the following transformations are considered:

𝜒𝑑 (𝑡) = −𝑊𝑑 ∫

𝑡

0
sgn(𝑠𝑑 (𝜏))𝑑𝜏 + 𝜑𝑑 (𝑡) − 𝜑𝑑 (0) (60)

and

𝜒𝑞(𝑡) = −𝑊𝑞 ∫

𝑡

0
sgn(𝑠𝑞(𝜏))𝑑𝜏 + 𝜑𝑞(𝑡) − 𝜑𝑞(0), (61)

then expression (59) becomes as follows:

𝑉̇ (𝑡) ≤ 𝑠𝑑 (𝑡)[𝜒𝑑 (𝑡) + 𝜑𝑑 (0)] + 𝑠𝑞(𝑡)[𝜒𝑞(𝑡) + 𝜑𝑞(0)] (62)

because

𝜑(.)(𝑡) − 𝜑(.)(0) = ∫

𝑡

0
𝜑̇(.)(𝜏)𝑑𝜏. (63)

From (60), (61) and (62), the following expression can be obtained:

𝑉̇ (𝑡) ≤ 𝑠𝑑 (𝑡)[−𝑊𝑑 ∫

𝑡

0
sgn(𝑠𝑑 (𝜏))𝑑𝜏 + ∫

𝑡

0
𝜑̇𝑑 (𝜏)𝑑𝜏] + 𝑠𝑞(𝑡)[−𝑊𝑞 ∫

𝑡

0
sgn(𝑠𝑞(𝜏))𝑑𝜏 + ∫

𝑡

0
𝜑̇𝑞(𝜏)𝑑𝜏]. (64)

It is straightforward to see that if 𝑊𝑑 > |𝜑̇𝑑 | ≤ 𝛿𝑑 and 𝑊𝑞 > |𝜑̇𝑞| ≤ 𝛿𝑞 then 𝑉̇ (𝑡) ≤ 0. In fact, in accordance with the recalls of
Remarks 2 and 3 based on fundamentals for a sliding surface 𝑠(𝑡) of [36,37], also as shown in [8,9] being

∫

𝑡

0
sgn(𝑠(𝜏))𝑑𝜏 = sgn(𝑠(𝑡))∫

𝑡

0
𝑑𝜏 (65)

and being 𝑊𝑑 and 𝑊𝑞 constant parameters, then (64) can be written as follows:

𝑉̇ (𝑡) ≤ 𝑠𝑑 (𝑡)[− sgn(𝑠𝑑 (𝑡))∫

𝑡

0
𝑊𝑑𝑑𝜏 + ∫

𝑡

0
𝜑̇𝑑 (𝜏)𝑑𝜏] + 𝑠𝑞(𝑡)[− sgn(𝑠𝑞(𝑡))∫

𝑡

0
𝑊𝑞𝑑𝜏 + ∫

𝑡

0
𝜑̇𝑞(𝜏)𝑑𝜏] (66)

and it follows that

𝑉̇ (𝑡) ≤ −|𝑠𝑑 (𝑡)|∫

𝑡

0
𝑊𝑑𝑑𝜏 + 𝑠𝑑 (𝑡)∫

𝑡

0
𝜑̇𝑑 (𝜏)𝑑𝜏 − |𝑠𝑞(𝑡)|∫

𝑡

0
𝑊𝑞𝑑𝜏 + 𝑠𝑞(𝑡)∫

𝑡

0
𝜑̇𝑞(𝜏)𝑑𝜏 (67)

and thus

𝑉̇ (𝑡) ≤ −|𝑠𝑑 (𝑡)|∫

𝑡

0
𝑊𝑑𝑑𝜏 +

|

|

|

|

|

𝑠𝑑 (𝑡)∫

𝑡

0
𝜑̇𝑑 (𝜏)𝑑𝜏

|

|

|

|

|

− |𝑠𝑞(𝑡)|∫

𝑡

0
𝑊𝑞𝑑𝜏 +

|

|

|

|

|

𝑠𝑞(𝑡)∫

𝑡

0
𝜑̇𝑞(𝜏)𝑑𝜏

|

|

|

|

|

. (68)

Applying the property of the absolute value with respect to the product of two functions, it follows:

𝑉̇ (𝑡) ≤ −|𝑠𝑑 (𝑡)|∫

𝑡

0
𝑊𝑑𝑑𝜏 + |𝑠𝑑 (𝑡)|

|

|

|

|

|

∫

𝑡

0
𝜑̇𝑑 (𝜏)𝑑𝜏

|

|

|

|

|

− |𝑠𝑞(𝑡)|∫

𝑡

0
𝑊𝑞𝑑𝜏 + |𝑠𝑞(𝑡)|

|

|

|

|

|

∫

𝑡

0
𝜑̇𝑞(𝜏)𝑑𝜏

|

|

|

|

|

. (69)

If the property of the absolute value with respect to the integral function is applied, then it follows:

𝑉̇ (𝑡) ≤ −|𝑠𝑑 (𝑡)|∫

𝑡

0
𝑊𝑑𝑑𝜏 + |𝑠𝑑 (𝑡)|∫

𝑡

0
|𝜑̇𝑑 (𝜏)|𝑑𝜏 − |𝑠𝑞(𝑡)|∫

𝑡

0
𝑊𝑞𝑑𝜏 + |𝑠𝑞(𝑡)|∫

𝑡

0
|𝜑̇𝑞(𝜏)|𝑑𝜏 (70)

and from (70), then

𝑉̇ (𝑡) ≤ |𝑠𝑑 (𝑡)|∫

𝑡

0

(

|𝜑̇𝑑 (𝜏)| −𝑊𝑑

)

𝑑𝜏 + |𝑠𝑞(𝑡)|∫

𝑡

0

(

|𝜑̇𝑞(𝜏)| −𝑊𝑞

)

𝑑𝜏 (71)

̇
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and from (71), then if 𝑊𝑑 > |𝜑̇𝑑 | ≤ 𝛿𝑑 and 𝑊𝑞 > |𝜑̇𝑞| ≤ 𝛿𝑞 then 𝑉 (𝑡) < 0. □
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Remark 4. The parameters 𝑈(.) and 𝑊(.) are two positive constants that should be manually tuned to be large enough to ensure a
good performance. A good rule of thumb is to set 𝑊(.) ≈ 1.1𝑈(.) for a generally good dynamic tuning, as in [38,39] or in [40]. It is
well known that ST-SMC, in order to obtain asymptotic convergence, does not require the a priori knowledge of the upper bound of
the perturbations and/or model uncertainties, but it is only necessary to assume that the derivative of the perturbations and model
uncertainties are bounded. However, in case a finite time convergence is requested, then the a priori knowledge of the upper bound
of the model uncertainties and disturbance is required as a sufficient condition, see [41].

5. EKF for saturated conditions

5.1. Calculation of the bivariate polynomial

To calculate a better model for the inductance parameter estimation in the EKF, a bivariate polynomial with help of some
measured setpoints is calculated and given into the EKF. The advantage is the better estimation in a saturated region, due to the
better model quality. In (72) the general form of the bivariate polynomial is given by

𝑓 ∶= 𝑛→
𝑛
∑

𝑗=0

(

𝑚
∑

𝑖=0
𝑎𝑖,𝑗 𝑥

𝑖𝑦𝑗
)

. (72)

To build the model for the EKF, the coefficients must be calculated using Θ𝑑 and Θ𝑞 in (73) for the bivariate polynomial of the
current-dependent inductance.

[

Θ𝑑
Θ𝑞

]

=

[

𝐗𝑇𝑑∕𝑞𝐗𝑑∕𝑞
𝐗𝑇𝑑∕𝑞𝐗𝑑∕𝑞

]−1 [ 𝐗𝑇𝑑∕𝑞𝐋𝑑𝐷
𝐗𝑇𝑑∕𝑞𝐋𝑞𝐷

]

. (73)

The calculation of 𝐗𝑑∕𝑞 is done using the current vectors 𝐈𝐝 and 𝐈𝐪:

𝐈𝐝 =
[

−350 −150 0
]

(74)

and

𝐈𝐪 =
[

0 200 350
]

. (75)

After calculating the current vectors, the matrix for 𝐗𝑑∕𝑞 is calculated:

𝐗𝑑∕𝑞 =

⎡

⎢

⎢

⎢

⎣

𝐼𝑞(1)𝐈𝐓𝐝 𝐈𝐓𝐝 𝐼𝑞(1)𝐈3×1 𝐈3×1
𝐼𝑞(2)𝐈𝐓𝐝 𝐈𝐓𝐝 𝐼𝑞(2)𝐈3×1 𝐈3×1
𝐼𝑞(3)𝐈𝐓𝐝 𝐈𝐓𝐝 𝐼𝑞(3)𝐈3×1 𝐈3×1

⎤

⎥

⎥

⎥

⎦

. (76)

By adapting the example in (72) the following structures for dependence of the currents 𝑖𝑑 and 𝑖𝑞 are obtained:

⎡

⎢

⎢

⎣

𝐿𝑞(1, 1)
𝐿𝑞(1, 2)
𝐿𝑞(1, 3)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝛩𝑞(1)𝐼𝑑 (1)𝐼𝑞(1) + 𝛩𝑞(2)𝐼𝑑 (1) + 𝛩𝑞(3)𝐼𝑞(1) + 𝛩𝑞(4)
𝛩𝑞(1)𝐼𝑑 (1)𝐼𝑞(2) + 𝛩𝑞(2)𝐼𝑑 (1) + 𝛩𝑞(3)𝐼𝑞(2) + 𝛩𝑞(4)
𝛩𝑞(1)𝐼𝑑 (1)𝐼𝑞(3) + 𝛩𝑞(2)𝐼𝑑 (1) + 𝛩𝑞(3)𝐼𝑞(3) + 𝛩𝑞(4)

⎤

⎥

⎥

⎦

. (77)

In dependence of the current 𝑖𝑑 the following structure is obtained:

⎡

⎢

⎢

⎣

𝐿𝑑 (1, 1)
𝐿𝑑 (2, 1)
𝐿𝑑 (3, 1)

⎤

⎥

⎥

⎦

=
⎡

⎢

⎢

⎣

𝛩𝑑 (1)𝐼𝑑 (1)𝐼𝑞(1) + 𝛩𝑑 (2)𝐼𝑑 (1) + 𝛩𝑑 (3)𝐼𝑞(1) + 𝛩𝑑 (4)
𝛩𝑑 (1)𝐼𝑑 (2)𝐼𝑞(1) + 𝛩𝑑 (2)𝐼𝑑 (2) + 𝛩𝑑 (3)𝐼𝑞(2) + 𝛩𝑑 (4)
𝛩𝑑 (1)𝐼𝑑 (3)𝐼𝑞(1) + 𝛩𝑑 (2)𝐼𝑑 (3) + 𝛩𝑑 (3)𝐼𝑞(3) + 𝛩𝑑 (4)

⎤

⎥

⎥

⎦

. (78)

Figs. 6 and 7 represent the inductances 𝐿𝑑 and 𝐿𝑞 calculated in dependence for its current vectors 𝐈𝐝 and 𝐈𝐪. The inductances
𝐿𝑑 and 𝐿𝑞 then can be written in (79) and (80) with

𝐿𝑑 (𝑡) = 𝛩𝑑 (1)𝑖𝑑 (𝑡)𝑖𝑞(𝑡) + 𝛩𝑑 (2)𝑖𝑑 (𝑡) + 𝛩𝑑 (3)𝑖𝑞(𝑡) + 𝛩𝑑 (4) (79)

and

𝐿𝑞(𝑡) = 𝛩𝑞(1)𝑖𝑑 (𝑡)𝑖𝑞(𝑡) + 𝛩𝑞(2)𝑖𝑞(𝑡) + 𝛩𝑞(3)𝑖𝑑 (𝑡) + 𝛩𝑞(4). (80)

A good explanation of the calculation of the bivariate polynomial for the PMSM is given in [42].

6. EKF for estimation of inductance

The EKF offers the possibility to estimate the parameters of a nonlinear system by linearizing the model functions by a Taylor
series. A basic background shall be given of the proposed EKF for better understanding of the implemented structure in the following
13

text. A good overview as well as a tutorial for the EKF background and the implementation of different KFs is given in [43].
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Fig. 6. Calculated bivariate polynomial 𝐿𝑑 .

Fig. 7. Calculated bivariate polynomial 𝐿𝑞 .

6.1. EKF background

In [44], the a priori estimation of the state can be seen and written down as follows:

𝑥̂−(𝑘 + 1) = 𝑓 (𝑥̂(𝑘), 𝑢(𝑘), 𝑤(𝑘)), 𝑘 ∈ N (81)

with the function 𝑓 (𝑥̂, 𝑢, 𝑤) that stands for a nonlinear field which is used to model a system to be considered. After calculating the
acobian matrix 𝐽 , the a priori error covariance of the state prediction can be calculated as follows:

𝑃−(𝑘 + 1) = 𝐽 (𝑘 + 1)𝑃 (𝑘)𝐽 (𝑘 + 1)𝑇 +𝑄, (82)

with 𝑃 representing the a posteriori error covariance matrix at the previous step 𝑘. The covariance matrix of the process noise is
given with matrix 𝑄 and can be interpreted as the quantification of the uncertainty of the model. The reliability of the model can
be seen from the values of the trace in the matrix, that is, the smaller the values, the higher the reliability of the model. Last but
not least, the Kalman gain 𝐾 has to be calculated. The Kalman gain is used as minimization for the a posteriori error covariance
and is set up with

𝐾(𝑘 + 1) = 𝑃−(𝑘 + 1)𝐻𝑇 (𝐻𝑃−(𝑘 + 1)𝐻𝑇 + 𝑅 )−1. (83)
14

𝑤



Journal of the Franklin Institute 361 (2024) 106934T. Zwerger and P. Mercorelli

a

The matrix 𝑅𝑤 is the covariance matrix for the measurement noise. From these descriptions, it can be seen that the matrices 𝑄 and
𝑅𝑤 represent the tuning parameters of the system. The output Jacobian matrix is defined by the usage of matrix 𝐻 . It is used as an
indication for the EKF algorithm to define which state serves as the measurement. Considering the a posteriori estimation, (84) has
to be considered.

𝑥̂(𝑘 + 1) = 𝑥̂−(𝑘 + 1) +𝐾(𝑘 + 1)(𝑧(𝑘 + 1) −𝐻𝑥̂−(𝑘 + 1)), (84)

with

𝑧𝑘(𝑘 + 1) = 𝑥(𝑘 + 1) + 𝑣(𝑘 + 1), (85)

where 𝑧𝑘 gives the data that is measured and in which the vector signal 𝑣 gives the measured white Gaussian noise. As defined
before, the vector signal 𝑣 is associated with the sensoring system and assumed to be independent of process white Gaussian noise.
The a posteriori estimation of the error covariance is given below with (86)

𝑃 (𝑘 + 1) = (𝐼 −𝐾(𝑘 + 1)𝐻)𝑃−(𝑘 + 1). (86)

When considering the combined extended Kalman filter (CEKF), it has to be kept in mind, that it divides the states to be estimated
in two models, one for the estimations of the electrical states like currents and inductances (𝑖𝑑 , 𝑖𝑞 , 𝐿𝑑 and 𝐿𝑞) and another one
for the estimation of the mechanical states like 𝑙𝑜𝑎𝑑, 𝜃𝑟 and 𝜔𝑟. An example for the usage of the CEKF in another context is given
in [45].

6.2. The proposed CEKF

In the proposed analysis, the operating point of the motor can also be in the saturation region and thus the estimation of 𝐿𝑑 and
𝐿𝑞 is of particular interest in the optimization procedure and also for the decoupling control realized with the equivalent part of
the ST-SMC. The electrical model, obtained with a forward Euler discretization and sampling time 𝑇𝑠 is described by the following
equations for the currents in (1) and (2):

𝑖𝑑 (𝑘) =
𝑖𝑑 (𝑘 + 1) − 𝑖𝑑 (𝑘)

𝑇 𝑠
=
𝑢𝑑 (𝑘)
𝐿𝑑 (𝑘)

−
𝑖𝑑 (𝑘)𝑅𝑠
𝐿𝑑 (𝑘)

+
𝜔𝑒𝑙(𝑘)𝐿𝑞(𝑘)𝑖𝑞(𝑘)

𝐿𝑑 (𝑘)
, (87)

𝑖𝑞(𝑘) =
𝑖𝑞(𝑘 + 1) − 𝑖𝑞(𝑘)

𝑇 𝑠
=
𝑢𝑞(𝑘)
𝐿𝑞(𝑘)

−
𝑖𝑞(𝑘)𝑅𝑠
𝐿𝑞(𝑘)

−
𝜔𝑒𝑙(𝑘)𝐿𝑑 (𝑘)𝑖𝑑 (𝑘)

𝐿𝑞(𝑘)
−
𝜔𝑒𝑙(𝑘)𝛹𝑝
𝐿𝑞(𝑘)

. (88)

The calculations of the inductances 𝐿𝑑 and 𝐿𝑞 are given in (79) and (80) and their discrete differentiations are as follows:

𝐿𝑑 (𝑘 + 1) − 𝐿𝑑 (𝑘)
𝑇 𝑠

= 𝛩𝑑 (1)𝑖𝑞(𝑘)𝑖𝑑 (𝑘) + 𝛩𝑑 (1)𝑖𝑑 (𝑘)𝑖𝑞(𝑘) + 𝛩𝑑 (2)𝑖𝑑 (𝑘) + 𝛩𝑑 (3)𝑖𝑞(𝑘) (89)

nd
𝐿𝑞(𝑘 + 1) − 𝐿𝑞(𝑘)

𝑇 𝑠
= 𝛩𝑞(1)𝑖𝑞(𝑘)𝑖𝑑 (𝑘) + 𝛩𝑞(1)𝑖𝑑 (𝑘)𝑖𝑞(𝑘) + 𝛩𝑞(2)𝑖𝑑 (𝑘) + 𝛩𝑞(3)𝑖𝑞(𝑘). (90)

The estimation of the a priori states 𝑥̂−(𝑘 + 1) is represented in (91). Therefore (87) and (88) for the discrete derivatives of the
currents 𝑖𝑑 and 𝑖𝑞 as well as (89) and (90) for the discrete derivatives of the inductances 𝐿𝑑 and 𝐿𝑞 are used.

⎡

⎢

⎢

⎢

⎢

⎢

⎣

𝑖−𝑑 (𝑘 + 1)

𝑖−𝑞 (𝑘 + 1)

𝐿̂−
𝑑 (𝑘 + 1)

𝐿̂−
𝑞 (𝑘 + 1)

⎤

⎥

⎥

⎥

⎥

⎥

⎦

=

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

𝑖𝑑 (𝑘) −
𝑇𝑠𝑅𝑠𝑖𝑑 (𝑘)
𝐿̂𝑑 (𝑘)

+ 𝑇𝑠𝑝𝜔𝑟(𝑘)𝑖𝑞 (𝑘)𝐿̂𝑞 (𝑘)
𝐿̂𝑑 (𝑘)

+ 𝑇𝑠𝑢𝑑 (𝑘)
𝐿̂𝑑 (𝑘)

𝑖𝑞(𝑘) −
𝑇𝑠(−𝑝)𝜔𝑟(𝑘)𝑖𝑑 (𝑘)𝐿̂𝑑 (𝑘)

𝐿̂𝑞 (𝑘)
− 𝑇𝑠𝑅𝑠𝑖𝑞 (𝑘)

𝐿̂𝑞 (𝑘)
+ 𝑇𝑠𝑢𝑞 (𝑘)

𝐿̂𝑞 (𝑘)
− 𝑇𝑠𝛹𝑝𝑝𝜔𝑟(𝑘)

𝐿̂𝑞 (𝑘)

𝐿̂𝑑 (𝑘) + 𝑇𝑠
(

𝛩𝑑 (1)𝑖𝑞(𝑘)𝑖𝑑 (𝑘) + 𝛩𝑑 (1)𝑖𝑑 (𝑘)𝑖𝑞(𝑘) + 𝛩𝑑 (2)𝑖𝑑 (𝑘) + 𝛩𝑑 (3)𝑖𝑞(𝑘)
)

𝐿̂𝑞(𝑘) + 𝑇𝑠
(

𝛩𝑞(1)𝑖𝑑 (𝑘)𝑖𝑞(𝑘) + 𝛩𝑞(1)𝑖𝑞(𝑘)𝑖𝑑 (𝑘) + 𝛩𝑞(2)𝑖𝑑 (𝑘) + 𝛩𝑞(3)𝑖𝑞(𝑘)
)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (91)

In the EKF, the discrete nonlinear system equations in (91) are used for estimating the a priori states 𝑥̂−(𝑘+ 1) in the prediction
step. From the data sheet, the initial values 𝑥̂+(0) can be obtained for the inductances 𝐿𝑑 and 𝐿𝑞 , while a value other than 0 can be
written for the initial values of the currents 𝑖𝑑 and 𝑖𝑞 . The estimation of the a priori states 𝑥̂−(𝑘+ 1), that is, the predicted states, is
performed in the EKF using the a posteriori estimate 𝑥̂+(𝑘) of the last iteration. The Jacobian matrix, calculated at the a posteriori
corrected states, is used to linearize the nonlinear system equations of the electrical model in the estimation process of the EKF.

𝐽𝑓 (𝑘 + 1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

⎢

𝜕𝑖−𝑑 (𝑘+1)
𝜕𝑖𝑑 (𝑘)

𝜕𝑖−𝑑 (𝑘+1)
𝜕𝑖𝑞 (𝑘)

𝜕𝑖−𝑑 (𝑘+1)

𝜕𝐿̂𝑑 (𝑘)

𝜕𝑖−𝑑 (𝑘+1)

𝜕𝐿̂𝑞 (𝑘)

𝜕𝑖−𝑞 (𝑘+1)
𝜕𝑖𝑑 (𝑘)

𝜕𝑖−𝑞 (𝑘+1)
𝜕𝑖𝑞 (𝑘)

𝜕𝑖−𝑞 (𝑘+1)

𝜕𝐿̂𝑑 (𝑘)

𝜕𝑖−𝑞 (𝑘+1)

𝜕𝐿̂𝑞 (𝑘)

𝜕𝐿̂−
𝑑 (𝑘+1)
𝜕𝑖𝑑 (𝑘)

𝜕𝐿̂−
𝑑 (𝑘+1)
𝜕𝑖𝑞 (𝑘)

𝜕𝐿̂−
𝑑 (𝑘+1)

𝜕𝐿̂𝑑 (𝑘)

𝜕𝐿̂−
𝑑 (𝑘+1)

𝜕𝐿̂𝑞 (𝑘)

𝜕𝐿̂−
𝑞 (𝑘+1) 𝜕𝐿̂−

𝑞 (𝑘+1) 𝜕𝐿̂−
𝑞 (𝑘+1) 𝜕𝐿̂−

𝑞 (𝑘+1)

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

⎥

. (92)
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⎣
𝜕𝑖𝑑 (𝑘) 𝜕𝑖𝑞 (𝑘) 𝜕𝐿̂𝑑 (𝑘) 𝜕𝐿̂𝑞 (𝑘) ⎦
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Fig. 8. HIL Setup for SMC and PI control structure.

fter calculating the Jacobian matrix by using the estimation results of the last iteration, we get the following 4 × 4 matrix for the
electrical system:

𝐽𝑓 (𝑘 + 1) =

⎡

⎢

⎢

⎢

⎢

⎢

⎢

⎣

1 − 𝑇𝑠
𝑅𝑠
𝐿̂𝑑 (𝑘)

𝑇𝑠𝜔𝑒𝑙(𝑘)
𝐿̂𝑞 (𝑘)
𝐿̂𝑑 (𝑘)

𝐽𝑓13 𝑇𝑠𝜔𝑒𝑙(𝑘)
𝑖𝑞 (𝑘)
𝐿̂𝑑 (𝑘)

−𝑇𝑠𝜔𝑒𝑙(𝑘)
𝐿̂𝑑 (𝑘)
𝐿̂𝑞 (𝑘)

1 − 𝑇𝑠
𝑅𝑠
𝐿̂𝑞 (𝑘)

−𝑇𝑠𝜔𝑒𝑙(𝑘)
𝑖𝑑 (𝑘)
𝐿̂𝑞 (𝑘)

𝐽𝑓24
𝐽𝑓31 𝐽𝑓32 𝐽𝑓33 𝐽𝑓34
𝐽𝑓41 𝐽𝑓42 𝐽𝑓43 𝐽𝑓44

⎤

⎥

⎥

⎥

⎥

⎥

⎥

⎦

. (93)

he elements 𝐽𝑓13 and 𝐽𝑓24 to 𝐽𝑓44 are reported in the appendix.

. Measurements and results

The measurements were taken with a HIL system. HIL systems which are gaining more and more importance, as the possibility
f a low-cost and flexible way of validating controls of individual machines up to entire systems have been optimized to date. It is
n no way inferior to conventional measurements on significantly less flexible and sometimes expensive measurement setups [46].
n Fig. 8 the picture of the HIL setup is shown. To go more in depth, the evaluation and validation of the theoretical part was
one with the HIL402 platform produced by Typhoon electronics. As the used PMSM machine model is a nonlinear one, the course
f the current-dependent inductances 𝐿𝑑 and 𝐿𝑞 can be given to the nonlinear machine model in the HIL schematic environment.
his makes it possible to compare the estimated inductance values with the measured real inductance test-bench values very easy,
y using the term ’real inductance’, the ’emulated inductance’ is meant. To evaluate the proposed control method, this inductance
as to be known. In the meantime, HIL systems have established themselves as a practicable and indispensable way of testing new
ontrols in industry, without losing any of the informative value of a test bench setup. Fig. 8 shows the schematic HIL setup of
he test environment used is shown. The simulation of a traction inverter and a PMSM in the Typhoon HIL402 is made possible
ithin a quasi-real-time environment. The code is written and generated in Matlab/Simulink and compiled into C-code, which is
mplemented and tested directly. The HIL testbench for recording the measurements and results is the HIL Scada. The measurements
re divided into two ranges, the constant torque range and the constant power range. To be able to compare the presented ST-SMC,
conventional PI scheme was presented, which holds the most widespread share of implemented schemes. Comparing the two
ontrols is difficult because the stability and dynamic performance depend on the parameter setting. For the setting of the PI current
ontroller, the setting according to the magnitude optimum was selected. This method is ’best practice’ for the PI controller and will
ot be presented in detail here. Fig. 9 shows the characteristic course for the PMSM under test. It is made clear that the maximum
chievable torque for the constant torque range is about 310Nm and decreases, from reaching the corner speed, approximately in
n inversely proportional way with respect to the angular velocity. The measurements for the field weakening range were carried
ut at a speed of 5000 rpm. Here, a maximum achievable torque of 250Nm can be achieved.
Concerning the electrical parameters of the used interior PMSM, see Table 1.

.1. The constant torque range

The results of the control of the currents in the constant torque range proved to be very similar for both controls. The scheme
sed in both cases was that shown in Fig. 3 and was applied as a scheme for ST-SMC as well as for PI control. The constant torque
16
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Fig. 9. Characteristic Diagram for PMSM under Test.

Table 1
Parameters of PMSM under test.
PMSM parameters

flux distribution sinusoidal
stator resistance 𝑅𝑠 0.016 Ω
direct inductance 𝐿𝑑 0.223e−3 Hz
quadrature inductance 𝐿𝑞 0.751e−3 Hz
flux induced by magnets 𝛹𝑝 0.058 V s
inertia J 0.071 kgm−2

number of pole pairs 𝑝 4

Fig. 10. Torque with ST-SMC for the constant torque range.

range is characterized by the fact that here the control takes place at the current limit. In this range, the setpoints are defined on
the basis of the MTPA calculation rule. Fig. 13 shows the result for a conventional PI control, which was set up for a comparison
to the ST-SMC. As it can be seen, at the beginning there is a settling process and a slight deviation of the actual value from the
setpoint. This can be justified by the fact that the estimated inductance in Figs. 16 and 17 also undergoes a certain transient and
the estimate for the target torque is inaccurate towards zero. Fig. 10 on the other hand shows the result for desired and controlled
torque with ST-SMC in the constant torque range. Since the results from the estimation of the adaptive KF in Figs. 18 and 19 are
much more accurate, the deviation between the nominal and actual torque values is smaller. The estimation seems to work better
for the ST-SMC and does not require the use of nominal values in the control for torque requirement to zero. Figs. 14 and 15 show
the course of the direct and quadrature currents for PI control in constant power range. While the actual value for the direct current
in Fig. 14 follows the nominal value, the actual value for the quadrature current in Fig. 15 experiences a similar deviation as it can
be found in the course of the torque in Fig. 13. Figs. 11 and 12 on the other hand show the results for the control with ST-SMC
or the constant torque range. It can be seen that there is no deviation between the actual value and the setpoint value for the
uadrature current in Fig. 12, which is also reflected in the torque control value in Fig. 10.
17



Journal of the Franklin Institute 361 (2024) 106934T. Zwerger and P. Mercorelli

7

b
M
o
i
n
t
f
t
c
c
t
d

Fig. 11. Direct current with ST-SMC for the constant torque range.

Fig. 12. Quadrature current with ST-SMC for the constant torque range.

.2. The constant power range

The constant power range measurements were made at a speed of 4500 rpm at which the field weakening control strategy must
e active. In order to enable control in the field weakening range, the flux weakening is used instead of the control script of the
TPA, which becomes active in the outer control loop. As can be seen in Fig. 3, the calculation of the voltage not to be exceeded is
btained from the MTPA via the setpoint currents to be determined. In the field weakening range, the control at the voltage limit
s active by means of flux weakening, which is achieved by switching from MTPA to range II. For the constant power range, the
ominal values of the inductances have to be calculated for the PI controller for feedforward control and could not be used from
he estimation of the adaptive KF. In the constant power range, the adaptive EKF tended to be unstable, which increased as the
ield weakening increased. As to be seen in Figs. 23 and 20, the maximum achievable torque in the field weakening area drops
o 250Nm. As already indicated, the EKF could not be applied adaptively for PI control. In order to nevertheless enable a direct
omparison of the control with the ST-SMC, the values of the EKF for the inductance were estimated offline and transferred to the PI
ontroller as input for the actual measurement as a table of values. Since the value table is less accurate than for online estimation,
he dynamic behavior of the PI controller for decoupling with feedforward is not optimal, as can be seen from the quadrature and
18

irect currents 𝑖𝑑 and 𝑖𝑞 for control with PI in Figs. 24 and 25. The torque for control with PI in the constant power range shows the



Journal of the Franklin Institute 361 (2024) 106934T. Zwerger and P. Mercorelli
Fig. 13. Torque with PI for the constant torque range.

Fig. 14. Direct current with PI for the constant torque range.

same inaccuracy as it is already present for the currents 𝑖𝑑 and 𝑖𝑞 . The ST-SMC shows good results for the torque in Fig. 20, even
though the deviation in the range of zero moment can be seen here, due to the worse estimation by the adaptive EKF. The ST-SMC
controlled currents for 𝑖𝑑 and 𝑖𝑞 follow the setpoints without overshoot and are stationary accurate in a steady state, as can be seen
in Figs. 21 and 22.

7.3. Aspects on the choice of the two PI parameters and some detailed results

The most common PI design methods are the symmetrical optimum and the magnitude optimum. The symmetrical optimum
method aims to maximize the phase margin, which optimally dampens the closed control loop. In the field of drive technology,
this setting rule is often used for the speed control loop, as it results in good disturbance behavior. The magnitude optimum is a
design method based on the frequency characteristic curve method that has established itself as a design method for current and
torque control loops. The design aims to compensate for the largest time constant of the controlled system and to set the gain of the
controller accordingly. This results in a setting with the best possible control behavior. In this context, optimization refers to the
optimization of the settling time. Since the PMSM is a cross-coupled system of 𝑑-axis and 𝑞-axis, when transforming into 𝑑𝑞-reference
frame, this coupling must first be solved by a decoupling in form of a feedforward control. The feedforward control thus decisively
determines the dynamics of the system to be controlled. Only after successful decoupling the PI controller is able to work optimally.
19
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Fig. 15. Quadrature current with PI for the constant torque range.

Fig. 16. Estimated direct inductance for the constant torque range in PI control.

In order to achieve the most efficient decoupling of the two axes 𝑑 and 𝑞, it is helpful to know the machine parameters as precisely
s possible, what is done by the help of the presented EKF in the described work. The transfer function of the PI controller gain is

𝐺(𝑠) = 𝐾𝑝(𝑑∕𝑞) +𝐾𝑖
1
𝑠
. (94)

fter the coefficient comparison carried out for the magnitude optimum method, the result for the design of the proportional and
ntegral controller gain 𝐾𝑝 and 𝐾𝑖 is as follows:

𝐾𝑝(𝑑∕𝑞) =
𝐿𝑑∕𝑞
2𝜏𝜎

, (95)

with 𝜏𝜎 as the dead time resulting from the measurement and calculation time of the closed control loop. For the integral
amplification part:

𝐾𝑖 =
𝑅𝑠
2𝜏𝜎

. (96)

A detailed derivation of the method of the magnitude optimum is given in [33]. Using the described strategies, the parameters
of Table 2 are obtained to validate the control method. It is to recommend that the calculated gains were scaled to the DC link
20
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T

Fig. 17. Estimated quadrature inductance for the constant torque range in PI control.

Fig. 18. Estimated direct inductance for the constant torque range with ST-SMC control.

voltage of 600V. To give an index for the control performance, the resulting error for each control structure (ST-SMC and PI),
mainly consisting of overshoots and settling time, was given in Table 3. When looking at (97), it can be seen that the resulting
error includes the ratio of speed and overshoot of the two control structures as well. The error of resulting currents and torque is
calculated with

𝐸 = 1
𝑇 ∫

𝑇

0
𝑒2(𝜏)𝑑𝜏. (97)

he results are obtained with the following matrices to tune the EKF: measurement noise matrix

𝑅𝑤 =
[

1𝑒2 0
]

, (98)
21
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Fig. 19. Estimated quadrature inductance for the constant torque range with ST-SMC control.

Table 2
Control parameters for PMSM control with ST-SMC and PI.

SMC PI

𝐾𝑝𝑑 0.001
𝐾𝑝𝑞 0.005
𝐾𝑖 0.1
𝑘𝑑 2
𝑘𝑞 2
𝑈𝑑 450
𝑈𝑞 450
𝑊𝑑 1.1𝑈𝑑
𝑊𝑞 1.1𝑈𝑞

process noise matrix

𝑄 =

⎡

⎢

⎢

⎢

⎢

⎣

1𝑒10 0 0 0
0 1𝑒1 0 0
0 0 1𝑒 − 7 0
0 0 0 1𝑒 − 4

⎤

⎥

⎥

⎥

⎥

⎦

(99)

and the following initial a posteriori error covariance matrix

𝑃0 =

⎡

⎢

⎢

⎢

⎢

⎣

1 0 0 0
0 1 0 0
0 0 1𝑒 − 3 0
0 0 0 1𝑒 − 3

⎤

⎥

⎥

⎥

⎥

⎦

. (100)

. Discussion and analysis

Before concluding, some discussions and analyses concerning the use of HIL to validate results, the role of the EKF, the applied
ethod including hardware, software and validation principles are provided.

.1. Concerning the use of HIL in the results

To get an overview of various current HIL systems, which are used in industrial applications or in the automotive sector for
xperimental investigations already in the development phase, [46] provides a very good overview. In the following scenario, the
IL emulator is used to validate the estimation method and adaptive control both in the saturation range and under the influence
f cross-coupling effects and spatial harmonics. In order to illustrate the stability of the method, the measurement results are also
resented in the constant power range in addition to the constant torque range. Temperature effects and losses in the iron core
22

an be neglected, as the functionality of the control system presented is to be verified. This justifies the use of the HIL emulator
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Table 3
Comparison of control performance for PMSM control with
ST-SMC and PI.
constant torque range

ST-SMC PI

𝑖𝑑 22 40
𝑖𝑞 23 41
𝑇 23 41

constant power range

ST-SMC PI

𝑖𝑑 18 39
𝑖𝑞 17 40
𝑇 17 40

𝐸 = 1
𝑇
∫ 𝑇
0 𝑒2(𝜏)𝑑𝜏

Fig. 20. Torque with ST-SMC for the constant power range.

or experimental testing. The work in [47,48] shows how machine properties can be simulated by mathematical models in the HIL
mulator, taking into account cross-coupling effects, magnetic saturation and spatial harmonics. Another point is, that Typhoon HIL
ses ideal switches to modulate the inverter. By using ideal switches, there is no tendency to unphysical behavior, which can occur
hile using model approaches with simplified equivalents. These ideal modulation switches can be parameterized with delay times
or the adjustment of the switch-on and switch-off behavior, which was implemented in the underlying work on the basis of the data
heet for the IGBT module SKiM459GD12E4. On the basis of this data sheet, an additional consideration of the losses was made,
hich was done by taking the typical forward characteristic of the diode and the typical output characteristic of the IGBT. Within
he HIL emulator, a linear state space model of each switch is calculated in advance for each switch position during the modulation
f the inverter, i.e. all calculations are performed for each switch position.

.2. Concerning the role of EKF in the results

Showing the role of the EKF, [1] gives an example for a PI control method, where the online identification of the saturated
nductances is not considered, especially in the feedforward control, but with the nominal inductances for 𝐿𝑑 and 𝐿𝑞 . The result is
ess dynamic behavior due to the lack of decoupling of the 𝑑-axis and 𝑞-axis of the PMSM. As the nominal values refer to the linear
ange of the PMSM, [1] shows, that the online identification becomes important in the range of high torque demand. The higher the
oad, the higher the occurring saturation in the inductance and therefore the deviation from the nominal value is. The decoupling
ecomes less accurate and overshoots can occur, without using an online parameter identification like an EKF.
23
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H

Fig. 21. Direct current with ST-SMC for the constant power range.

Fig. 22. Quadrature current with ST-SMC for the constant power range.

8.3. Concerning the proposed control strategy in the results

The proposed control structure works with an MTPA and a field weakening control in the outer control loop. Due to the
calculation basis of both structures, it follows that this is only valid for PMSMs where 𝐿𝑑 is not equal to 𝐿𝑞 and thus represents
a limitation for PMSMs with surface magnets. The control structure was validated for a PMSM with buried magnets, whereby the
underlying inductances are small, so that the PMSM can be regarded as low impedance. It should be noted that the smaller the
inductances, the more difficult it is for the EKF to estimate them. For this reason, the underlying control strategy for PMSMs with
buried magnets can be considered valid over a wide range.

8.4. Concerning the selection of the ST-SMC and EKF parameters

We have two kinds of specific parameters to identify: the control parameters of the ST-SMC and the tuning parameters of the EKF.
Concerning the parameters for the ST-SMC, 𝑈(.) and 𝑊(.) should be tuned in a way to find a tradeoff between speed of convergence
(large enough 𝑈(.) and 𝑊(.)) and feasible input signals (small enough 𝑈(.) and 𝑊(.)) to be realized with standard electrical drives. The
24

IL system therefore is a great step to detect the best tuning parameters before a test bench measurement, without the risk, that an
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Fig. 23. Torque with PI for the constant power range.

Fig. 24. Direct current with PI for the constant power range.

incorrect setting could lead to a shutdown or even destruction of one of the system-relevant components. The Typhoon HIL then is
the scaled electrical drive, where noise and nonlinear saturation effects are emulated with an FPGA.

The most critical parameters are the tuning parameters 𝑄 (covariance matrix of the process noise), see (99), 𝑅𝑤 (covariance
matrix of the measurement noise), see (98) and 𝑃0 (initial a posteriori error covariance matrix), see (100) of the EKF. These
parameters are the most important because the correct EKF tuning guarantees stability and controllability by providing the important
control parameters for the ST-SMC. These parametric uncertainties can be effectively managed by the EKF through its statistical
nature. Figs. 26 and 27 indicate that in the beginning the variances of the errors start decreasing fast and then remain at their
possible minima. We cannot guarantee that the EKF obtains the global minima of the errors, as the EKF just approximates the strict
hypotheses related to optimality and convergence, see [44]. Nevertheless, using HIL again helps to identify and validate optimal
25

conditions.
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Fig. 25. Quadrature current with PI for the constant power range.

Fig. 26. Course of the error variance matrix of 𝑃 (𝐿𝑑 ).

.5. Concerning the HIL implementation

The KF and especially the EKF are known for their computationally intensive operations. As Moore’s Law predicts, the density of
ransistors located on an integrated circuit is expected to double every year. This prediction, which has largely come true, has led to
he KF being much easier to be used today. Nevertheless, there may be restrictions that make it necessary to limit the sampling time.
n [1] an EKF estimation with a backward Euler discretization is presented, which is able to work with a significantly lower number
f sampling steps. In [42], on the other hand, the software is implemented on a TI DSP F28335, on which an adaptive EKF estimation
ith the help of a forward Euler discretization is programmed. When implementing the control strategy, it is therefore important to
onsider the hardware conditions for the computationally intensive EKF calculations in advance and to take the resulting necessary
easures.

. Conclusion

This paper deals with a sliding mode control together with an extended Kalman filter to robustify optimal control strategies in
he context of the torque control. The saturation of the inductance of permanent magnet synchronous machines is considered by
26
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Fig. 27. Course of the error variance matrix of 𝑃 (𝐿𝑞 ).

alculating a bivariate polynomial for 𝐿𝑑 and 𝐿𝑞 and bringing it into the estimation of the Kalman filter. The control was set up
or the constant torque range as well as for the constant power range, where maximum torque per ampere and flux weakening are
sed in an outer control loop for calculation of the optimum setpoints. The sliding mode control was compared to a proportional
ntegral control which is a conventional control method for permanent magnet synchronous machines. The results were validated
y measurements using hardware in the loop with Typhoon HIL402.
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ppendix

.1. Discretization equations

𝐽𝑓13 = (𝑅𝑠𝑖𝑑 (𝑘) − 𝜔𝑒𝑙(𝑘)𝑖𝑞(𝑘)𝐿𝑞(𝑘) − 𝑢𝑑 (𝑘))
𝑇𝑠

𝐿2
𝑑 (𝑘)

(101)

𝐽𝑓24 = (𝑅𝑠𝑖𝑞(𝑘) + 𝜔𝑒𝑙(𝑘)𝑖𝑑 (𝑘)𝐿𝑑 (𝑘) + 𝜔𝑒𝑙(𝑘)𝛹𝑝(𝑘) − 𝑢𝑞(𝑘))
𝑇𝑠

𝐿𝑞(𝑘)2
(102)

𝐽𝑓31 = 1
(

𝑅𝑠 𝑇𝑠
𝐿𝑑 (𝑘)

+ 1
)
⎛

⎜

⎜

𝑇𝑠2 𝜔𝑒𝑙 (𝑘)2
(

𝑅𝑠 𝑇𝑠 +1
)

(

𝑅𝑠 𝑇𝑠 +1
) + 1

⎞

⎟

⎟

(103)
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𝐽𝑓32 = 𝑇𝑠

(

𝛩𝑑 (1)
(

𝑢𝑑 (𝑘)
𝐿𝑑 (𝑘)

−
𝑅𝑠 𝑖𝑑 (𝑘)
𝐿𝑑 (𝑘)

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

−
𝑅𝑠 𝛩𝑑 (3)
𝐿𝑞(𝑘)

−
𝑅𝑠 𝛩𝑑 (1) 𝑖𝑑 (𝑘)

𝐿𝑞(𝑘)
+
𝐿𝑞(𝑘)𝛩𝑑 (2)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
+
𝐿𝑞(𝑘)𝛩𝑑 (1) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

(104)

𝐽𝑓33 = 1 − 𝑇𝑠

(

𝛩𝑑 (2)

(

𝑢𝑑 (𝑘)

𝐿𝑑 (𝑘)
2
−
𝑅𝑠 𝑖𝑑 (𝑘)

𝐿𝑑 (𝑘)
2

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
2

)

+ 𝛩𝑑 (1) 𝑖𝑞(𝑘)

(

𝑢𝑑 (𝑘)

𝐿𝑑 (𝑘)
2
−
𝑅𝑠 𝑖𝑑 (𝑘)

𝐿𝑑 (𝑘)
2

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
2

)

+
𝛩𝑑 (1) 𝑖𝑑 (𝑘)

2 𝜔𝑒𝑙(𝑘)
𝐿𝑞(𝑘)

+
𝛩𝑑 (3) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)

)

(105)

𝐽𝑓34 = 𝑇𝑠

(

𝛩𝑑 (3)

(

𝑅𝑠 𝑖𝑞(𝑘)

𝐿𝑞(𝑘)
2

−
𝑢𝑞(𝑘)

𝐿𝑞(𝑘)
2
+
𝛹𝑝 𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

+
𝐿𝑑 (𝑘) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

)

+ 𝛩𝑑 (1) 𝑖𝑑 (𝑘)

(

𝑅𝑠 𝑖𝑞(𝑘)

𝐿𝑞(𝑘)
2

−
𝑢𝑞(𝑘)

𝐿𝑞(𝑘)
2
+
𝛹𝑝 𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

+
𝐿𝑑 (𝑘) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

)

+
𝛩𝑑 (1) 𝑖𝑞(𝑘)

2 𝜔𝑒𝑙(𝑘)
𝐿𝑑 (𝑘)

+
𝛩𝑑 (2) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

(106)

𝐽𝑓41 = −𝑇𝑠

(

𝛩𝑞(1)
(𝑅𝑠 𝑖𝑞(𝑘)

𝐿𝑞(𝑘)
−
𝑢𝑞(𝑘)
𝐿𝑞(𝑘)

+
𝛹𝑝 𝜔𝑒𝑙(𝑘)
𝐿𝑞(𝑘)

+
𝐿𝑑 (𝑘) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)

)

+
𝑅𝑠 𝛩𝑞(2)
𝐿𝑑 (𝑘)

+
𝑅𝑠 𝛩𝑞(1) 𝑖𝑞(𝑘)

𝐿𝑑 (𝑘)
+
𝐿𝑑 (𝑘)𝛩𝑞(3)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
+
𝐿𝑑 (𝑘)𝛩𝑞(1) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)

)

(107)

𝐽𝑓42 = 𝑇𝑠

(

𝛩𝑞(1)
(

𝑢𝑑 (𝑘)
𝐿𝑑 (𝑘)

−
𝑅𝑠 𝑖𝑑 (𝑘)
𝐿𝑑 (𝑘)

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

−
𝑅𝑠 𝛩𝑞(3)
𝐿𝑞(𝑘)

−
𝑅𝑠 𝛩𝑞(1) 𝑖𝑑 (𝑘)

𝐿𝑞(𝑘)
+
𝐿𝑞(𝑘)𝛩𝑞(2)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
+
𝐿𝑞(𝑘)𝛩𝑞(1) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

(108)

𝐽𝑓43 = −𝑇𝑠

(

𝛩𝑞(2)

(

𝑢𝑑 (𝑘)

𝐿𝑑 (𝑘)
2
−
𝑅𝑠 𝑖𝑑 (𝑘)

𝐿𝑑 (𝑘)
2

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
2

)

+ 𝛩𝑞(1) 𝑖𝑞(𝑘)

(

𝑢𝑑 (𝑘)

𝐿𝑑 (𝑘)
2
−
𝑅𝑠 𝑖𝑑 (𝑘)

𝐿𝑑 (𝑘)
2

+
𝐿𝑞(𝑘) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)
2

)

+
𝛩𝑞(1) 𝑖𝑑 (𝑘)

2 𝜔𝑒𝑙(𝑘)
𝐿𝑞(𝑘)

+
𝛩𝑞(3) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)

)

(109)

𝐽𝑓44 = 𝑇𝑠

(

𝛩𝑞(3)

(

𝑅𝑠 𝑖𝑞(𝑘)

𝐿𝑞(𝑘)
2

−
𝑢𝑞(𝑘)

𝐿𝑞(𝑘)
2
+
𝛹𝑝 𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

+
𝐿𝑑 (𝑘) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

)

+ 𝛩𝑞(1) 𝑖𝑑 (𝑘)

(

𝑅𝑠 𝑖𝑞(𝑘)

𝐿𝑞(𝑘)
2

−
𝑢𝑞(𝑘)

𝐿𝑞(𝑘)
2
+
𝛹𝑝 𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

+
𝐿𝑑 (𝑘) 𝑖𝑑 (𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑞(𝑘)
2

)

+
𝛩𝑞(1) 𝑖𝑞(𝑘)

2 𝜔𝑒𝑙(𝑘)
𝐿𝑑 (𝑘)

+
𝛩𝑞(2) 𝑖𝑞(𝑘)𝜔𝑒𝑙(𝑘)

𝐿𝑑 (𝑘)

)

+1. (110)
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