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Abstract

The doctoral dissertation deals with the problems of the diagno-

sis of rolling bearings using recurrence analysis. The main topic is

the influence of radial internal clearance on the change of dynam-

ics in a self-aligning double-row ball bearing with a tapered bore, in

which the axial preload can control this parameter in a wide range.

The dissertation began with an analysis of the state of knowledge,

where the works related to the analyzes of the impact of radial clear-

ance on the dynamics of rolling bearings have been cited so far. In

the next part of the dissertation, the thesis was formulated and ac-

tivities related to its proving were defined. The theoretical part was

supplemented with the basics related to vibroacoustic diagnostics of

rolling bearings and presented methods that can be used for their

diagnostics.

The research on proving the thesis was started with the prepa-

ration of a mathematical model in which a change in the damping

coefficient in the field of radial clearance was adopted, a difference

in the clearance value for a given row of balls was proposed, and the

influence of shape errors and radial shaft endplay on the dynamics

of the tested bearing was taken into account. During the dynamics

tests, the radial clearance was adopted as a bifurcation parameter,

and on the basis of the bifurcation diagram, it was possible to in-

dicate the characteristic areas of bearing operation due to the radial

internal clearance. In order to verify the model, experimental tests
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were carried out with a series of bearings in which the radial clear-

ance was changed in a wide range possible to be physically realized.

Recurrence analysis was used for both the dynamic response ob-

tained from model and experimental studies.

Owing to the comparative analysis of the dynamic response, re-

currence quantificators were selected that are most susceptible to

changes in radial clearance to bearing dynamics. Moreover, as a re-

sult of the research, it was possible to select a narrow range of radial

clearance, ensuring the smoothest operation of the tested bearing.

2
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CHAPTER 1
INTRODUCTION AND OBJECTIVES

1.1 Introduction

The continuous development of mechanical systems is increasingly focused

on high quality and high-reliability products applied in modern industry. In

order to meet still growing requirements of customers, a variety of novel

methods are applied in structural health monitoring and predictive mainte-

nance, such as artificial intelligence, fuzzy logic, machine, and deep learn-

ing, acoustic emission, or advanced signal processing methods. Recently,

mentioned methods gained popularity, as non-destructive testing is popular-

ized for its sustainability and environmentally friendly approach.

Among rotational elements, rolling-element bearings play an important

role as they are used in a wide range of mechanical systems for automotive,

machinery, robotics, or space solutions. Growing demands of ball bearings

impose its high reliability, maintenance-free operation, better performance,

and longer durability. To meet the demands, especially for a rapidly grow-

1
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1 INTRODUCTION AND OBJECTIVES

ing market of e-drives, bearing manufacturers focus mainly on the quality of

used materials, manufacturing precision, and customized profiles of rolling

surfaces. Additionally, the diagnostics systems for diagnosis are still under

the development often implementing the Industrial Internet of Things and

the cloud computing. One of the solutions is the term ”Smart Bearing”,

which corresponds to the online-condition monitoring of rolling-element

bearings analyzed in its application, called in-situ. In modern engineering,

the term ”prevention is better than cure” is in force, that early diagnosed

alarming behavior prevent undesirable serious damage or expensive down-

time in the production.

The history of bearings dates back to ancient times, however, studies

on their reliability and diagnostics were initiated in the XXth century ap-

plying accessible tools of engineering. In 1939, Swedish engineer Waloddi

Weibull proposed the chain model explaining the structural strength [10].

The main assumption was that the mechanical structure consists of several

n-pieces components composing the n-rings chain, for which the lifetime

depends on the weakest one [24]. To find the lifetime distribution of the

structure states the problem of finding the distribution of the weakest ele-

ment. During the industrial development in XXth century, among various

diagnostics methods, the vibrational analysis has been mostly utilized in

industrial practice [91] allowing to detect mechanical failure issues like de-

fects, imbalance, or misalignments and describing it in a quantitative way

with amplitudes and characteristic frequencies.

Except for vibrational analysis in the rolling-element bearings diagnos-

tics, it is worth mention the methods based on acoustic emission, electro-

static, ultrasonic, Shock Pulse Method, wear analysis, and modal analysis,

however, methods often require special vibration sensors that can be applied

easily. equipment and sublime knowledge. An unquestionable advantage

2
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1 INTRODUCTION AND OBJECTIVES

of frequency-based signal processing methods [142] is the extraction of a

specific frequency, which can be assigned to the characteristic frequency

of damaged element [106]. The challenge in modern diagnostics is the

evaluation and quantitative or qualitative description of time-varying rel-

evant operational parameters during the operation of a rotational system.

The quantitative and qualitative evaluation of the influence of radial inter-

nal clearance on the dynamical response in self-aligning ball-bearings was

the motivation to continue an ongoing trend in mechanical engineering.

The aim of this work is the application of time-based method called

recurrences in the diagnostics of the dynamical response of self-aligning

ball bearing with different radial internal clearance.

In order to achieve the set goal, the mathematical model is derived for

the studied self-aligning ball bearing with conical bore in which it is possi-

ble to control the value of radial clearance in wide range. Development of

the mathematical model and the experimental verification allow to conduct

the comparative analysis with the recurrence-based methods in qualitative

way (recurrence plots) and quantitative way (recurrence quantification anal-

ysis). The main advantage of proposed method over the linear analysis is

the possibility to based it on the short-time intervals and conduct fine study

to find the minor changes introduced by clearance into the dynamics of ball

bearing. The radial internal clearance is one of the most important oper-

ating parameters in ball bearings influencing the bearing life and the level

of generated vibrations during operation. The novelty of the work is not

only the application of sublime signal analysis method, but the approach of

quantitative description of the ball bearing’s dynamics due to different op-

erating radial clearance. To this time, the application of linear methods was

proposed for the description of bearing’s dynamics in reference to the value

of clearance, but it was not referenced to the mathematical model and ver-

3
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1 INTRODUCTION AND OBJECTIVES

ified with the experiment. The proposed methodology can be undoubtedly

applied in the dedicated diagnostic system.

4
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CHAPTER 2
STATE OF THE ART OF RESEARCH

ON RADIAL INTERNAL CLEARANCE

INFLUENCE IN ROLLING-ELEMENT

BEARINGS

2.1 State of the Art

Radial internal clearance in ball bearings is the total distance that one ring

can be moved in relation to the second ring being one of the most important

parameters affecting the bearing’s performance. The importance of the ra-

dial clearance relies on its direct influence on bearing life, too little leads to

increased friction, while too big leads to decreased contact and undesirable

sliding of rolling elements.

The research on the influence of radial internal clearance on the dynam-

ics of rolling-element bearings was initiated with the analysis of State of

the Art. Special attention was paid to research works considering radial

5
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2 STATE OF THE ART OF RESEARCH ON RADIAL INTERNAL
CLEARANCE INFLUENCE IN ROLLING-ELEMENT BEARINGS

clearance as the variable parameter both in experimental and mathematical

modeling way.

It is worth notice, that the first studies on the influence of radial clear-

ance on the dynamics of ball bearings have been started in the 60s of the

XXth century. In the work [62], authors studied undesirable slip and spin

phenomena affecting the bearing’s dynamics and they classified clearance

as one of the parameters having a negative impact on it.

Starting with the end of the previous century, Lynagh et al. [93] employ

the mathematical model of rolling-element bearing based on the Hertzian

contact. In his work, he emphasizes the influence of clearance on the dy-

namics of the rotor system and on the emerged contact during its operation.

Tiwari et al. [128–130] studied the effect of radial internal clearance

on the dynamics of a balanced horizontal rotor. He conducted the stability

analysis of the rotor-bearing system, taking the radial clearance as the bi-

furcation parameter. Based on his mathematical modeling and experimental

results, a general conclusion was provided that increased clearance leads to

chaotic solutions with the increased strength of superharmonics and leads

to wider regions of the system’s instability.

Harsha et al. [59–61, 109, 133] demonstrated the nonlinear response of

a balanced rotor for some specific combination of rotational velocity com-

bined with varying radial internal clearance to provide sufficient nonlinear-

ity. He pointed, that the radial clearance value changes effectively stiffness

and damping of the system. It is another source of nonlinearity.

Yakout [151] confirmed experimentally the dependence of damping char-

acteristics with clearance, additionally he studied the impact of radial clear-

ance on the bearing life. With the highest clearance value, the damping

factor had the smallest value and the bearing life was the shortest. The rela-

tion between bearing life and radial clearance is studied as well by Oswald

6
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2 STATE OF THE ART OF RESEARCH ON RADIAL INTERNAL
CLEARANCE INFLUENCE IN ROLLING-ELEMENT BEARINGS

et al. [108] observing the negative influence of big clearance. Moreover,

he analyzed the load distribution in reference to the clearance value. The

deeper analysis on the calculation of load distribution due to positive, neg-

ative, and zero-clearance is studied by Xiaoli et al. [147]. Another factor

related to the internal clearance is the thermal effect caused by frictional

forces on rolling surfaces. The higher the temperature, the operational clear-

ance is more reduced due to the thermal expansion of bearing rings [102].

The mathematical model of rolling-element bearing based on Hertzian

elastic contact deformation theory and deformation compatibility theory

provides satisfying results of dynamical response and is mostly utilized in

scientific research. Balls and raceways are considered as nonlinear springs

and the main nonlinearities introduced to the system are the description of

the contact, internal clearance, and shape errors. The following papers pro-

vide deep insight into the mathematical description of multi-body ball bear-

ing system considering radial internal clearance in the equation describing

the Hertzian contact [25, 28, 35, 159].

The trend of online monitoring is observed in the diagnostics of radial

clearance, which should provide an early-stage and interpretable indication

of bearing health condition. Wang et al. [139] compared the vibrational data

for different deep-groove bearings with induced local defects and various

radial clearances observing differences in frequency spectra with modula-

tions excitations with very low amplitudes submerged in noises. Moreover,

he proposed the combination of quantificators consisting of Modulation

Signal Bispectrum (MSB) for identification of noisy signal and Gini index

for representation the peakedness of MSB. The applied signal-processing

method allowed for identification between 20µm of radial clearance. In

other reference, [149], it was claimed that the MSB indicator has the ad-

7
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2 STATE OF THE ART OF RESEARCH ON RADIAL INTERNAL
CLEARANCE INFLUENCE IN ROLLING-ELEMENT BEARINGS

vantage over RMS, kurtosis, and BPFO (Ball Pass Frequency Outer) in the

clearance online monitoring.

Xu et al. [148] proposed RMS and Spectral Centroid as the quantificator

for online monitoring of radial clearance and compared it with the results of

a mathematical model. He presumed mentioned quantificators allow the ap-

proximate clearance indication, but they exhibit fluctuating behavior due to

nonlinear vibration. Comparison of model and experimental results didn’t

provide the same result and he emphasized the need to look for optimal

indicators to control radial clearance.

One possible approach for real-time diagnostics can be the application of

artificial intelligence in form of neural networks. The analysis proposed by

Knezevic et al. [78] shows the acceptable accuracy based on RMS values,

however, he emphasized that application of Deep Learning Neural Network

could improve obtained classification’s accuracy.

To sum up the review of the state-of-the-art regarding the real-time di-

agnostics of the radial internal clearance in ball bearings, it can be stated

that the problem solving is considered both in an experimental and math-

ematical way. Primarily, the scientists face the problem to analyze chaotic

solutions due to the specific radial clearance and finding accurate indicators

based on the vibrational response signalizing the value of operational clear-

ance. Most certainly, the aspect of providing the mathematical indicators

being sensitive to the change of clearance is the present topic, which should

be explained and discussed.

2.2 Objectives, Research Thesis and Scope

Observing the problem of identification of operational radial clearance based

on the dynamical response and seeing the global trend directed to the real-

8



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 9 — #17 i
i

i
i

i
i

2 STATE OF THE ART OF RESEARCH ON RADIAL INTERNAL
CLEARANCE INFLUENCE IN ROLLING-ELEMENT BEARINGS

time condition monitoring, the main aim of the dissertation is to find the

quantitative indicators providing the identification of operational radial clear-

ance. Considering the above statement, the research thesis is formulated:

The dynamical response of rolling-element bearing is changing with
different radial internal clearance and it can be distinguished in quan-
titative way with help of recurrence analysis.

The scope of the thesis includes the following tasks:

• derivation of the classical nonlinear 2-DOF mathematical model of

rolling-element bearing based on the Hertzian contact theory,

• development of extended mathematical model based on the literature

review considering the impact of radial internal clearance on bearing’s

performance,

• conduction of extended experiment for a set of bearings by different

radial internal clearance and various operational velocities,

• study of experimental data with frequency-based methods,

• application of recurrence-based methods for qualitative and quantita-

tive description of bearing’s operation by specific clearance and ve-

locity, the method is particularly applied for analysis of short-time

intervals,

• comparative analysis of dynamical responses obtained with the math-

ematical model and in the experiment,

• selection of the most accurate recurrence quantificators prone to the

change of radial clearance value based on the test of a set of bearings.

In the following text, the quantitative and qualitative description of ra-

dial internal clearance influence on the rolling-element bearing’s dynam-

9
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2 STATE OF THE ART OF RESEARCH ON RADIAL INTERNAL
CLEARANCE INFLUENCE IN ROLLING-ELEMENT BEARINGS

ics. In most cases, the application of new signal processing in real-time

ball bearing diagnostics was referred to as its damage. Dealing with online

clearance monitoring is definitely an important step-change in the develop-

ment of the diagnostics of bearings. Moreover, the novelty of the approach

is based on application in the experiment of the self-aligning ball bearings

with a conical bore in which it is possible to control the radial clearance in a

wide range. Referring to the already published papers, the analysis was con-

ducted on different bearings with pre-determined clearance. Then, shape

errors were not considered what might disturb the real frequency spectra.

Additionally, the preparation of quantitative analysis based on more number

bearings is the first step to the potential application of artificial intelligence

for the diagnostics of operational radial clearance.

The dissertation consists of 8 chapters and the remainder is the fol-

lowing. In Chapter 3, the basics and theoretical aspects regarding rolling-

element bearings are presented, emphasizing their role in the development

of mechanical systems. Next, the commonly used methods applied in the

online condition monitoring of ball bearings and other rotational systems

are discussed. In Chapter 5, the mathematical model for ball bearings based

on Hertzian contact theory is presented focusing on the additional param-

eters regarding the self-aligning ball bearings applied in the experiment.

Chapter 6 contains the information on test rigs applied in the experimental

part and its possibilities. Additionally, the experimental procedure with sig-

nal processing is described. In Chapter 7, the comparison of results obtained

from the experimental part and simulations is presented. In the last chapter,

the conclusions coming from the analysis are summarized and further steps

of the research are established.

10
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CHAPTER 3
THEORETICAL ASPECTS AND

BASICS

This chapter aims to provide essential information on the basics of bearing

theory, i.e. types of rolling element bearings and their design. The main

elements of ball bearings are described excluding special types of bearings.

The most important issue considered in this chapter is the definition of clear-

ance and its influence on rolling-element bearings performance. Types of

radial clearances in reference to the stage of bearings operation are pre-

sented.

3.1 Bearing Theory

Bearings are the key elements in modern industry, which are used for sup-

porting heavy loads and enabling rotational motion with the least possible

friction. Industrial development over the last century forced the need for

increased application of bearings wherever the movement and forces are

11
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3 THEORETICAL ASPECTS AND BASICS

transferred. By the general overview of rolling-element bearings, two types

of bearings can be defined according to the type of contact, i.e. point con-

tact in ball bearings and linear contact in roller bearings [2]. What binds the

two of them is the fact that they can be dedicated to carrying radial or axial

load, but they differ completely from each other in operating velocities and

the value of friction [6].

The idea of the research is focused on rolling-element bearings and they

are classified according to the type of rolling element or direction of sub-

jected load (radial bearings, thrust bearings). Referring the bearing division

by the type of element, its classification is presented in Figure 3.1.

3.2 Design of Rolling-Element Bearings

The vast majority of rolling-element bearings consist of four main parts,

i.e. inner and outer ring, rolling elements, and cage (Figure 3.2). The role

of rolling elements and rings is to carry the subjected load and provide the

rotational movement with the least possible friction. Cage separates con-

secutive balls or rollers in a row, however, complement bearings (without

retainer) are available on the market.

3.2.1 Rings

The inner ring (IR) is mounted on the shaft and in a vast number of appli-

cations, it translates the rotational movement. In rolling-element bearings,

there are two shapes of the bore, cylindrical (most applications) and conical.

On the other hand, the outer ring (OR) in most cases is fixed in the housing

or plummer block. The role of the rings is to carry the subjected load with

the highest possible reliability, to ensure it, they are heat-treated to obtain

proper hardness of rolling surfaces and thermal stabilization.

12
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3 THEORETICAL ASPECTS AND BASICS

Radial Bearings

Ball Bearings Roller Bearings

Deep Groove
Ball Bearings

(DGBB)

Magneto Bearings

Angular Contact
Ball Bearings

(ACBB)

Three-Point
Four-Point

Contact Ball Bearings

Self-Aligning
Ball Bearings

(SABB)

Ball Bearings 
for Bearing Units 

Cylindrical
Roller Bearings

Long-Roller
Bearings

Needle
Roller Bearings

Tapered
Roller Bearings

Spherical
Roller Bearings

Figure 3.1. Types of rolling-element bearings

13



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 14 — #22 i
i

i
i

i
i

3 THEORETICAL ASPECTS AND BASICS

3.2.2 Rolling elements

The role of rolling elements is the transfer of subjected load (radial or axial)

to the bearing and the rotational movement. Depending on the type of con-

tact in rolling-element bearings, they can be in form of balls (ball bearings),

tapered rollers, cylinders, spherical rollers, or needles (roller bearings). To

ensure the high reliability of rolling elements, they are made of bearing steel

100Cr6 and the lubrication is added to reduce the frictional forces.

3.2.3 Cage

The cage (sometimes called a retainer) provides the separation of neigh-

boring rolling elements in the bearing to avoid contact between them. The

element doesn’t carry the load, however in case of poor bearing’s perfor-

mance (push and pull phenomena), the rolling element can interact with it,

which is why it is made of brass or metal sheet or plastics in most cases.

3.2.4 Seals

The aim of seals application in bearings is protection from external contam-

ination, which could get into the grease or on rolling surfaces, causing the

radical decrease of a lifetime. Its role is as well the prevention from grease

leakage from the internal space of bearing, which could lead to a drastic

increase of temperature and damage as a result.

3.3 Radial Internal Clearance in Ball Bearings

Depending on the type of rolling-element bearing, two types of internal

clearance can be distinguished, namely radial clearance in ball bearings

and axial clearance in tapered roller bearings [7]. The definition of internal

14
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3 THEORETICAL ASPECTS AND BASICS

Figure 3.2. Main component of rolling-element bearing

clearance refers to the total distance through which one bearing ring can be

moved relative to the other. The main role of the clearance is to provide the

smoothest possible bearing operation with reduced friction torque and tem-

perature. The value of initial clearance differs and is estimated by designers

to the predicted operating conditions, i.e subjected load, possible tempera-

tures, or mounting specifications. Inappropriately adjusted, i.e. too little or

too small will lead to factors such as heat, vibration, noise, and fatigue life.

Referring to the stage of clearance depending on stage of bearing’s ap-

plication, the following types of it can be determined: [9]

• initial clearance - the value of clearance measured after assembly after

bearing’s manufacturing,

• mounted (reduced) clearance - after bearing mounting on shaft’s jour-

nal with interference fit and subjected preload,

• operating clearance - the final clearance value after thermal stabiliza-

tion of rings during operation.

15
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3 THEORETICAL ASPECTS AND BASICS

Figure 3.3. Types of clearance in rolling-element bearing

Mentioned three types of clearance are presented in the Figure 3.3.

To select appropriate initial radial clearance and next to achieve the cor-

rect operational clearance, bearings are usually manufactured in 5 different

clearance classes according to ISO-5753-1:2009. Many bearing’s manufac-

turers established the radial clearance designation referring to Normal as

following specified in Table 3.1 [8]

Important notice, referring to rolling-element bearings with conical bore,

its normalized values are bigger than in case of bearings with cylindrical

bore. Their values are specified in the standard ISO-5753-1:2009.

3.4 Factors Influencing the Radial Internal Clear-

ance

Referring to the analysis of dynamics of rolling-element bearings, only its

operating clearance should be considered during bearing rotation. However,

its value is decreased compared to the initial clearance and is affected by the

following factors [77]:

16
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3 THEORETICAL ASPECTS AND BASICS

Table 3.1. Clearance classes designation and operating conditions

ISO
clearance

class

Designation
suffix

Internal
clearance

Operating
condition

Group 2 C2
Smaller

than
Normal

Clearance fitting on
both rings, small load

and no preload,
little tolerance

for endplay
and operation

by low temperature

Group N CN Normal

Low frictional torque,
modearate loads

and small preload,
slight interference on

one of rings depending
on which is rotating,

low and medium
operational velocities,
average temperature

Group 3 C3
Greater

than
Normal

Very low value of frictional
torque, heavy loads,
high interference,
high temperatures

and applied preload

Group 4 C4
Greater
than C3

Same conditions as in C3

Group 5 C5
Greater
than C4

Same conditions as in C3

17
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3 THEORETICAL ASPECTS AND BASICS

• interference fit - bearing’s seating on the shaft’s journal causes the

reduction of radial clearance beacuse of the pressure acting from the

assembly on rings. The interference from shaft acts on the inner ring,

while fitting in the housing has the effect on outer ring. Both of sit-

uations lead to the decrease of radial clearance based mostly on the

geometry and material properies related to its elasticity.

• thermal effects - bearing’s rings are usually made of bearing steel

100Cr6, which is characterizing with the linear expansion coefficient.

Bearings are usually mounted at the room temperature, however dur-

ing its rotation the heat is generated as a result of frictional forces on

rolling surfaces. That leads to clearance reduction which can be cal-

culated with reference to the temperature difference of both rings or

its difference in relation to the room temperature.

• pressing force - the effect of pressing force on the radial clearance

reduction is usually applied in case of bigger interference. Then, the

minimal values of axial forces for bearing’s mounting can be esti-

mated, taking into consideration frictional forces and geometry of as-

sembly diameters.

Referring to conducted research, the effect of thermal expansion on the

radial clearance reduction will be considered for different operating condi-

tions. This will be conducted in the chapter referring to the experimental

procedure, where it is going to be analyzed for various operating conditions.

18
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CHAPTER 4
METHODS APPLIED FOR DIAGONSIS

OF ROLLING-ELEMENT BEARINGS

In this chapter, the overview of methods applied in the diagnostics of rolling-

element bearings is presented. All discussed methods are based on the anal-

ysis of vibrational response of bearings. The general selection of discussed

methods can be divided into signal processing, information fusion, statisti-

cal analysis and pattern recognition.

4.1 Introduction

Rolling-element bearings like all dynamical systems, characterize with a

specific vibration profile showing its general performance related to its op-

erational conditions, external conditions, and operational parameters. The

methods applied for studying the vibration response are based on various

approaches, which can be divided into four main root analyses, i.e. signal

processing, information fusion, statistical analysis, and pattern recognition

19
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4 METHODS APPLIED FOR DIAGONSIS OF ROLLING-ELEMENT
BEARINGS

(Figure 4.1) making them the basis of predictive maintenance and diagnos-

tics [119]. Mentioned methods were mostly applied in the diagnostics of

bearing’s damages, but they can be applied as well in the diagnostics of

frictional torque, misalignments, eccentricity (imbalance), or clearance.

Fault Diagnosis Methods of Rolling-Element Bearings

Signal Processing Statistical Analysis Pattern RecognitionInformation Fusion
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Figure 4.1. Classification of fault diagnosis methods for rolling-element
bearings

Vibrational response of bearings is presented in form of impulses in the

recorded time-series as numerous local discontinuities in contact of rolling

surfaces. The accelerometer for registration of the vibrational response is

mounted in most cases on the surface of the outer ring, so the vibrations in-

duced by rotating elements are modulated by the transmission paths. Then,

in its spectra, additional noise is present, which should be not considered

for the analysis. This leads to the conclusion, that there is no universal

method directly describing the defect or other bearing’s feature without

critical thinking of the applied method. In the following subsections, the

calculation of characteristic frequencies in the rolling-element bearing will

be presented and four mentioned diagnostics methods will be described in

20
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relation to the condition-monitoring of rolling-element bearings describing

its characteristics.

4.2 Characteristic frequencies of ball bearings

Referring to the design of rolling-element bearing (Figure 4.2) and taking

into consideration a few assumptions of a constant velocity of both race-

ways, no special state such as slippage and constant pressure angle during

operation, it is possible to determine the characteristic frequencies of bear-

ing, which are related to the specific element (Equations 4.1-4.4) [101,118].

The calculated frequencies provide the fundamental information on fre-

quency analysis of ball bearings, which should next refer to obtained am-

plitude and detection of the potential defect.

FTF denotes Fundamental Train Frequency referring to the frequency of

cage.

FT F =
1
2

Fs(1−
D
dm

cosα) (4.1)

BPFO denotes Ball Passing Frequency Outer referring to the frequency

of outer ring.

BPFO =
N
2

Fs(1−
D
dm

cosα) (4.2)

BPFI denotes Ball Passing Frequency Inner referring to the frequency

of outer ring.

BPFI =
N
2

Fs(1+
D
dm

cosα) (4.3)

BSF denotes Ball Spin Frequency referring to the frequency of rolling-

element.

BSF =
Fsdm

2D
(1− D2

d2
m

cos2
α) (4.4)

21



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 22 — #30 i
i

i
i

i
i

4 METHODS APPLIED FOR DIAGONSIS OF ROLLING-ELEMENT
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where: dm is the pitch diameter, D is rolling-element diameter, Fs is the

operational velocity, N is the number of rolling-elements, α is the contact

angle.

Figure 4.2. Elements of rolling-element bearing considered in calcula-
tion of its characteristic frequencies

The calculation of characteristical frequencies should be always the first

step in the diagnostics of ball bearings, however, it doesn’t provide the in-

formation of influence of other factors influencing the bearing’s vibration.

4.3 Signal processing-based methods

Signal processing-based methods in the diagnostics or rolling-element bear-

ings are the fundamental approach being extensively developed for a long

time and its main advantage is fast computing on the raw time series. Some

methods, like Fast Fourier Transform (FFT), have been even standardized as

the accurate method in diagnostics of bearing failure. However, the exper-

imental signal is strictly nonlinear characterizing with non-stationarity and

the presence of numerous frequency components affecting the frequency

spectra. The solution before coming to conclusions is it’s preprocessing in

22
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form of filtering, demodulation, or noise reduction. The specific feature

extraction in signal processing-based methods can be obtained with fre-

quency, order, modal or time-frequency analysis, what fundamentals will

be presented in the following subsections.

4.3.1 Spectrum analysis

• Fast Fourier Transform - is the most popular frequency-based diagnos-

tics method of mechanical systems giving the information about the

frequencies dominating in the spectra [15]. The obtained time series

is decomposed in sinusoidal signals with dominating frequency. The

transition from the time domain into the frequency domain is shown

in form of a spectrogram consisting of frequency peaks in the spectra

with specific amplitude, which corresponds to the specific element of

the analyzed mechanism.

For the discrete signals x[N], the Fourier transform is described with

following formula [113]:

X(k) =
N−1

∑
n=0

x[n]e− j( 2πnk
N ) (4.5)

where: N is harmonic index referring to the exponential function for

k = 0,1, ...,N−1.

The scaling of the FFT spectra into frequency domain is calculated

with the following equation:

f [k] = k
fp

N
(4.6)

where: fp is sampling frequency.
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• Envelope analysis - is one of the methods applied in the diagnostics

of rolling-element bearings. In the calculation of the analytic enve-

lope, the applied filter extracts the main harmonics from the frequency

spectra for which the bandpass filter, rectifier, and smoothing circuit

are applied. Then the envelope of the main harmonics is calculated,

which can be analyzed. The obtained envelope signal is calculated in

the following way [63]:

r(x) = ∑
p

Ape j2π(p−z)x (4.7)

where: p are frequency components passing through the low pass fil-

ter, Ap is the Fourier coefficient, z is resonant frequency, x is time-

series.

• Hilbert-Huang Transform (HHT) - allow decomposing the experimen-

tal signal x(t) into several intrinsic mode functions representing the

average trend of the signal. Obtained IMFs with empirical mode de-

composition, represent the input signal in specific frequency bands

[64, 121]. The mathematical representation of HHT is following:

H(y(t)) =
1
π

PV (
∫ +∞

−∞

y(t)
t− τ

dτ) (4.8)

where: PV (
∫ +∞

−∞
) is the Cauchy principal value of the integral, τ .

4.3.2 Order analysis

• Power Spectrum (PS) - refers to the power distribution of the time

series in the frequency domain. The influence of specific features in

the bearing causes an increase in the amplitude of the power spectrum.
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Power spectrum represents the time-varying time-domain signal into

a set of the fixed-length vector representing the square magnitude of

the harmonics [14, 115]. The mathematical representation of PS is

following:

Pxi(e− jω) =
1

KLU

K−1

∑
i=0

L−1

∑
n=0

Wnxn+iDe− jnω (4.9)

where: Wi is applied window function of length L−1, K refers to the

number of time-series segments xn divided into with D points overlap-

ping between two consecutive segments, U is the normalizing factor.

• Modulation Signal Bispectrum (MSB) - another order-based method

is the modulation signal bispectrum (MSB), which advantage is the

effective reveal of modulation characteristics and detection of inter-

ference components of a signal with modulation characteristics buried

in strong noise [56,57,127]. The MSB for discrete-time series can be

represented in the following way:

BMS( f1, f2 = E < X( f1 + f2)X( f1− f2)X( f1)>) (4.10)

where: BMS( f1, f2) is the bispectrum of discrete signal, E indicates ex-

pectation operator, f1 is carrier frequency, f2 is modulating frequency,

( f1+ f2) and ( f1− f2) are the higher and lower sideband frequencies.

4.3.3 Modal analysis

Modal analysis is a process of extracting modal features, i.e. natural fre-

quencies, damping loss factors, modal constants from vibration data. The

modal analysis can be divided into frequency domain analysis from fre-

quency response functions or time-domain analysis from impulse responses.

25



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 26 — #34 i
i

i
i

i
i

4 METHODS APPLIED FOR DIAGONSIS OF ROLLING-ELEMENT
BEARINGS

The dynamics of a system are physically decomposed by frequency and po-

sition providing the analytical solution in form of partial differential equa-

tions. The analyzed vibration response of the mechanical system can be

expressed in form of a set of simple harmonic motions called natural modes

of vibration. Referring to the modal analysis to study of ball bearings’ vi-

brational response, it can be useful both in the identification of damages and

influence of other features buried in the spectra [41, 55, 84].

4.3.4 Time-Frequency analysis

• Short-Time Fourier Transform (STFT) - the STFT is similar to the

Fourier Transform, but it provides extended information, what is the

influence of specific frequency in the time domain. As the method

is ”short-time”, the experimental signal is divided into segments ac-

cording to the applied window, next the standard Fourier Transform is

calculated [21, 134]. The STFT can be defined with weighting func-

tion and window function h(t), for which, the mathematical formula

is following:

ST FT x(t)(t,ω) =
∫ +∞

−∞

x(t)h(t− τ)e− jωtdt (4.11)

where: h(t− τ) is applied window function, e− jωt is weighting func-

tion, τ is time shift.

• Spectral Kurtosis (SK) - the approach is similar to the STFT algorithm

and provides the measure of the impulsiveness of the time series in

form of frequency function. The advantage of SK is its usefulness in

the detection of transient states in short-time series, by analyzing their

characteristic frequencies in the specific frequency band. The signal

is decomposed with the power of a signal with respect to frequency,
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except that fourth-order statistics are used instead of second-order [83,

114]. The mathematical formula for this is following:

K( f ) =
< H4(t, f )>
< H2(t, f )>

−2 (4.12)

where: H(t, f ) is time/frequency envelope of the time-series.

4.4 Information fusion-based methods

Information fusion-based methods are related to the data combination ob-

tained with the sensor-fusion approach having the information from few

sources. Based on this approach, data-level fusion and feature-level fusion

can be selected, the third final level is the decision-level related to the clas-

sification of processed data to the phenomena. The idea of information fu-

sion is focused on the reduction of the dimension of experimental data into

principal vectors. Then, making computations on compressed data set, the

complementary and redundant information is utilized. That the data fusion

approach is a very broad field of science, each level will be briefly described

according to the review paper of Castanedo [26].

Classification of Information Fusion methods

• Classification based on the relations between the data sources - the

classification consists of three following criteria:

1. Complementary, when the infromation provided by the input sources

represents different parts of the scene and could thus be used to obtain

more complete global information.

2. Redundant, when two or more input sources provide information

about the same target and could thus be fused to increment the confi-
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dence.

3. Cooperative, when the provided information is combined into new

information that is typically more complex than the original informa-

tion.

• Dasarathy’s Classification - this classification is composed of five cat-

egories [150]

1. Data in-data out - this type of data fusion process inputs and outputs

raw data. The results are typically more reliable or accurate. Data fu-

sion at this level is conducted immediately after the data are collected

from sensors.

2. Data in-feature out - at this next step, the data fusion process em-

ploys raw data from the sources to extract features or characteristics

that describe an entity in the environment.

3. Feature in-feature out - both the input and output of the data fusion

process are features. Thus, the data fusion process addresses a set of

features with to improve, refine or obtain new features.

4. Feature in-decision out - obtains a set of features as input and pro-

vides a set of decisions as output.

5. Decision in-decision out - it fuses input decisions to obtain better

or new decisions.

• Classification based on the abstraction levels - this classification con-

sists of four abstraction levels [92]

1. Signal level: directly addresses the signals that are acquired from

the sensors.

2. Pixel level: operates at the image level and could be used to im-

prove image processing tasks.

3. Characteristic: employs features that are extracted from the images
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or signals.

4. Symbol: the decision level, then the information is represented as

symbols.

• JDL data fusion classification - consists of five following data pro-

cessing levels:

1. Level 0 - source preprocessing and information extraction process.

This level reduces the amount of data and maintains useful informa-

tion for the high-level processes.

2. Level 1 - object refinement, the procedures at this level include

spatio-temporal alignment, association, correlation, clustering or group-

ing techniques, state estimation, the removal of false positives, iden-

tity fusion. The data is formed into consistent data structures.

3. Level 2 - situation assessment, it aims to identify the likely situ-

ations given the observed events and obtained data and relationships

between objects are established.

4. Level 3 - impact assessment, the impact of activities is evaluated to

obtain a proper perspective. The current situation is evaluated, and a

future projection is performed to identify possible risks, vulnerabili-

ties, and operational opportunities.

5. Level 4 - process refinement, the aim of the last level is to achieve

efficient resource management while accounting for task priorities,

scheduling, and control of available resources.

• Classification based on the type of architecture - referring to the final

application of data fusion, four architecture can be distinguished:

1. Centralized architecture - in a centralized architecture, the fusion

node resides in the central processor that receives the information

from all of the input sources. Therefore, all of the fusion processes
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are executed in a central processor that uses the provided raw mea-

surements from the sources.

2. Decentralized architecture - a decentralized architecture is com-

posed of a network of nodes in which each node has its own process-

ing capabilities and there is no single point of data fusion. Therefore,

each node fuses its local information with the information that is re-

ceived from its peers. Data fusion is performed autonomously, with

each node accounting for its local information and the information re-

ceived from its peers.

3. Distributed architecture - in a distributed architecture, measure-

ments from each source node are processed independently before the

information is sent to the fusion node; the fusion node accounts for the

information that is received from the other nodes. In other words, the

data association and state estimation are performed in the source node

before the information is communicated to the fusion node. This type

of architecture provides different options and variations that range

from only one fusion node to several intermediate fusion nodes.

4. Hierarchical architecture - other architectures comprise a combi-

nation of decentralized and distributed nodes, generating hierarchical

schemes in which the data fusion process is performed at different

levels in the hierarchy.

Data-Level fusion

• Nearest Neighbors and K-Means - Nearest neighbor [126] is the sim-

plest data association technique. NN is a well-known clustering al-

gorithm that selects or groups the most similar values. How close

the one measurement is to another depends on the employed distance

metric and typically depends on the threshold that is established by
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the designer. K-Means method is a well-known modification of the

NN algorithm. K-Means divides the dataset values into K different

clusters. K-Means algorithm [122] finds the best localization of the

cluster centroids, where best means a centroid that is in the center of

the data cluster.

• Probabilistic Data Association - the algorithm is also known as the

modified filter of all neighbors. This algorithm assigns an association

probability to each hypothesis from a valid measurement of a target. A

valid measurement refers to the observation that falls in the validation

gate of the target at that time instant.

• Joint Probabilistic Data Association - Joint probabilistic data associ-

ation [43] is a suboptimal approach for tracking multiple targets in

cluttered environments.

• Multiple Hypothesis Test - the method was developed to track multi-

ple targets in cluttered environments [104]. As a result, it combines

the data association problem and tracking into a unified framework,

becoming an estimation technique as well. The test considers all of

the possibilities, including both the track maintenance and the initial-

ization and removal of tracks in an integrated framework. Moreover, it

calculates the possibility of having an object after the generation of a

set of measurements using an exhaustive approach, and the algorithm

does not assume a fixed number of targets.

• Graphical Models - Graphical models [29] are a formalism for repre-

senting and reasoning with probabilities and independence. A graph-

ical model represents a conditional decomposition of the joint proba-

bility. A graphical model can be represented as a graph in which the

31



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 32 — #40 i
i

i
i

i
i

4 METHODS APPLIED FOR DIAGONSIS OF ROLLING-ELEMENT
BEARINGS

nodes denote random variables; the edges denote the possible depen-

dence between the random variables, and the plates denote the repli-

cation of a substructure, with the appropriate indexing of the relevant

variables. The graph captures the joint distribution over the random

variables, which can be decomposed into a product of factors that each

depend on only a subset of variables.

Feature-Level fusion

• Maximum Likelihood and Maximum Posterior - the maximum likeli-

hood technique is an estimation method [107] that is based on prob-

abilistic theory. This function expresses the probability of the ob-

served data. The maximum posterior (MAP) method is based on the

Bayesian theory. It is employed when the parameter x to be estimated

is the output of a random variable that has a known probability den-

sity function p(x). Both methods (ML and MAP) aim to find the most

likely value for the state x. However, ML assumes that x is a fixed

but an unknown point from the parameter space, whereas MAP con-

siders x to be the output of a random variable with a known a priori

probability density function.

• Kalman Filter - the Kalman filter is mainly employed to fuse low-level

data. If the system could be described as a linear model and the error

could be modeled as the Gaussian noise, then the recursive Kalman

filter obtains optimal statistical estimations.

• Particle Filter - particle filters [33] are recursive implementations of

the sequential Monte Carlo methods. This method builds the posterior

density function using several random samples called particles. Par-

ticles are propagated over time with a combination of sampling and
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resampling steps. At each iteration, the sampling step is employed

to discard some particles, increasing the relevance of regions with a

higher posterior probability. In the filtering process, several particles

of the same state variable are employed, and each particle has an as-

sociated weight that indicates the quality of the particle.

• Covariance Consistency - this method [132] is general and fault-tolerant

frameworks for maintaining covariance means and estimations in a

distributed network. These methods do not comprise estimation tech-

niques, instead, they are similar to an estimation fusion technique.

Decision-Level fusion

• Bayesian Methods - information fusion based on the Bayesian infer-

ence [67] provides a formalism for combining evidence according to

the probability theory rules.

• Dempster-Shafer Interference - the Dempster-Shafer theory [37, 116]

provides a formalism that could be used to represent incomplete knowl-

edge, updating beliefs, and a combination of evidence and allows us

to represent the uncertainty explicitly.

• Abductive Reasoning - abductive reasoning [117], or inferring the best

explanation, is a reasoning method in which a hypothesis is chosen

under the assumption that in case it is true, it explains the observed

event most accurately. In other words, when an event is observed, the

abduction method attempts to find the best explanation.

• Semantic Methods - Semantic information fusion [144] is essentially

a scheme in which raw sensor data are processed such that the nodes

exchange only the resultant semantic information. Semantic informa-
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tion fusion typically covers two phases: (1) building the knowledge

and (2) pattern matching (inference). The first phase (typically of-

fline) incorporates the most appropriate knowledge into semantic in-

formation. Then, the second phase (typically online or in real-time)

fuses relevant attributes and provides a semantic interpretation of the

sensor data.

4.5 Statistical analysis-based methods

The statistical analysis of experimental time-series is a very wide range and

there are numerous indicators, which refer to the dynamical state of rolling-

element bearing. There are two approaches in the statistical-based analysis,

i.e. univariate - the analysis is based on the evaluation of one indicator, mul-

tivariate - the analysis is based on the correlation estimation between two

or more of them [31]. The decision of choosing the particular approach is

usually made by the number of random samples and the accuracy of studied

features. In the following subsections, the discussion will be started with

the presentation of the univariate approach with the definition of indicators

and next the multivariate approach will be presented.

4.5.1 Time-Series Analysis

There are number of time-series features referring to the specific dynami-

cal state of bearings and other rotational mechanisms. The discussion and

definition of each of them will be conducted on following works [70,82,94,

112].

1. Time-domain feature extraction:
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• Root Mean Square (RMS) - is the square root of the average of the

sum of the squares of the signal:

RMSx =

√
1
N
[

N

∑
i=1

(xi)2] (4.13)

where: N is number of samples in the signal x.

• Crest Factor (CF) - is the maximum positive peak value of the signal

divided by its RMS:

CF =
x0−pk

RMS
(4.14)

where: pk is is the index for the maximum positive peak of the signal

and x0−pk is the value of x at pk.

• Energy Ratio (ER) - refers to the condition of the system and is the

ratio of RMS of of the difference signal d to the RMS of signal con-

taining regular meshing components yd:

ER =
RMSd

RMSyd

(4.15)

• FM0 - is the indicator signalizing the faults. It is a ratio of the maxi-

mum peak-to-peak amplitude to the sum of amplitudes:

FM0 =
PPx

∑
H
n=0 Pn

(4.16)

where: PPx is the maximum peak-to-peak amplitude, Pn is the ampli-

tude of the nth harmonic, H is the total number of harmonics in the

frequency range.

35



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 36 — #44 i
i

i
i

i
i

4 METHODS APPLIED FOR DIAGONSIS OF ROLLING-ELEMENT
BEARINGS

• Kurtosis - is the fourth normalized moment of the studied signal and

gives the information on the number of amplitudes in the spectra:

Kurtosis =
N ∑

N
i=1(xi− x)4

[∑N
i=1(xi− x)2]2

(4.17)

• FM4 - refers to the detection of initial faults:

FM4 =
N ∑

N
i=1(di−d)4

[∑N
i=1(di−d)2]2

(4.18)

where: d is the mean of the difference signal, N is the total number of

data points.

• NA4 - refers to the diagnostics of propagation of faults or specific

state:

NA4 =
N ∑

N
i=1(riM− rM)4

1
M

∑
M
j=1[∑

N
j=1(ri j)− r j)2]

2 (4.19)

where: r is the mean of the residual signal, N is the total number of

data points, M is the number of current time-series, j is the index of

the time signal in the run ensemble.

• M6A - this indicator is applied in surface degradation:

M6A =
N2

∑
N
i=1(di−d)6

[∑N
i=1(di−d)2]3

(4.20)

• M8A - the more sensitive indicator than M4A and M8A usually ap-

plied in the diagnostics of buried states in the spectra:
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M6A =
N3

∑
N
i=1(di−d)8

[∑N
i=1(di−d)2]4

(4.21)

• NB4 - indicator refering to the diagnostics of transient states caused

by damage:

NB4 =

1
N

∑
N
i=1(si− si)

4

(
1
N

∑
N
j=1(

1
n

∑
n
k=1(s jk− s j)2))2

(4.22)

where: s is the signal’s envelope, s jk is the kth measurement in the jth

time record envelope.

2. Frequency-domain feature extraction:

• Mean Frequency (MF) - indicates the vibration energy in the fre-

quency domain:

MF =
1
K

K

∑
k=1

Xk (4.23)

where: Xk is the kth measurement of the frequency spectrum of signal,

K is the total number of spectrum lines.

• Frequency Center (FC) - shows the position changes of the main fre-

quencies:

FC =
∑

K
k=1 fkXk

∑
K
k=1 Xk

(4.24)

where: fk is the frequency value of the kth spectrum line and Xk is the

kth measurement of the frequency spectrum.
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• Root Mean Square Frequency (RMSF) - calculates RMS of FC indi-

cator:

RMSF =

√
∑

K
k=1 f 2

k Xk

∑
K
k=1 Xk

(4.25)

• Standard Deviation Frequency (STDF) - describes the convergence

level of the spectrum power:

RMSF =

√
∑

K
k=1( fk−FC)2Xk

∑
K
k=1 Xk

(4.26)

3. Recurrence quantificators:

• Determinism (DET ) - refers to the periodicity of the response, demon-

strates by diagonal lines of different lengths. Determinism expresses

the ratio of the number of recurrence points forming the diagonal line

to the overall number of recurrence points creating the 0-1 matrix:

DET =
∑

N
l=lmin

lP(l)

∑
N
l=1 lP(l)

(4.27)

where: P(l) is the historgram of the diagonal line, N is vector length

of a data series, lmin is predefined minimal length of a diagonal line.

• Average line length of the diagonal lines (L) - mentions the average

time that two segments of the phase space trajectory are close to each

other, and can be interpreted as the mean prediction time [13]:

L =
∑

N
l=lmin

lP(l)

∑
N
l=min lP(l)

(4.28)
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• Length of the longest diagonal line (Lmax) - is related to the exponen-

tial divergence of the phase space trajectory. The faster the trajectory

segments diverge, the shorter are the diagonal lines and the higher is

the divergence DIV (inversion of Lmax):

Lmax = max(lNl
i=1) (4.29)

where: Nl = ∑l≥lmin P(l) corresponds to the total number of diagonal

lines in the matrix.

• Entropy (ENT R) - the last of the diagonal-based quantificators calcu-

lates the complexity of the recurrence plot in reference to the diagonal

lines, the lower complexity of the signal, the lower value of the en-

tropy:

ENT R =−
N

∑
l=lmin

p(l)lnp(l) (4.30)

where: p(l) is the probability of finding a line of with exactly l length.

• Laminarity (LAM) - refers to the occurrence of laminar states in the

system without describing the length of the laminar phases. The value

of laminarity is lower if the recurrence plot consists of more single,

isolated points than vertical structures. In the mathematical notation,

the laminarity is similar to the determinism denoting the ratio between

the recurrence points creating the vertical structures and the entire set

of recurrence points:

LAM =
∑

N
v=vmin

vP(v)

∑
N
v=1 vP(v)

(4.31)
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where: P(v) is the historgram of the vertical line, N is vector length

of a data series, vmin is predefined minimal length of a diagonal line.

• Trapping Time (T T ) - defines the mean time that the system will be at

a specific state or how long this state will be trapped. In the mathemat-

ical notation, this quantificator takes into account the minimal length

of the vertical line:

T T =
∑

N
v=vmin

vP(v)

∑
N
v=vmin

P(v)
(4.32)

• Maximal length of the vertical lines (Vmax) – refers to the exponential

divergence of the phase space trajectory, the same as in the case of

Lmax. The only difference is that it is based on vertical lines:

Vmax = max(vNv
i=1) (4.33)

where: Nv is the absolute number of vertical lines.

• Recurrence Time of the 1st type (T 1) - allows to detect weak transi-

tions of the system’s dynamics, the quantificator is based on the dis-

tribution and analysis of recurrence points [22, 47, 48]:

T 1 ∼ ε
−Dp(i) (4.34)

where: Dp is point-wise dimension.

• Recurrence Time of the 2nd type (T 2) - allows to detect transient states

in the signals characterized with low energy, the quantificator is based

on the analysis of the average of lengths of white vertical lines [22,

47, 48]:
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T 2 ∼ ε
−D1(i) (4.35)

where: D1 is information dimension.

• Recurrence Period Density Entropy (RPDE) - this quantificator refers

to the extent of recurrences [89, 95, 105]. For the dynamical systems

it has the following mathematical notation:

RPDE =−
Tmax

∑
i

P(i)lnP(i) (4.36)

where: P(i) is recurrence probability density, Tmax is maximum recur-

rence time found in the embedded state space.

• Clustering (CLS) - represents the probability that two recurrences of

any state are also neighbors. It is obtained as the average of the local

clustering coefficients and refers to the characteristic of recurrence

plot based on the low degree nodes [39, 105].

CLS =
∑

N
i, j=1 Rv,iRi, jR j,v

kv(kv−1)
(4.37)

where: kv is degree of centrality.

• Transitivity (T RANS) - allows detecting the periodic and chaotic re-

sponse of the system [95]. The quantificator refers to the characteristic

of recurrence plot based on the high degree nodes [105].

T RANS =
∑

N
i, j,k=1 R j,kRi, jRi,k

∑
N
i, j,k=1 Ri, jRi,k(1−δ j,k)

(4.38)

where: δ j,k is main diagonal equal to zero.
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That the recurrence analysis is the main method applied to the conducted

analysis, its the most important steps will be described briefly. The details

on full recurrence analysis for exemplary experimental acceleration time-

series, i.e recurrence plots (RPs) method and recurrence quantification anal-

ysis (RQA) will be presented in Chapter 7. This chapter discusses basics of

applied signal processing and analysis for experimental data.

Figure 4.3. Exemplary acceleration short-time series.

The analysis starts with the partition of the long acceleration time-series

into shorter consisting of 3000 data points (Figure 4.3). The studied sig-

nal is firstly normalized to compare it between cases and next is filtered to

get rid of not necessary frequencies in the spectra. The frequency spectra

of the signal is presented in Figure 4.4 after Fast Fourier Transform cal-

culation. Next step is the determination of parameters for the phase-space

reconstruction, i.e. embedding dimension, time delay and threshold. After

the determination of mentioned parameters, it is possible to draw the recur-

rence plot (Figure 4.5) for the considered time-series. That, the interpreta-

tion of the recurrence map is sometimes hard, its quantification is needed.
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In Table 4.1., the recurrence quantificators for obtained recurrence plot are

presented, they correspond to the description of the dynamical properties

of studied system. The continuation of the analysis will be conducted in

Chapter 7, referring to the entire experiement.

Figure 4.4. Exemplary acceleration short-time series.

Figure 4.5. Recurrence plot for analysed time-series.
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Table 4.1. Values of recurrence quantificators calculated for one short-
time series.

Recurrence
Quantificator

Value

DET 0.9120
L 5.725

Lmax 2983
ENTR 0.281
LAM 0.9484
TT 4.0845

Vmax 24
T (1) 20.1351
T (2) 70.9559

RPDE 0.6292
CLS 0.5726

TRANS 0.5521

4.5.2 Principal Components Analysis

Principal Component Analysis is the fundamental of multivariate data anal-

ysis based on graphical methods. The analyzed big data is compounded

into a smaller set of variables called indices, by which it is possible to ob-

serve final dependencies between features in form trends, jumps, clusters

or outliers [11,143]. PCA as the method allows analyzing datasets contain-

ing multicollinearity, missing data, imprecise measures, or categorical data.

As the final result, the summary indices ”Principal Components” are ob-

tained showing the information of studied datasets. By statistical meaning,

the PCS finds lines, planes in the n-dimensional space that adjust the data

as well as possible in a least-squares manner. Approximated main line or

plane of datasets makes the variance of the coordinates on the line or plane
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as large as possible [72]. The PCA method has been already applied for

studying the damages of rolling-element bearings [58, 103].

4.5.3 Grey Relational Analysis

The Grey Relational Analysis is another multivariate data method referring

to the systems which lack information, treated as ”Grey Systems” dealing

with poor, incomplete, or uncertain information [46]. The method is based

on the grey system theory that is used for studying complex interrelation-

ships between multiple performance features allowing to estimate the be-

havior of an uncertainty system or problem of stochastic data. Following

the idea of the method, there are 3 types of systems, i.e. black (no informa-

tion), white (all information), and grey (imperfect information) by which

the correct properties of systems are discovered under poorly-informed sit-

uations. Then, the Grey System seeks for only the intrinsic structure of the

system given such as limited data [65]. In the GRA, the following charac-

teristic steps can be distinguished [152].

• Definition of problem, response variables or quality characteristics,

• Data collection,

• Data normalization for smaller or bigger datasets for better quality

characteristics,

• Finding of grey relation coefficient for normalized data,

• Calculation of grey relation grade,

• Selection of optimum level based on grade value.

The GRA founded its application as in the diagnostics of bearing’s faults

[85] and analysis of friction torque [145].
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4.5.4 Independent Component Analysis

Another multivariate data analysis is the Independent Component Analysis

(ICA), by which the generative model is derived for a large dataset. In the

obtained mode, the studied features are presumed to be linear mixtures of

unknown latent variables with unknown mixing systems [23]. The hidden

features are assumed nongaussian and relatively independent, that is why

they are called independent components. ICA is particularly useful, when

standard methods such as PCA fail, and can be used for mixed data, e.g.

speech signals obtained with different microphones, acceleration signals of

the rotating system obtained from different sensors, interfering radio signals

received at a mobile phone [66]. The ICA has been applied to study the fault

detection in the rolling-element bearings [42].

4.6 Pattern recognition-based methods

The general division of pattern recognition-based methods is unsupervised

(when classification rule is unknown)and supervised (when the classifica-

tion rule is known beforehand) [53]. Regarding unsupervised methods, only

similarities and discrepancies between features are considered without pre-

defined information on them. On the other hand, in supervised methods, the

information on classes is predefined and the rule or characteristic used for

features grouping is known. In the following subsections, the main unsu-

pervised and supervised pattern recognition methods are presented.

4.6.1 Unsupervised pattern recognition

• Cluster Analysis - according to this method, the analyzed features are

classified into the same cluster based on the level of similarity be-

tween them. It is used for the development of the new classification of
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features and as well as for confirmation of already existing grouping.

The Cluster Analysis was applied to the analysis of bearing’s dynam-

ics and classification obtained features referring to the damages [80],

• Artificial Neural Networks - this method is particularly useful for

overcoming the difficulty encountered during the classification pro-

cess. The procedure of ANN starts with a data-training set based on

different samples with predefined properties (concentration level or

spectra) calculating the probability of the dataset to be assigned to the

specific class. The application of Neural Networks in the diagnostics

of rolling-element bearings, which results can be found in following

papers [27, 36, 74],

• Methods based on factor models - the aim of the factor models ap-

proach is to reduce the n-dimensional information on features into a

more representative dimension. The reduced dataset can be analyzed

in two following ways, multi-set - data tables are handled simultane-

ously in common and an irregular structure or meaning, multi-way -

2D data tables with several modes in common, and a cube or hyper-

cube structure are considered.

4.6.2 Supervised pattern recognition

• Parametric/Non-parametric - referring to the parametric approach, it

utilizes the mathematical models that have adjustable parameters to

conduct the features classification, while the non-parametric approach

is not using any model to carry on the classification,

• Discriminant/Class-modelling - the discriminant techniques place fea-

tures in one hyperspace class and there is no other placement of it in
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another one. Referring to class modelling, samples fitting are consid-

ered to be a part of the class, but those of them, which don’t fit are

rejected,

• Deterministic/Probabilistic - like in the name of techniques, the deter-

ministic way relies on the class assignments to each sample without

the statement of the reliability of the decision. While probabilistic

methods estimate mentioned classification reliability for class assign-

ments.
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CHAPTER 5
MATHEMATICAL MODEL OF A

SELF-ALIGNING BALL BEARING

In order to have the mathematical description and refer it to the planned ex-

periment, the 2-DOF mathematical model of double-row self-aligning ball

bearing (SABB) was derived. The model in the majority reflects the design

and operation of bearing design for SABB NTN 2309K studied in the ex-

periment. The simulation with the derived model allows adjusting the radial

internal clearance in a wide range as in the real bearing. To implement the

influence of RIC on the dynamical response of bearing, the Hertzian contact

theory was implemented.

5.1 Introduction

A mathematical model is the process of encoding and decoding reality, in

which a real phenomenon is presented in formal numerical description by

a casual structure [30, 140]. Derived mathematical model allow for the im-
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plementation of various operating conditions and various design (e.g. shape

errors) in rolling-element bearing providing satisfying results without the

need of conducting physical tests on the dedicated test rig. Then, the ob-

tained dynamical response in form of time-series can be processed as usual

experimental signal providing comparable results. Another advantage of

the mathematical model is the understanding of how specific nonlinear ef-

fects influence the bearing’s dynamics. Among the nonlinear factors, the

following can be distinguished, which will be applied in the mathematical

model:

• Variable stiffness in time, related to Hertzian contact theory [51, 90],

• Shape errors [73, 110],

• Radial internal clearance [157],

• Subjected external forces [137],

• Eccentricity [159],

• Thermal effects [49, 50].

Above mentioned nonlinear effects are the main sources of nonlineari-

ties in the operation of rolling-element bearing and that is why they will be

applied in the studied mathematical model. In the following subsections, its

meaning and mathematical formulation will be described.

5.2 Description of the 2-DOF Mathematical Model

of the Rolling Element Bearing

In Figure 5.1, the rolling-element bearing model is presented in form of

the nonlinear spring-damper oscillator with the rotating shaft and inner ring
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handled as one mass (rotor-bearing system) driven by a constant angular

velocity ωs and fixed outer ring. The proposed 2-DOF mathematical model

realizes the operation of the deep groove ball bearings (DGBB) in x-y plane.

In order to provide a realistic dynamic response of ball bearing, the follow-

ing assumptions and considerations have been taken into account:

• rolling-elements are aligned equidistantly around the shaft and there

is no relative interactions between them,

• the study is performed under isothermal conditions, the reduced cler-

ance due to thermal effect is studied in the experiment and can be

applied to the specific case in the model,

• the inner ring and shaft are treated as one mass and they are rotational

part,

• the external forces can be subjected to the model, however they are

small as in the experimental part,

• the interactions between rolling-elements and raceways are described

according to the Hertzian contact theory,

• damping due to lubrication is neglected, however the damping factor

is variable in radial clearance domain and rotational velocity,

• effect of shape-error is studied with relatively realistic parameters of

waviness of the bearing’s raceways,

• gyroscopic effect and rolling-element slipping are not studied rota-

tional velocities are much smaller than the limiting speed of the bear-

ing,
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• analysis of friction torque is neglected, that there are no fluctuations

in the rotational velocity during simulation.

In the model, as it was mentioned, rotational elements are distributed

equidistantly over circumference with the constant angle ψi, that the angular

position of i− th ball is calculated from the vertical axis according to the

following formula:

ψi = ψ0 +
∫ t

0
ωc(t)dt (5.1)

ψo =
2π(i−1)

n
(5.2)

where: ψ0 is the angular position of the first ball, i is the angular position

of the ball (i=0,1,...,n-1), n is the number of rolling elements, ωc is the

rotational velocity of the cage.

The value of the rotational velocity of the cage ωc is determined by the

internal geometry of the ball bearing and subjected velocity to the shaft.

It is worth notice, that the cage’s velocity is the same as the velocity of

rolling-elements held by cage assuming no slipping effect of them.

ωc =
ωs

2
(1− Dcos(α0)

dp
) (5.3)

where: D is the ball diameter, dp is the pitch diameter, α0 is the pressure

angle.

5.3 Hertzian Contact Theory and Radial Internal

Clearance

Hertzian contact theory refers to the interactions between rolling surfaces,

i.e. rolling elements and raceways in rolling-element bearings, that changes
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Figure 5.1. Mathematical model of the rolling-element bearing. The in-
ner ring with shaft are treated as one rotating mass of the
bearing (Rotor-Bearing System)

in contact have a relevant influence on the dynamics. The load distribution

on the raceways depends mostly on subjected external forces, but the in-

fluence of shape errors and rotor-bearing system’s eccentricity shouldn’t be

neglected. The acting loads form two kinds of contact, i.e. elliptical in the

loaded area and the point contact in the unloaded area. It is worth notice,

that defects are as well introduced in the mathematical model in form of

variable contact [34,100]. Referring to the variable contact between rolling

surfaces, also the effect of radial internal clearance must be considered. The

term referring to the clearance is applied in the equation calculating nonlin-

ear load deformations according to the Hertzian theory.

The elastic contact deformation δi is calculated for ith ball in its ac-

tual angular position ψi. The deformations are calculated according to the

following formula including the effect of radial clearance RIC and shape

errors:
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5 MATHEMATICAL MODEL OF A SELF-ALIGNING BALL BEARING

δi = δxssin(ψi)+δyscos(ψi)−RICcos(α0)− (Uinner)i− (Uouter)i (5.4)

where: δxs, δys are relative displacement between inner and outer ring in

the x - horizontal and y - vertical directions, RIC - value of radial internal

clearance, (Uinner)i,(Uouter)i - shape errors on inner and outer raceway re-

spectively. Effect of clearance and shape errors on the bearing’s dynamics

and its mathematical formulation will be discussed in the following sec-

tions.

After the determination of elastic deformation, the acting Hertzian con-

tact forces [79,158] can be calculated accroding to the following mathemat-

ical notation:

Kx = kb

n

∑
i=1

H(δi)δ
γ−1
i sin(ψi) (5.5)

Ky = kb

n

∑
i=1

H(δi)δ
γ−1
i cos(ψi) (5.6)

where: kb is the stiffness of ball, γ is the contact coefficient (for the

point contact in ball bearing γ=3/2, for the linear contact in ball bearing

γ=10/9) [81], H() is the Heaviside function referring to the instantaneous

contact.

The value of Heaviside function refers to the contact between rolling

surfaces and its mathematical notation is following:

0 for x < 0 - no contact

1 for x≥ 0 - in contact

The novelty introduced into the mathematical model of SABB is based

on the design of the bearing and separated cage. Into the calculation of
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5 MATHEMATICAL MODEL OF A SELF-ALIGNING BALL BEARING

deformations, the clearance in one row is smaller about 10% than in the

second row, due to the axial pre-load subjected to the bearing’s face. This

action slightly influences the dynamical output but reflects the real situation

in the assembly.

5.4 Shape Errors on Rolling Surfaces

As the effect of the manufacturing process and normal operation of rolling-

element bearings, the shape errors (waviness, roughness) appear on the

rolling surfaces in form of smaller and bigger undulations over the bear-

ing’s circumference. Rolling elements over rolling over the imperfect sur-

face lead to the appearance in the frequency spectra of additional frequency

peaks usually with small amplitude. The value of the peak’s amplitude

related to the shape error depends on the number of undulations and the

amplitude of imperfection [12]. In Figure 5.2, the graphical representa-

tion of the waviness profile studied in the mathematical model is presented

considering the undulations on the inner and outer ring. The waviness of

rolling elements is not studied, that they have neglectable shape errors due

to the more demanding manufacturing process and low amplitudes of im-

perfections. The shape errors have usually a small impact on the bearing’s

dynamics, but they should be considered as the real source of vibrations. In

the real operation of ball bearings, the amplitude of undulations is increas-

ing due to the tribological effect leading to the bearing damage. The term

referring shape errors is applied in the definition of Hertzian contact and

has the following mathematical notation:

(Uinner)i =Uinnersin(Ninnerψ0) (5.7)
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5 MATHEMATICAL MODEL OF A SELF-ALIGNING BALL BEARING

(Uouter)i =Uoutersin(Nouterψ0) (5.8)

where: Uinner/outer is the amplitude of inner/outer raceway surface wavi-

ness, Ninner/outer is the number of undulations on the inner/outer raceway

Figure 5.2. Shape error on rolling surfaces of inner and outer ring

5.5 Subjected External Forces

In the proposed mathematical model, the effect of subjected external forces

is considered. In ball bearings, the radial forces are acting on it, and its

critical value during operation is defined by the dynamic load capacity. Fol-

lowing the planned experiment, minor values of forces will be applied to

the bearing, that the radial load can disturb the reduced clearance after the

measurement. The term referring to external forces will be mentioned in

the section referring to the equations of motion.
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5 MATHEMATICAL MODEL OF A SELF-ALIGNING BALL BEARING

5.6 Eccentricity

Another factor referring to the nonlinearity is the eccentricity of the sys-

tem consisting of inner ring and shaft treated as one mass (Rotor-Bearing

System) [138, 155]. Shaft’s eccentricity is caused by two main factors, i.e.

improper manufacturing (irregular mass distribution) or improper coupling

with the motor, however, both factors have an impact on bearing’s dynam-

ics. In Figure 5.3, the effect of eccentricity on the rotor-bearing system is

visualized. The occurrence of centrifugal force Fg is caused by the shifted

center of gravity due to factors as eccentricity, gravitational acceleration,

and deformations.

Figure 5.3. The graphical representation of the eccentricity of the rotor-
bearing system. The gravitational acceleration and acting
loads affect the rotating system [157]
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5 MATHEMATICAL MODEL OF A SELF-ALIGNING BALL BEARING

5.7 Equations of Motion

Referring to described influences of nonlinear effects in the rolling-element

bearings, the dynamical solution can be formulated in the set of differen-

tial equations of motion. The extension of the formulas considers terms

of external forces, eccentricity of the rotor-bearing system, elastic Hertzian

contact deformations and damping. The equations of motion (Equations 5.9

and 5.10) for the derived mathematical model are following:

mδ̈xs + cxδ̇xs + kδxs = Fx + eω
2
s cos(ωst) (5.9)

mδ̈ys + cyδ̇ys + kδys = Fy + eω
2
s cos(ωst) (5.10)

where: Fx,y is the external force shubjected to the bearing in horizon-

tal/vertical direction, cx,y is the linearized bearing damping factor in the

horizontal/vertical direction.

In the chapter referring the simulations and experimental verifications,

the derived mathematical model will be studied following the cases realized

in the experiment.
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CHAPTER 6
EXPERIMENTAL SETUP AND

MEASUREMENTS

In the next chapter, the test rigs applied in the experiment are presented

in which two main branches can be distinguished, i.e. the measurement

of radial internal clearance after mounting and the dynamical test of self-

aligning ball bearings with measurement of acceleration, temperature, and

shaft’s endplay. Moreover, the detailed data of the tested bearing type and

the plan of the experiment are described. The whole experiment was con-

ducted in the laboratory of the Institute of Process and Product Innovation

at Leuphana University of Lüneburg.

6.1 Introduction

In order to check the influence of radial internal clearance on the dynamical

response, the experiment was conducted for a batch of 10 bearings of the

same type, i.e. self-aligning ball bearing NTN 2309SK with a conical bore
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

in which it is possible to control radial clearance in wide range with help

of the alignment of the adapter sleeve and the nut. This is the unquestion-

able advantage, that comparison of two different bearings with pre-defined

radial clearance is risky because of different quality of rolling surfaces and

repeatability of the assembly process. That the thermal effects affect the

reduction of the radial clearance, during the measurements also the temper-

ature is recorded by stable thermal conditions and defined rotational veloc-

ity. Then, the clearance reduction can be calculated by estimation of the

temperature difference on each bearing’s ring. Tests for each bearing with

defined radial clearance and rotational velocity are conducted in 10 min-

utes intervals after reaching its stable thermal conditions. For recording the

acceleration of ball bearings, the professional equipment utilized in the in-

dustrial practice of bearings’ diagnostics is applied characterizing with high

accuracy and noise reduction. Next, the experimental time-series are pre-

processed for further qualitative and quantitative analysis. In the following

sections, particular test rigs and measurement procedures of the unit will be

discussed finishing the chapter with the details of ball bearing studied in the

experiment and the plan of the experiment itself.

6.2 Measurement of Radial Internal Clearance

In order to define the value of radial internal clearance (RIC) in the self-

aligning ball bearing, the automated system for measuring the radial internal

clearance after mounting of rolling bearings was applied (Figure 6.1) [97,

98]. At the beginning of the discussion, it is worth to mention, that reduced

clearance after mounting on adapter sleeve was studied (Figure 6.2). The

adapter sleeve is applied for bearings with a conical bore and this feature

allows to reduce clearance with the locknut pressing on the inner ring.
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

Figure 6.1. Automated system with the automatic radial internal clear-
ance after mounting with measured ball bearing NTN
2309SK. 1 - dial gauge, 2 - seated bearing, 3 - shaft, 4 -
electromagnetic actuator and holder.

Figure 6.2. Exploded view of all components for mounting a rolling
bearing with conical inner ring on a shaft by means of an
adapter sleeve. Arranged from left to right are locknut, lock-
ing plate, section of shaft, rolling bearing, adapter sleeve.
[1]
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

Next, the reduced radial clearance due to bearing fit on the shaft is mea-

sured. The determination of actual radial clearance is conducted according

to the standard ISO 1132-2 referring to the guidelines for measurement of

dimensions, running accuracy, and internal clearance of rolling bearings. In

Figure 6.3, the flowchart for the radial clearance measurement is presented.

During the measurement, the outer ring is lifted up with a vertical force of

about 30N by activating the electromagnetic actuator at the bottom of the

supporting bearing. The final result is measured with a dial gauge at the top

of the bearing and can be written into the database. The measurement is re-

peated 3 times with a constant lifting force subjected by the actuator. Next,

the bearing is rotated about 120◦ and the procedure is repeated. Later on, in

two other 2 positions, there are 6 more measurements (3 by each angle). At

the and, mean value and standard deviation are calculated of resultant radial

internal clearance. After pressing with the locknut on the inner ring, the ra-

dial clearance is reduced, and then the new measurement can be conducted.

The system can be introduced into industrial practice as it meets the require-

ments for Measurement System Analysis (MSA) by giving repeatable and

reproducible clearance measurements. In the test rig, the software is written

in the C language and is managed with Arduino Due microcontroller.

6.3 Dynamical Test

After the determination of reduced radial internal clearance, then the bear-

ing is ready for mounting in the plummer block in the test rig. In Figure

6.4, the exploded view is presented of the bearing’s mounting, additionally,

in Figure 6.2, the locating rings are used on both sides of the bearing to

prevent its tilting. That the bearing is working in the clean laboratory envi-

ronment, in the place of seals, the rings were applied in which the cables for
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

Fix the bearing on the shaft

Start

Support the bottom of the outer ring
with a force generator e.g. 25N 

Record the reading of radial clearance
3 times at the same position 

Turn the outer ring about 120°
(3 times) 

For 3x3=9 testing data,
calculate the mean clearance 

End

Figure 6.3. Flowchart of radial internal clearance measurement accord-
ing to ISO 1132-2
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

temperature sensors and sensors itself are mounted. More about the temper-

ature measurements will be mentioned in the next section. The plummer is

modified and equipped with two accelerometers piezoelectric recording vi-

brations in the vertical direction and MEMS-based recording vibrations in

the horizontal direction. Details referring to the measurements of acceler-

ation will be provided in a separate section. In Figure 6.5, the whole ex-

perimental setup is presented, the mounted bearing is coupled with the DC

motor controlled with the inverter. The applied motor allows for the tests

up to 3000 rpm, which corresponds to half of the limiting speed for stud-

ied bearing. The test rig is reassembled by changing the radial clearance

in the bearing, referring to the measurements by different rotational veloc-

ities to reach the thermal stability, the interval time is 10 minutes the same

as for recording all features. The influence of variable load is neglected

as the experiment is focused on the impact of clearance on dynamical re-

sponse, there is only constant force subjected by a split-block housing and

the shaft’s eccentricity as the result of imperfect coupling. In order to avoid

undesirable couplings between bearing, only one bearing is studied without

classical bearing-node approach with fixed and locating bearing. For the ex-

periment, only brand-new bearings are used and it is assumed that there is

no influence of characteristic bearing defects on the measured acceleration.

In Table 6.1, the equipment for the experimental setup is specified.

6.4 Measurement of Temperature

One of the factors influencing the reduction of radial clearance during its

operation is the thermal effect caused by the frictional forces induced on

the rolling surfaces. That the bearing steel has linear properties for low

temperatures, it is possible to determine its expansion or compression with
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

Table 6.1. Equipment for the experimental setup

Component Type
Ball Bearing NTN 2309SK

Adapter Sleeve NTN H2309
Locating Ring NTN FR 100x4

Bearing Housings NTN SNC 511-609
3-Phase Motor Siemens 1LA5090-4AA60-Z

Frequency Converter Siemens SIMOVERT 6SE2103

Figure 6.4. Design of plummer block: 1 - split-block housing, 2 - bear-
ing, 3 - locating ring, 4 - locking plate, 5 - locknut, 6 -
adapter sleeve, 7 - seal [5]
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

Figure 6.5. Experimental setup: 1 - plummer block with mounted ball
bearing, 2 - vertical accelerometer, 3 - horizontal ac-
celerometer, 4 - 3-phase DC motor, 5 - inverter, 6 - coupling

coefficient describing its expansion. The final result of the temperature gra-

dient allows to estimate the real value of operating clearance, which in the

bearing is calculated with the following formula:

∆RIC(Temp) = α∆T dm (6.1)

where: α is the linear thermal expansion coefficient (for steel shaft and

cast iron housing, α = 12∗10−6 [◦C−1]).

In the test rig, two thermistors NTC 10kΩ 3434K, Murata (NXRT15

XH103FA1B040 type) were attached to the bearing’s rings. There was con-

tact between the outer ring and thermistor, while another thermistor was

placed in the closest possible distance to the rotating inner ring (Figure

6.6). For each radial clearance and velocity, the data of temperature was

recorded in form of output voltage time-series, which was estimated with

the Steinhart-Hart equation as the model of the resistance of a semicon-
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6 EXPERIMENTAL SETUP AND MEASUREMENTS

ductor at different temperatures. First, the resistance of the thermistor was

calculated with the following formula for the voltage divider:

R1 = R2(
Vin

Vout
−1) (6.2)

where: R2 is the additional resistance (10 kOhm), Vin is the input volt-

age (5V) and Vout is the output voltage (recorded temperature time-series in

voltage unit).

Next, after the estimation of thermisor’s resistance, the value of temper-

ature can be calculated with the Steinhart-Hart equation as following:

T =
1

(
1
T0

+
1
B
)ln(

R1

R0
)

(6.3)

where: B - is the B thermistor coefficient (3455K for temperature 25◦),

T0 is the referrence temperature (25◦).

The application of contactless sensors to the inner ring leads to certain

measurement errors, but based on obtain result the clearance reduction due

to thermal effects is approximate to the value specified by bearing manufac-

turers. The obtained clearance reduction in the experiment will be referred

to the specific case derived in the mathematical model. The maps of clear-

ance reduction by specific RIC and rotational velocity will be presented in

the next chapter.

6.5 Measurement of Shaft’s Endplay

One of the factors influencing the bearing’s operation and inducing addi-

tional frequencies to the system is the endplay of the shaft. For the mea-

67



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 68 — #76 i
i

i
i

i
i

6 EXPERIMENTAL SETUP AND MEASUREMENTS

Figure 6.6. Temperature sensors in the proximity of inner and outer ring

surement of the eccentricity, the eddy current sensor (modular eddyNCDT

Compact Eddy Current Sensor - DT 3300) (Figure 6.7) is applied to en-

sure high precision of measurements. The eddyNCDT 3300 controllers are

equipped with high-performance processors for signal processing and fur-

ther processing. Three-point linearization enables almost fully automatic

linearization, which provides high accuracies for any metallic target and

installation environment. The high resolution enables reliable detection

of very small changes in displacement and distance in the sub-micrometre

range. In Table 6.2, the most relevant features of Eddy Current sensor sys-

tem are listed:

6.6 Measurement of Acceleration and Data Ac-

quisition Software

As in the planned experiment, the diagnostics of bearing’s acceleration

played the most important role, the professional condition monitoring setup

68



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 69 — #77 i
i

i
i

i
i

6 EXPERIMENTAL SETUP AND MEASUREMENTS

Table 6.2. Data-sheet for eddy currence sensor

Feature Value/Description

13 measuring ranges [mm]
0.4; 0.5; 0.8; 1; 2; 3;

4; 6; 8; 15; 22; 40; 80
Resolution max. [µm] 0.02
Linearity max. [µm] 0.8

Sensor robustness IP67
Frequency response [kHz] 100

Figure 6.7. Eddy current sensor with Kaiser RA1 holder
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Table 6.3. Data-sheet for piezo-based accelerometer VSP001

Feature Value/Description
Vibration measuring range [g] -50...50

Range of frequencies [Hz] 2...10000
Measuring principle Piezoelectric effect

Precision [%] 5

Measuring sensitivity
mV
g

100

Shock resistance [g] 5000

was applied for its recording provided by IFM. The whole setup consisted

of the software and two accelerometers:

• software for vibration diagnostics VES004 - V2.16.02 - allowed to

connect accelerometers and temperature sensors. The options in the

program allow to conduct simple signal data processing as Fast Fourier

Transform (FFT) calculation, signal filtering, averaging, statistics of

recorded data or setting the alarm by exceeded critical value. The soft-

ware can be connected with any computer with Ethernet connection

and cloud-computing is also allowed.

• piezo-based vibration sensor VSP001 (vertical direction) - is the pro-

fessional vibration sensor of rotational systems applied in the indus-

trial applications characterizing with high resilience meeting the re-

quirements of tough industrial environments by large operating tem-

peratures and high protection class. Additionally, the sensor is distin-

guished with high repeatability and low linearity error. In Table 6.3,

the most important features for accelerometer are specified.
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Table 6.4. Data-sheet for MEMS-based accelerometer VSA001

Feature Value/Description
Vibration measuring range [g] -25...25

Range of frequencies [Hz] 1...6000
Measuring principle Capacitative

Precision [%] 0.2

Measuring sensitivity
µm
g

142

Shock resistance [g] 500

• MEMS-based vibration sensor VSA001 (horizontal direction) - simi-

larly to piezo-based accelerometer, VSA001 is the professional vibra-

tion sensor of rotational systems applied in the industrial applications

characterizing with high resilience meeting the requirements of tough

industrial environments by large operating temperatures and high pro-

tection class. Additionally, the sensor is distinguished with high re-

peatability and low linearity error. In Table 6.4, the most important

features for accelerometer are specified.

• Diagnostics electronics for vibration sensors VSE100 - in order to

organize the communication between the accelerometers and diag-

nostics software. In Table 6.5, the most important features for the

communication box are specified:

The time-series of acceleration were recorded with the sampling time

equal to 0.64ms, which corresponds to 1562.5Hz sampling frequency. The

data were saved in the CSV format and used in the further DSP analysis.
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Table 6.5. Data-sheet for diagnostics electronics for vibration sensors
VSE100

Feature Value/Description
Range of frequencies [Hz] 0...12000

Design Parameter setting via
PC software VES004

Precision [%] 0.2
Total number of

inputs and outputs 16 (configurable)
Communication interface Ethernet

Protocol TCP/IP
Data memory type ring memory, FIFO

Memory size 881664 data records

6.7 Data of Self-Aligning Ball Bearing

In Figure 6.8, the technical drawing of self-aligning ball bearing 2309SK

NTN applied for the tests is presented, while in Figure 6.9, the photo of the

real bearing with pre-defined clearance in C3 class is shown. In Table 6.6,

the most important geometric dimensions are listed, in Table 6.7. the char-

acteristic frequencies for SABB NTN 2309SK, in Table 6.8., the clearance

classes for studied bearing are specified.

6.8 Plan of the Experiment

After the measurement of the radial clearance, the bearing is mounted with

the biggest possible RIC in the test rig. Then, the dynamical test starts

with the slowest operational velocity, and after 10 minutes, when bearings

reach the thermal stability by specific clearance and velocity, the accelera-
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β

d
m

D

Figure 6.8. Drawing of SABB NTN 2309SK with relevant dimensions for
calculation of characteristic frequencies β - pressure angle,
D - ball diameter, dm - pitch diameter

Figure 6.9. Photo of one of tested bearings
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Table 6.6. Dimensions of bearing

Feature Value
Bore diameter [mm] 45
Outer diameter [mm] 100
Pitch diameter [mm] 71.810
Ball diameter [mm] 15.870
Pressure angle [◦] 15.52

Number of rolling elements 26 (13 per row)
Width [mm] 36

Dynamic load capacity [kN] 55
Static load capacity [kN] 16.7

Limiting speed [rpm] (oil) 7100
Limiting speed [rpm] (grease) 5600

Table 6.7. Characteristic frequencies

Characteristic frequency Value
FTF [Hz] 0.394

BPFO [Hz] 5.116
BPFI [Hz] 7.884
BSF [Hz] 2.160

Table 6.8. Clearance classes for tested bearing

Clearance Class C2 CN C3 C4
Clearance Range [µm] 14-27 22-39 33-52 45-65

74



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 75 — #83 i
i

i
i

i
i

6 EXPERIMENTAL SETUP AND MEASUREMENTS

Clearance measurement

Clearance reduction

Bearing mounting
with specific RIC  

Setting operational velocity
(10-50)Hz 

Reaching thermal stability
(10 minutes)

Recording of acceleration
and temperature signal (10 minutes)

Save of raw data

Figure 6.10. Flowchart of data acquisition by radial clearance reduc-
tion and measurements

tion is recorded. Later, the procedure is repeated with different clearance

and for different velocities (Figure 6.10). The experiment is performed for

10 bearings (Figure 6.11) to reproduce the comparison tests between them

and observe the repeatability. For each bearing, it was possible to get the

5-6 values of radial clearance that the values in specific bearing had small

deviation. Between the definition of radial clearance, it was necessary to

wait to cool down the bearing to the room temperature.

After the realization of the whole plan of the experiment, the data are

pre-processed in MATLAB software, however, the details on it will be dis-
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Figure 6.11. Photo of bearing batch for the experiment, one bearing is
mounted on the test rig

cussed in the next chapter. The applied experimental setup allows providing

the precise data acquisition for its further analysis.
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CHAPTER 7
SIMULATIONS AND EXPERIMENTAL

VERIFICATION OF THE MODEL

This chapter refers to the comparison of the dynamical response of self-

aligning ball bearing obtained with the 2-DOF mathematical model and in

the experiment. Firstly, the mathematical model discussed in Chapter 5

is studied with terms based on the design of bearing and obtained by the

conducted experiment. Its role is to examine the influence of the radial

internal clearance on the dynamic response and to find the optimal operating

conditions. Next, the experiment for 10 bearings is conducted according to

the plan and comparative analysis is performed with the recurrence-based

methods. The most sensitive recurrence quantificators to the influence of

radial internal clearance are selected and proposed for the diagnostics of

bearing’s dynamics.
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7.1 Model parameters

The mathematical model of a self-aligning ball bearing was derived to get

the information on the influence of radial internal clearance on the dynamic

response. One of the challenges is to obtain the realistic response of ball

bearing, that terms used in the studied model must be close to the reality

considering non-linear contact, shape errors or forces subjected to the bear-

ing, and other factors mentioned in Chapter 5. The applied features can be

divided into geometric parameters related to the design of tested bearing

and physical related to the material properties of the ball bearing.

The value of eccentricity by specific rotational velocity of the studied

system was measured with the eddy current sensor. Moreover, the value of

the damping coefficient is dependent on the value of radial clearance ac-

cording to the paper [151], and has more or less characteristics by obtaining

it in the experimental analysis. It is reported [4, 141], that the damping fac-

tor is changing with subjected load, amount of lubrication, and rotational

velocity. During the experiment, the subjected load is constant for all cases

and it is assumed that lubrication is equal for all bearings because of the

impossibility of its estimation for non-sealed bearings. The additional as-

sumption is the variability of the damping factor with the rotational velocity.

The distribution of damping factor in radial clearance and rotational veloc-

ity is presented in Figure 7.1.

7.2 Simulation and Bifurcation analysis

For the analysis of bearing’s dynamics, the MATLAB software 2020a was

applied in which the solver was ode45 (4th order Runge-Kutta) providing
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Table 7.1. Bearing properties for simulation study

Term Symbol Unit Value
Rotational velocity ωs Hz 10; 20; 30; 40; 50
Ball diameter D mm 15.875
Pitch diameter dm mm 71.810
Pressure angle α ◦ 15.520
Radial Clearance RIC mm 0.0005:0.0005:0.050
Load deflection factor K N/mm 1874580
Damping factor in
vertical direction

cy Ns/mm RIC and rotational
velocity dependent

Damping factor in
horizontal direction

cx Ns/mm RIC and rotational
velocity dependent

Mass of inner ring
and shaft

m kg 1

Amplitude of the
biggest undulation on
inner ring

Uinner mm 0.0004

Amplitude of the
biggest undulation on
outer ring

Uouter mm 0.00028

Number of undula-
tions on the perimeter
of inner ring

Ninner - 28

Number of undula-
tions on the perimeter
of outer ring

Nouter - 19

Number of rolling el-
ements

n - 26
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Figure 7.1. Damping factor functions variable in radial internal clear-
ance and rotational velocity domain.

Table 7.2. Bearing properties for simulation study (continuation of Ta-
ble 7.1)

Term Symbol Unit Value
Eccentricity ecc mm 0.00035 - 10Hz;

0.00080 - 20Hz;
0.00071 - 30Hz;
0.00059 - 40Hz;
0.00065 - 50Hz;

External vertical
force

Fy N 50

External horizontal
force

Fx N 0
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easy implementation and stability of calculations. Initial conditions and

step value are extremely vital to the numerical solution, and during the ini-

tial step, the displacements and velocities in both directions are set to zeroes.

An incorrect initial conditions mean a sudden change of dynamic response

or rotor speed at the beginning, which will cause severe vibration and is not

permitted in several case studies, that is why the stable conditions of ball

bearing are taken into account. The time step in the calculations is the ro-

tational velocity-dependent by each case, to refer to the real movement of

bearing. At each time step, the equations of motion are solved according to

the actual position of rolling elements.

The analysis of dynamics of a ball bearing was started with the classi-

cal qualitative tool for its investigation, i.e. bifurcation diagram. The bi-

furcation parameter was radial internal clearance investigated in the range

from 0 to 50 µm with 0.5 µm incrementing step. The derived mathematical

model has nonlinear characteristics, so the occurrence of bifurcation points

or characteristic areas is expected. That in the system, the force is applied in

the vertical direction, only mentioned response is taken for further analysis.

The external force is considered as the upper part of split-block housing and

the accelerometers attached to it. The bifurcation analysis is conducted for

all rotational velocities following the planned experiment.

In Figures 7.2-7.6, the bifurcation plots by different operational veloc-

ities are presented in which the bifurcation parameter is the radial internal

clearance and the acceleration response and its range is studied. At the first

glance, bifurcation plots for all velocities have the same response differing

slightly in amplitude. Referring to the observed qualitative changes in the

response of the self-aligning ball bearing, few characteristic response can

be observed. Up to 5 µm, the amplitude of acceleration response is in a re-

ally small range, which reflects strong damping in the bearing. For C2 and
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CN clearance classes up to 30 µm, the bearing characterizes with relatively

small amplitudes with slight discontinuity at 16 µm. The exact bifurcation

point is found at 30 µm, where at normal clearance, the optimal clearance is

found in the respect of the operation with a small range of amplitudes. This

point shows the qualitative difference between the response with relatively

small amplitudes and the response with the constantly increasing number

of solutions in the clearance domain for C3 and C4 clearance classes. The

found optimal clearance is worth further investigation and the experimental

verification for studied bearing. The additional observation is, that the ve-

locity has no strong impact on the variability of response, however, with its

increase, the number of solutions is getting lower. For found radial clear-

ance values of interest, the recurrence-based methods have been applied in

the following subsections.

In the beginning, to identify and observe the dynamical behaviour by

4 specific radial internal clearance values, i.e. RIC = 5µm,16µm,30µm

48µm, the orbit plots and corresponding δys-phase plots are presented (Fig-

ures 7.7-7.10). For the comparative analysis, the results are shown for the

one rotational velocity n=30Hz. Referring to the obtained orbit plots, the

value of elastic deformations in the vertical direction oscillates around the

value of defined operating radial clearance. In the horizontal direction, the

amplitude of elastic deformations is negligibly small, that only vertical di-

rections will be considered for further analysis, where a small load is ap-

plied coming from the upper part of split housing and attached accelerom-

eters. All cases characterize with closed trajectories, which reflects in the

periodic response with dominating main frequency. In the phase portraits,

the almost periodic response is observed too, the Poincare points are almost

in the same place, which reflects a non-changing period of the bearing’s

dynamics.
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Figure 7.2. Bifurcation diagram for the rotational velocity n=10[Hz].

The next step in the investigation of the dynamical response of bearing

is the calculation of the Fast Fourier Transform (FFT) (Figures 7.11-7.14).

Its results reflect the results of bifurcation analysis, the magnitude of the

elastic deformations response in the vertical direction has smaller values

by small clearance 5µm and normal clearance 30µm. The main harmonics

in the case of 16µm and 48µm has a bigger magnitude. Despite the oc-

currence of other frequencies (Figures 7.11-7.14 - right panel, time-series),

their magnitude don’t have a strong influence on the dynamics.

The application of the fundamental tools for the diagnostics of dynam-

ical systems shows the qualitative changes in the dynamical response of

bearing in the radial clearance domain, but more sensitive tools are required

to show the quantitative and qualitative changes in the system. In the next

part, the recurrence analysis will be performed to capture the sophisticated

changes by the variable clearance in the dynamic response both with the

mathematical model and in the experiment.

83



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 84 — #92 i
i

i
i

i
i

7 SIMULATIONS AND EXPERIMENTAL VERIFICATION OF THE MODEL

Figure 7.3. Bifurcation diagram for the rotational velocity n=20[Hz].

Figure 7.4. Bifurcation diagram for the rotational velocity n=30[Hz].
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Figure 7.5. Bifurcation diagram for the rotational velocity n=40[Hz].

Figure 7.6. Bifurcation diagram for the rotational velocity n=50[Hz].
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Figure 7.7. Orbit and phase plot by RIC=5.5[µm] n=30[Hz].

Figure 7.8. Orbit and phase plot by RIC=16[µm] n=30[Hz].

Figure 7.9. Orbit and phase plot by RIC=30[µm] n=30[Hz].
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Figure 7.10. Orbit and phase plot by RIC=48[µm] n=30[Hz].

Figure 7.11. FFT and displacement time-series by RIC=5.5[µm]
n=30[Hz].
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Figure 7.12. FFT and displacement time-series by RIC=16[µm]
n=30[Hz].

Figure 7.13. FFT and displacement time-series by RIC=30[µm]
n=30[Hz].
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Figure 7.14. FFT and displacement time-series by RIC=48[µm]
n=30[Hz].

7.3 Raw Data Analysis

After the analysis of the mathematical model and finding the areas of inter-

est regarding the influence of radial internal clearance on the dynamics of

ball bearing, the experiment was conducted for 10 bearings according to the

assumed plan of the experiment. The obtained acceleration time series were

pre-processed before the recurrence analysis. The temperature time-series

for different radial internal clearance and rotational velocities didn’t need

special treatment and for the stable state, its mean value was calculated. In

the following subsections, a short description of experimental signals anal-

ysis is described.

7.3.1 Acceleration Time-Series Analysis

After the measurement, the first step in the processing of acceleration time-

series was its normalization, which means its scaling to the identical level

[88, 120]. The reason is to compare the heterogeneous data obtained by

different clearance and velocity, additional advantage is the decrease in the
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Signal normalization

Raw signal

Signal filtering
(0-100)Hz

Pre-processed
acceleration signal

Figure 7.15. Flowchart of signal processing of acceleration signal

influence of errors coming during the system’s refitting, i.e. bearing as-

sembly and assembly of accelerometers. After the normalization, signal

mean µ=0 and standard deviation σ=1 allowing for comparison of differ-

ent time-series. Another applied signal treatment is its filtering in the band

(0-100)[Hz] ( low-pass Butterworth filter), the applied sampling frequency

allows to study the spectra up to 800[Hz]. However, the disadvantage of

recurrence analysis is its sensitivity to the number of frequencies of spectra,

so the decision was made to focus on the most relevant frequency band for

the spectral analysis of bearing. The current limit is equal to the second

super-harmonic for the highest applied operational velocity in the experi-

ment [86, 111, 156]. The pre-processed signal is mentioned way is applied

later to the phase-space reconstruction and analysis in short-time intervals.

In Figure 7.15, the flowchart of signal preprocessing is presented.
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7.3.2 Temperature Time-Series Analysis

According to the measurement methodology, the data of temperature of

each ring was recorded by specific radial internal clearance and five dif-

ferent rotational velocities. In Figure 7.16, the temperature time series are

presented, distinguishing the moment of acceleration measurement (green

transparent blocks) and time intervals for the temperature stabilization be-

tween cases. Results obtained (Figure 7.16) show the increasing trend of

the temperature with the rotational velocity.

In Tables 7.3-7.7, the results of the temperature difference and opera-

tional radial clearance reduction are listed. The first observed dependence

is that the lower the applied clearance, the mean temperature by correspond-

ing cases has a higher value, which is related to increased frictional forces

inside bearing caused by tighter assembly of bearing elements. The oppo-

site dependence is observed by the high value of clearance, then the average

mean temperatures have the lowest values what can be caused by relatively

high freedom of rolling-elements movement.

The noteworthy fact is, that the biggest temperature difference is ob-

served for the middle clearance. Both by the smallest and the biggest radial

clearance, the heat transfer between rotating and the non-rotating ring is

the finest, that there is no substantial temperature difference on each ring.

This results in a small clearance reduction comparing to the middle clear-

ance. The observed anomaly is convergent with the observance of bifurca-

tion point of radial internal clearance around 30µm, this fact will be further

investigated by the recurrence analysis.
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Figure 7.16. Registered temperature time series on inner ring (IR - red)
and (OR - blue) by different rotational velocity. Green
transparent squares denote the time interval (circa 10 min-
utes), when the bearing’s acceleration was measured.

Table 7.3. Operational radial internal clearance reduction by
n=10[Hz]

- 8 µm 16 µm 25 µm 32 µm 40 µm 48 µm

∆T [◦C] 1.147 1.407 2.024 2.104 1.332 1.070
∆RIC [µm] 0.989 1.212 1.744 1.813 1.148 0.922
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Table 7.4. Operational radial internal clearance reduction by
n=20[Hz]

- 8 µm 16 µm 25 µm 32 µm 40 µm 48 µm

∆T [◦C] 1.223 1.427 2.341 2.490 1.486 0.893
∆RIC [µm] 1.054 1.230 2.017 2.146 1.281 0.770

Table 7.5. Operational radial internal clearance reduction by
n=30[Hz]

- 8 µm 16 µm 25 µm 32 µm 40 µm 48 µm

∆T [◦C] 1.534 1.649 3.061 3.219 1.807 0.9893
∆RIC [µm] 1.322 1.421 2.638 2.773 1.557 0.852

Table 7.6. Operational radial internal clearance reduction by
n=40[Hz]

- 8 µm 16 µm 25 µm 32 µm 40 µm 48 µm

∆T [◦C] 1.744 1.982 3.455 3.633 2.090 1.132
∆RIC [µm] 1.503 1.708 2.977 3.131 1.801 0.975

Table 7.7. Operational radial internal clearance reduction by
n=50[Hz]

- 8 µm 16 µm 25 µm 32 µm 40 µm 48 µm

∆T [◦C] 1.852 2.040 3.843 4.016 2.188 1.478
∆RIC [µm] 1.596 1.758 3.312 3.461 1.885 1.273
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7.4 Recurrence Analysis

One of the nonlinear dynamics tools, which can be applied for the analysis

of ball bearing dynamic response is the recurrence analysis providing the

information on all the times when the phase space trajectory of the dynam-

ical system visits roughly the same area in the phase space [52, 69]. Then

the two points, which are in close distance to each other, are treated as the

recurrence points. The distance matrix R (Equation 7.1) is for the dynamic

state x created with ones (recurrence points) and zeros (no recurrence point)

at the times i and j.

Rε
i, j = H(ε−||xi||− ||x j||), i, j = 1, ...,N (7.1)

where: N is the number of considered states, H is the Heaviside func-

tion, ε is the threshold distance, ||xi− x j|| is the norm of the dynamic states

(for the analysis, the constant recurrence point density norm at recurrence

plot was applied RR=5%.

The recurrence analysis is very popular and widely applied among a va-

riety of sciences such as physiology [54, 68], geology [38, 125], finances

[71, 99]. The subject of study is also the diagnostics of the mechanical sys-

tems [18,123,136] and recurrences are an alternative method to the standard

frequency and time-based methods. In the following subsections, the fun-

damentals of the recurrence-based methods are presented, i.e., recurrence

plots (RP) and Recurrence Quantification Analysis (RQA).

7.4.1 Recurrence Plots Method

The forerunners of the graphical interpretation of the considered distance

matrix [R] are Eckmann et al. [40] and Zbilut et al. [154], who proposed

its analysis in the form of recurrence plots. The mathematical relationship
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(Equations 7.2, 7.3) describes the formation of the distance matrix with

recurrence points and empty spaces (lack of recurrence):

[Ri, j] = 1 : xi ≈ x ji, j, ...,N (7.2)

[Ri, j] = 0 : xi 6= x j (7.3)

where: xi ≈ x j are the points in the close distance appointed by the

threshold radius of ε creating a recurrence point.

Before the recurrence plots can be created, the three parameters must

be found beforehand, i.e., time delay—τ , embedding dimension—m, and

threshold—ε . According to Takens theorem [124], three mentioned param-

eters are demanded creating the missing coordinates, then the state of the

system after reconstruction can be represented in form of a time-delayed

vector [75]:

−→xi = [xi,xi−τ ,xi−2τ , ...,xi−(m−1)τ ] (7.4)

The first parameter to be found for the phase space reconstruction is

the time delay τ for which two methods are specified (a) autocorrelation

function and (b) mutual information. The first method is the autocorrelation

function [45] given by the following formula:

cτ =
snsn−τ

σ2 (7.5)

where, n is the time index of the dynamical process, τ is the time delay,

σ2 is the variance of the considered time series. Here the characteristic τ is

found to be a decay of cτ reaching 0 or the first minimum.
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Another approach for the definition of the time lag is the mutual infor-

mation function (MI) [44, 135]. The method is based on the quantification

between the original time series and delayed time series (shifted), the value

of time lag t for the phase space reconstruction is the first minimum. The

mathematical description of MI has the following form:

I(x(t),x(t + τ)) = ∑
i, j

pi, jlog(
pi, j(τ)

pi p j
) (7.6)

where: I(x(t),x(t + τ)) is the mutual information function between the

original signal and delayed time series, pi, p j are the probability that x(t) is

in bin i, j of the histogram constructed from the data points in x, pi, j(τ) is

the probability that x(t) is in bin i and x(t + τ) is in bin j.

The most popular method of determining the embedding dimension m

was proposed by Kennel et al. [76] based on the “False Nearest Neighbors”

function. The FNN function detects points in a close distance to each other

in the embedding space. The number of embedding dimension m is deter-

mined by zero of the FNN function, then all false neighbors disappear and

no further increase of the dimension is necessary [87].

The most demanding step in the phase-space reconstruction is the choice

of the threshold ε corresponding to the radius in the phase space. Marwan

in his work collected a rich source of knowledge on the criteria for its se-

lection, however, the applied method is mostly dependent on the analyzed

dynamical system. For our analysis, we assume for the calculation, the

method of fixed recurrence rate of 5%. Then the threshold value is adjusted

to the density of the recurrence points at RP for all considered cases. This

method has two following advantages:

• Considered dynamical states are dependent on only one feature at a

constant level.
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Table 7.8. The parameters for the reconstruction of recurrence plots
(RPs) by the constant value of recurrence rate, RR = 0.05

Time delay τ Embedding dimension m Threshold ε

5 5 based on the constant RR

• There is no need to normalize considered time series before the phase-

space reconstruction.

The first step in the analysis of each case, the short time series consisting

of 3000 data points was taken for analysis, as the dynamic response is based

on the mathematical model and the general character of the deformations is

repeatable after the staring procedure. Based on the value of mutual infor-

mation, the value of the time delay τ was equal to 5, while applying the false

nearest neighbours algorithm, the value of applied threshold was equal to

5 as well. Both found phase-space reconstruction parameters were applied

to all considered cases, i.e. 5 different rotational velocities and chosen ra-

dial internal clearance values. The threshold ε was automatically calculated

according to the constant value of the recurrence rate RR = 5%. In Table

7.8, the phase-space reconstruction parameters for the time-series obtained

from the mathematical model are collected.

Obtained RPs for the considered radial clearances and the rotational ve-

locity n=30[rpm] are presented in Figures 7.17-7.20. The general informa-

tion on the recurrence plot is that they consist of isolated points, vertical and

diagonal lines, and structures formed with them. Based on the acceleration

time-series (Figures 7.11-7.14) by specific clearance, it can be observed the

little influence of additional harmonics into the spectra, so the response is

mostly periodic formed with the diagonal lines. On the plots, also some iso-

lated points can be observed corresponding to the close states in the dynam-
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Figure 7.17. Recurrence plot by RIC=5.5[µm] n=30[Hz].

ics. However, the qualitative analysis provides only the general information

on the bearing’s dynamics, so the application of the quantitative analysis is

needed in form of the recurrence analysis. The differences between recur-

rence plots obtained from the mathematical model differ from each other in

a minor way.

7.4.2 Recurrence Quantification Analysis

As the recurrence plots (RPs) method provides only qualitative informa-

tion on the bearing’s dynamics, the quantitative method Recurrence Quan-

tification Analysis (RQA) is applied in form of recurrence quantificators

[131,153] calculation. All the measures are based on the obtained topology

of the recurrence plots providing a statistical description of the dynamical

response. For the analysis, the quantificators determined in the CRP Tool-

box [3] are employed and they can be divided by their topology (length and

character of diagonal or vertical lines). In the following subsections, the
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Figure 7.18. Recurrence plot by RIC=16[µm] n=30[Hz].

Figure 7.19. Recurrence plot by RIC=30[µm] n=30[Hz].
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Figure 7.20. Recurrence plot by RIC=48[µm] n=30[Hz].

analysis of specific recurrence quantificators will be conducted, the mean-

ing of quantificators was discussed in Chapter 4.

• Quantificators based on the Diagonal Lines - the quantificators based

on the calculation of diagonal structures are determinism DET , av-

eraged diagonal line lenght L, length of the longest diagonal Lmax

and entropy ENT R. Mentioned quantificators are calculated and pre-

sented in Figures 7.21-7.24. The determinism refers to the system’s

periodicity and predictability, and closer is to 1, the response is more

periodic corresponding to stable bearing’s operation. By all rotational

velocities and for small values of radial clearance, the determinism is

changing and fluctuating in the wide range what refers to the system’s

instability. Next, in the range RIC=5.5-16[µm], the value for deter-

minism is stabilizing in the range between 0.8-0.9. After the found

bifurcation point in 16[µm], the value of determinism is on the con-
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Figure 7.21. Results of Determinism for the series of radial internal
clearance.

stant and releively high level around 1. The quantificator is rather

non-sensitive to the change of the rotational velocity.

The next quantificator based on the diagonal line structures is average

length of the diagonal line L. Observing its response in wide range

(Figure 7.22), the quantificator is sensistive to the changes of the ra-

dial clearance. The same fluctuations are observed for small radial

clearance. Moreover, the minima by RIC=30[µm] is observed at the

second bifurcation point.

The third studied quantificator is the length of the longest diagonal

line Lmax, which strongly depends on the calculated phase-space re-

construction parameters. Unfortunately, the qunatificator is non-sensitive

to the change of radial internal clearance and the operational velocity.

The last of diagonal lines-based quantificators is the entropy ENT R,

which seems to be the most sensitive to the change of radial inter-

nal clearance. The calculated entropy refers to the degree of dis-
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Figure 7.22. Results of Averaged length of the diagonal line for the se-
ries of radial internal clearance.

Figure 7.23. Results of the Length of the Longest Diagonal for the series
of radial internal clearance.
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Figure 7.24. Results of Entropy for the series of radial internal clear-
ance.

order of the system, by which the minima is clearly observed after

the first bifurcation point and around the second bifurcation point at

RIC=30[µm]. Simultaneously, the strong fluctuations for small clear-

ance are observed. The last of quantificators seem to be the most

sensitive to the change of clearance, and is dependent to the rotational

velocity at the same time.

• Quantificators based on the Vertical Lines - the quantificators based

on the calculation of vertical structures are laminarity LAM, trapping

time T T , and length of the longest vertical Vmax. Mentioned quan-

tificators are calculated and presented in Figures 7.25-7.27. In the

case of the first qunatificator the laminarity, it refers to the meantime,

when the state of the system is trapped in some states. It also indi-

cates switching between different states of the system. The laminarity

is sensitive to the rotational velocity and the value of radial clearance

at the same time. The higher the rotational velocity, the value of lam-

inarity is closer to one, it reflects to the bearing’s dynamics, that the
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Figure 7.25. Results of Laminarity for the series of radial internal clear-
ance.

higher rotational velocity neglects the influence of various terms on

the dynamical response. By the RIC=30[µm], the minima is observed

for 2 different rotational velocities and for 4 different rotational veloc-

ities, fluctuations by small clearance are observed.

Trapping time refers to the average length of the vertical lines by the

measurement time scale of small changes in the response. Its shape

is similar like in case of of laminarity, for few cases the minima is

observed at the bifurcation point and for range of small clearance,

the trapping time has the smallest value, what can be related with the

influence of the frictional forces.

The last of vertical-based structures quantificators is length of the

longest vertical line Vmax. For all cases, the formed vertical lines are

relatively short, what refers to the situation, when the bearing states

in the same state for some time. It would not be expected, that ver-

tical lines will be long, that they have been hardly observed at the

recurrence plots. The quantificator is sensitive to the change of the

104



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 105 — #113 i
i

i
i

i
i

7 SIMULATIONS AND EXPERIMENTAL VERIFICATION OF THE MODEL

Figure 7.26. Results of Trapping Time for the series of radial internal
clearance.

rotational velocity, and if it goes about the reference to the radial

clearance, for small clarance it has the highest value and it is fluctu-

ating. After going through the first bifurcation point at RIC=16[µm]

it reaches its constant minima up to RIC=40[µm] starting again to

increase.

• Quantificators based on the Recurrence Time - the quantificators based

on the calculation of the recurrence time are recurrence time of the 1st

type T 1, and recurrence time of the 2nd type T 2. Mentioned quan-

tificators are calculated and presented in Figures 7.28-7.29. Recur-

rence time is mostly used for stochastic signals with numerous tran-

sient states, so those measures are not practical for considering the

mathematical model, however they will be considered.

The recurrence time of the 1st type refers to the detection of weak

transitions in signal dynamics, this quantificator is more robust to the

noise level and less sensitive to the parameter change of the algo-
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Figure 7.27. Results of Length of the Longest Vertical Line for the series
of radial internal clearance.

rithm. Mentioned transitions and its increased value are observed for

the range of small clerance up to 12[µm], later on the quantificator has

its minima in wide range. The quantificator is sensitive to the change

of rotational velocity and radial clearance at the same time.

The next quantificator, the recurrence time of the 2nd type detects tran-

sient states in the signal with very low energy. Similarly to previous

quantificators, its fluctuations are observed for small clearances reach-

ing the first and the second minima at bifurcation points at 16[µm]

and 30[µm]. Discussed quantificator is prone to the change of the

operating rotational velocity of the bearing.

• Quantificators based on the Probability - the quantificators based on

the calculation of probability are recurrence period density entropy

RPDE, clustering C and transitivity T RANS. Mentioned quantifi-

cators are calculated and presented in Figures 7.30-7.32. The first

quantificator refers to the calculation of Shannon entropy, but it dif-
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Figure 7.28. Results of Length of the Recurrence Time of the 1st type for
the series of radial internal clearance.

Figure 7.29. Results of Length of the Recurrence Time of the 2nd type for
the series of radial internal clearance.
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Figure 7.30. Results of Recurrence Period Density Entropy for the series
of radial internal clearance.

fers from the calculated entropy, the quantificator is less sensitive to

the change of clearance, but is shows the differences between rota-

tional velocities. Its order is similar to the most previously calculated

quantificators, it detects changes for small clearances and provides the

information on qualitative change at bifurcation points.

The last quantificators are clustering, which refers to the probability

that two recurrences of any state are also neighbors and transitivity,

which allow to differentiate the periodic or chaotic dynamics of the

system. The shape of both mentioned quantificators is similar it de-

tects qualitative changes for small clearance and identifies the minima

around the bifurcation points. They are sensitive to the change of the

rotational velocity.

To sum up the conducted recurrence analysis, it helped to quantify the

dynamic response of ball bearing obtained with the bifurcation analysis.

Most of the recurrence quantificators are sensitive to the change of radial
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Figure 7.31. Results of Clustering Coefficient for the series of radial in-
ternal clearance.

Figure 7.32. Results of Transitivity for the series of radial internal clear-
ance.
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clearance and allow to differentiate the cases by various rotational veloci-

ties. The characteristic areas can be observed at most of quantificators, i.e.

the quantificator’s fluctuations are observed from the clearance range from 0

to 12[µm] and identyfing the first found bifurcation point at RIC=5.5[µm]

with vertical-based, recurrence time and probability-based quantificators.

In the clearance range up to the second bifurcation point at RIC=30[µm],

the response of almost all quantificators is constant with small fluctuations.

At the point of second bifurcation point, the response starts to have its min-

ima more or less remarked by some quantificators. The bearing’s operation

in the range of big clearance is rather smooth without any specific quali-

tative changes. The application of the recurrence-based methods is not the

perfect tool for studying the dynamical response obtained with the mathe-

matical model, but it allowed for the initial analysis of ball bearing’s dynam-

ics. In the next step, gained knowledge will be verified with the stochastic

data obtained with the experiment, the optimal clearance will be looked for

by observation of the minima around RIC=30[µm].

7.4.3 Experimental Verification

The aim of the experiment is to verify the dynamic response of ball bear-

ing obtained with the mathematical model. The test was conducted for 10

different bearings of the same type with different radial internal clearance,

which was adjusted according to the experimental procedure described in

Chapter 6. In Figures 7.33-7.35 the exemplary normalized time series of

acceleration signals are presented. At a first glance, there is no visible dif-

ference between cases with various radial clearance values except amplitude

and peaks distribution. The ball bearing’s operation in the experiment has

not constant and strictly periodic response, that is why the detailed inves-

tigation in short signal windows with the recurrence analysis is justified.
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Figure 7.33. Normalized acceleration times series for RIC=8[µm] in
Bearing 1 and the operational velocity n=600[rpm].

The time series in Figures 7.33-7.35 is only the short intervals of long time-

series, the presented fragments consisting of 12000 data points are divided

into smaller parts of 3000 data points (in time domain corresponding to the

time t=1.92s) for which the phase space reconstruction is conducted.

In Figures 7.36-7.38, the obtained recurrence plots (RPs) are presented

for earlier mentioned cases for Bearing 1, which at first glance look homo-

geneous. The interpretation of RP matrices is very demanding and requires

a lot of experience, the mutual parts of results are isolated points corre-

sponding to the close states, diagonal lines denoting close states for some

time, and vertical lines referring to the trapping of the bearing in one state

for a specific time. Regarding the phase-space reconstruction of matrices

for all studied bearings the found embedding dimension m=3, while the

time delay was the minimum for each case and was differing in the range

τ=7-10. The threshold ε is based on constant recurrence rate RR.
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Figure 7.34. Normalized acceleration times series for RIC=25[µm] in
Bearing 1 and the operational velocity n=600[rpm].

Figure 7.35. Normalized acceleration times series for RIC=48[µm] in
Bearing 1 and the operational velocity n=600[rpm].
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Table 7.9. The parameters for the reconstruction of recurrence plots
(RPs) for experimental data by the constant value of recur-
rence rate, RR = 0.05

Time delay τ Embedding dimension m Threshold ε

7-10 3 based on the constant RR

Figure 7.36. Recurrence plot for RIC=8[µm] in Bearing 1 and the op-
erational velocity n=600[rpm].
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Figure 7.37. Recurrence plot for RIC=25[µm] in Bearing 1 and the op-
erational velocity n=600[rpm].

Figure 7.38. Recurrence plot for RIC=48[µm] in Bearing 1 and the op-
erational velocity n=600[rpm].
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Despite filtering of experimental signals it is hard to distinguish the pure

dominating frequency in the spectra, so the information on frequencies is

buried in the spectra. In the maps, the period of the signal cannot be found,

which could be observed with equidistant diagonal lines. In this case to rec-

ognize minor changes in the dynamics of ball bearing with variable radial

clearance, the recurrence quantification analysis is applied. Following the

observations foudn with the mathematical model, it is worth evaluating the

sensitivity of all calculated recurrence quantificators to the change of radial

clearance in the batch of 10 self-aligning ball bearings and choose the best

one, by which it is possible to estimate the bearing’s optimal working condi-

tion referring to the clearance value. Referring to the output from the math-

ematical model, the minima was observed around the second bifurcation

point at RIC=30[µm], and this minima with recurrence quantificators will

be looked for with some tolerance caused by the thermal effects, the calcu-

lated clearance reduction for RIC=25[µm] and RIC=32[µm] was changing

from around 2[µm] to 3.5[µm] depending on the operational velocity. To

consider mentioned clearance range, the quadratic function fitting to the

obtained mean values of qunatificators is applied (Figures 7.39-7.43) com-

paring fitting to the entire range of clearance (all 6 values) and by neglecting

the smallest and the biggest (4 middle clearance values). The red line refers

to the fitting to 4 middle clearance values, while the blue one corresponds to

the entire range of considered clearance values. The motivation of showing

two fittings is the fact that for considered extreme clearances, there is strong

influence by external physical factors taking the role over pure rolling. For

small values of clearance, there is the strong influence of frictional forces,

while by big value the freedom of alignment of bearing’s assembly allows

to free and uncontrolled movement of rolling elements. We point out the

sensitivity of quantificator if the found minima lie on the range for normal
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Figure 7.39. Average length of the diagonal line from the experimental
data for Bearing 1 and the rotational velocity n=10[Hz].

clearance, the calculations are performed for all 10 bearings and 5 different

operational velocities considered in the experiment.

The results of sensitivity analysis are collected in Table 6.9 and they

are presented in the percentage domain. Exemplary the sensitivity at the

100% level corresponds to the situation when in case of 10 bearings and

by the same operational velocity, observed minima for specific quantifica-

tor was in the range of normal clearance. Referring to the sensitivity of

recurrence quantificators, the average accuracy is equal to 73.33% while

referring to the operational velocity is at a similar level of 73.50%. This

observation allows for the identification of optimal working conditions by

normal clearance. Especially, three quantificators characterize with high

accuracy, namely entropy ENT R, trapping time T T , and recurrence period

density entropy RPDE. Other quantificators with an efficiency higher than

average can be as well the powerful tool in the identification of optimal
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Figure 7.40. Entropy from the experimental data for Bearing 1 and the
rotational velocity n=10[Hz].

Figure 7.41. Laminarity from the experimental data for Bearing 1 and
the rotational velocity n=10[Hz].
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Figure 7.42. Trapping Time from the experimental data for Bearing 1
and the rotational velocity n=10[Hz].

Figure 7.43. Recurrence Period Density Entropy from the experimental
data for Bearing 1 and the rotational velocity n=10[Hz].
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Table 7.10. Sensitivity of recurrence quantificators to the optimal work-
ing conditions due to the radial internal clearance.

RQA 10Hz 20Hz 30Hz 40Hz 50Hz Sensitivity
percentage

DET 80% 50% 20% 60% 80% 58%
L 70% 70% 30% 70% 90% 66%

Lmax 80% 60% 70% 80% 80% 74%
ENTR 90% 70% 60% 70% 100% 78%
LAM 90% 60% 60% 90% 80% 76%
TT 80% 80% 60% 90% 100% 82%

Vmax 70% 70% 70% 90% 90% 78%
T (1) 80% 70% 90% 80% 60% 76%
T (2) 60% 60% 60% 80% 90% 70%

RPDE 80% 70% 80% 100% 100% 86%
CLS 90% 50% 60% 90% 50% 68%

TRANS 90% 50% 60% 90% 50% 68%

clearance, but we focus our research on the three the best one and discuss

their reference to the bearing’s dynamics.

Entropy refers to the complexity of the signal, i.e. number of additional

frequencies in the spectra, level of periodicity, or level of white noise in the

signal. Despite relatively small differences in the mean value of entropy

between various radial clearances (Figure 7.40), the minima are visible at

RIC=30[µm]. The small value of entropy can denote the smallest influence

of external factors such as increased friction caused by the tight alignment

of rolling surfaces as well as the coupling with the test rig, i.e. external

vibrations. A relatively high level of entropy by almost all velocities allows

applying this quantificator for the estimation of seamless bearing operation

undisturbed by external factors.
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The best accuracy of quantificators based on the vertical lines has trap-

ping time, which refers to the specific time when the system is trapped in.

Similar to the entropy, the trapping time has its minima in the range of nor-

mal clearance what can signalize the optimal bearing’s operation. A high

level of TT on extreme clearance values can refer to the influence of in-

creased frictional forces (C2 clearance) and increased vibrations caused by

the loose alignment of rolling elements (C3 clearance and bigger). Refer-

ring to the normal clearance, the rotating elements are in the finest position

and have freedom of rotation with relatively low amplitudes of vibrations,

the stick and slip [146] or balls trapping [32] phenomena are then not ob-

served.

The last of discussed quantificators is recurrence period density entropy

(RPDE), which similarly to Shannon entropy refers to the complexity of

the response. The measure estimates the average uncertainty of the signal,

if its level is smaller, then the level of periodicity of the signal is higher.

The quantificator with the highest accuracy identifies the minima at normal

clearance by almost all considered operational velocities. Like in the case

of previously discussed quantificators, the minima are mostly found for a

range of 27-32[µm], that bearing is not affected by other external factors.

The clearance from this normal clearance range can be perceived as an op-

timal one.

Based on the presented accuracy level of recurrence quantificators, it

can be stated that some of them are able to quantify and identify the ball

bearing’s dynamics due to the variable radial internal clearance. Referring

to Figures 7.39-7.43, the error range for quantificators is the smallest for

denoting the range of normal clearance. This fact suggests additionally

well the seamless bearing’s operation.
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7.5 Summary

To sum up the conducted simulations with the mathematical model and its

experimental verification, it can be stated that with help of the recurrence

analysis it is possible to refer it to the ball bearing’s dynamics with the

different radial internal clearance. The application especially of the recur-

rence quantification analysis showed its sensitivity to the minor changes in

the bearing’s dynamics due to the radial clearance. Results obtained with

the mathematical model showed bifurcation points corresponding to the op-

timal bearing operation by specific clearance. Owing to the conducted ex-

periment for the same type of 10 bearings, considered in the mathematical

model, a similar dynamic behaviour was searched for. The aim of per-

formed sensitivity analysis was to make to comparative analysis between

the mathematical model and the experiment and to find by how many bear-

ings, the optimal clearance will be observed. The result of this investigation

was a selection of 3 the most sensitive quantificators to the change of ra-

dial clearance, i.e. Entropy ENT R, Trapping Time T T , and Recurrence

Period Density Entropy RPDE. Mentioned quantificators identified the op-

timal clearance with around 80% accuracy. The proposed method is very

sensitive to the change of the dynamics of the considered system, and it suc-

ceeded in the case of analysis of the dynamical response of ball bearings.
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CHAPTER 8
CONCLUSIONS AND OUTLOOK OF

FURTHER RESEARCH

In the last chapter, the main achievements and contributions to knowledge

about the dynamics of rolling-element bearings are presented. In the begin-

ning, the proof of the thesis is discussed and next, the major achievements

of the thesis are described dividing them into outcomes obtained with the

derived nonlinear mathematical model and novelties introduced to the ex-

perimental analysis. The chapter is finished with goals for future work and

the development of the methodology presented in the dissertation.

8.1 Proof of the thesis

The research thesis of the dissertation was following: ”The diagnostics of

the dynamical response of rolling-element bearing due to the radial internal

clearance is possible to describe in a quantitative way with help of recur-

rence quantificators”. The study of the nonlinear mathematical model for
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double-row self-aligning ball bearing showed the variable character of its

dynamical response caused by different values of radial internal clearance.

This observation motivated me to conduct the experimental verification with

a batch of 10 bearings. For prooving the research thesis, the recurrence

analysis method was applied, which is the novelty in the diagnostics of me-

chanical systems. Owing to the calculation of recurrence quanitificators, it

was possible to find its distribution due to different radial internal clearance.

8.2 Conclusions regarding the scientific objective

of the thesis

This work is an approach to use recurrence-based methods on the dynam-

ical response of the self-aligning ball bearing with different radial internal

clearance. The bifurcation analysis of the mathematical model of the bear-

ing showed the qualitative influence of the radial internal clearance on the

dynamics of rolling-element bearing, which motivated me to conduct the

experiment with real bearings. The proposed methodology with the ap-

plication of the recurrence quantification analysis (RQA) led to observing

the specific dynamical response of the bearing with different clearance re-

ferring to its variable dynamics. The application of the recurrence plots

coupled with the image processing could be used in the online-radial clear-

ance monitoring in the bearing, while the recurrence quantificators describe

the bearings’ dynamics in a quantitative way. The developed method with

special measuring equipment and fast-data computing could be used in in-

dustrial practice.
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8.3 Novelties and contribution to knowledge

The main aspects of novelty that have been demonstrated during the re-

search project and within this report are summarised in this section. They

are focused on the phenomena being researched, applied methodology and

results obtained from the mathematical model and in the experiment:

8.3.1 Nonlinear mathematical model

• In the derived 2-DOF mathematical model of the double-row self-

aligning ball bearing, the damping coefficient is changing in a linear

way in the radial internal clearance domain. It was proved experi-

mentally, that the damping coefficient is dependent on the clearance

value. The introduced function allows getting rid of the unknown

fluctuations in the recurrence quantification analysis [19]. Moreover,

the damping coefficient function was changing for the specific opera-

tional velocity. The applied assumptions make the derived mathemat-

ical model more realistic.

• Another improvement of the mathematical model is the implementa-

tion of slightly variable clearance due to the design of the bearing. A

separated cage holding each row of balls can affect the small changes

in operational radial internal clearance. Another effect of minor vari-

abilities of the clearance is the axial pre-load subjected with the axial

nut from one side of the bearing.

• In the derived mathematical model of self-aligning ball bearing efforts

was made to refer to the realistic response of the bearing. As one of

the assumptions was the introduction of shape errors on rolling sur-

faces. Other aspects were the possibility to subject the external force
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or the eccentricity of the shaft on which the bearing was mounted. The

model was referred to as the real design of self-aligning ball bearing

NTN 2309SK, and their real dimensions were considered for simula-

tion.

8.3.2 Experimental verification

• Definitely, the precise measurement of reduced radial internal clear-

ance after mounting is the innovative approach in the study. In the

next step during the dynamical test, the temperature measurement on

each ring allows estimating its reduction caused by the thermal effects

due to the frictional forces. The measurement of the inner ring’s tem-

perature is subjected to an error, that it is placed in the close distance

to rotating ring, however, in future studies, the application of rota-

tional connector seated on the shaft and sticked to the bearing’s face

is planned.

• Unquestionable advantage of the experiment is the possibility to con-

trol the value of radial internal clearance in a wide range in one bear-

ing, i.e. its manual reduction is possible with applied axial pre-load

subjected to the locknut. This operation allows avoiding the influence

of variable factors such as different shape errors, amount of lubri-

cation, or assembly quality in two different bearings. Usually, the

research on the influence of radial internal clearance was conducted

with two different bearings with pre-defined clearance during the as-

sembly process, however, the manufacturing quality of their rolling

surfaces could be completely different, which could mix with the spe-

cific influence of the clearance on the bearing’s dynamics.
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• The study on the dynamics was conducted on 10 bearings, in order

to cross-check the experiment for randomly chosen bearings. Such

choice of bearings for the experiment increases the resiliency of the

test due to consideration of the different quality of rolling surfaces

of studied bearings. Moreover, during the dynamical test, the shaft’s

eccentricity was measured with the eddy current sensor for different

rotational velocities. This fact is usually omitted, however, it influ-

ences the bearing’s dynamics as the external vibration source coming

from the test rig.

8.3.3 Methodology

• The calculation of the recurrence quantificators for the experimental

time-series was based on the big random sample from which the av-

erage value was calculated. This action allowed for observation of

the quantificators distribution and eliminate the influence of transient

states in the bearing for further consideration.

• Based on the observation of the optimal clearance in the mathematical

model response, the same conditions were observed for many cases

in the experiment for different bearings. The optimal clearance was

found around 30 µm, which refers to the normal clearance class. By

mentioned value of radial clearance, the vibrations with the smallest

amplitude were observed both in the mathematical model and in the

experimental verification.

• The sensitivity analysis was conducted to find the most sensitive re-

currence quantificators, by which the qualitative and quantitative changes

were observed by the optimal clearance. Three of the best quantifica-

tors were found, i.e. entropy ENT R, trapping time T T , and recurrence
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period density entropy RPDE. The overall sensitivity of mentioned

quantificators was over 80%, while for all considered quantificators,

the sensitivity was over 70%. It proves, that the recurrence quantifi-

cators can be quite good indicators of the bearing’s dynamics due to

different radial internal clearance.

8.4 Conclusions on the further application of the

proposed methodology

• One of the factors influencing the changes of the radial internal clear-

ance is subjected external load to the bearing. During the initial tests,

the case without subjected load was considered, however in the fu-

ture, the tests with external load are planned. Definitely, this action

will change the dynamic response and the thermal changes in studied

bearing.

• In the double-row self-aligning ball bearing (SABB) with conical bore

was studied in the experiment and in the mathematical model. Ana-

lyzed bearing is specific, that it was possible to control in it the value

of the radial clearance in a wide range, however in the future experi-

ment standard single row ball bearings and are going to be studied.

• As the outcome of the study was the sensitivity of chosen recurrence

quantificators for identification of radial internal clearance in the bear-

ing. Definitely, a big advantage would be the application of the Arti-

ficial Intelligence (AI) methods for automatic classification of opera-

tional clearance with the quantificators. Based on the already obtained

quantificators, the AI methods will be considered for future studies on

the dynamics of the bearing with different radial clearance.
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• Owing to the conducted experiment, the recurrence analysis proved its

accuracy in the identification of the radial clearance. The results ob-

tained will be compared in the future with diagnostics features applied

to the rotational systems.

• The derived mathematical model can still be developed to reflect a

more realistic operation of the bearing introducing the stochasticity

to the system. One of the solutions can be the application of Monte

Carlo simulation to chosen bearing’s parameters, such as clearance in

some range or shape errors propagating with the bearing’s operation.

Bearing’s dynamics in the reality is unpredictable, which is why the

consideration of the stochasticity in the model is justified.

8.5 Published research

The parts of the research presented in the thesis are contained in the series

of own published papers regarding the diagnostics of the rotational systems.

The research on the diagnostics on the damage of the planetary gearbox

and radial internal clearance with recurrences was initiated with paper [20].

In the next conference, paper [96], the results obtained with the recurrence

analysis were compared with kurtosis and neural networks. The initial anal-

ysis with the recurrence quantification analysis and experimental data was

described in the following paper [17]. The next research was considering

the derivation of the mathematical model for the ball bearing and applica-

tion of recurrence-based methods for the analysis of the dynamics [16, 19].

Based on the results obtained, the research will be continued and its results

will be presented in future joint papers.
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[17] AMBROŻKIEWICZ, B., SYTA, A., MEIER, N., LITAK, G., AND
GEORGIADIS, A. Radial internal clearance analysis in ball bearings.
Eksploatacja i Niezawodnosc 23, 1 (2021), 42–54.

[18] AMBROZKIEWICZ, B., GUO, Y., LITAK, G., AND WOLSZCZAK,
P. Dynamical response of a planetary gear system with faults using
recurrence statistics. vol. 228, pp. 177–185.

132

https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.skf.com/group/products/rolling-bearings/principles-of-rolling-bearing-selection/bearing-selection-process/bearing-execution/selecting-internal-clearance-or-preload
https://www.oxfordreference.com/view/10.1093/oi/authority.20110803121608170
https://www.oxfordreference.com/view/10.1093/oi/authority.20110803121608170


i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 133 — #141 i
i

i
i

i
i

BIBLIOGRAPHY

[19] AMBROZKIEWICZ, B., LITAK, G., GEORGIADIS, A., SYTA, A.,
MEIER, N., AND GASSNER, A. Effect of radial clearance on ball
bearing’s dynamics using a 2-dof model. International Journal of
Simulation Modelling 20, 3 (2021), 513–524.
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diagnosis of rolling bearings using mra and neural networks. Me-
chanical Systems and Signal Processing 24, 1 (2010), 289–299.

[28] CHANGQING, B., AND QINGYU, X. Dynamic model of ball bear-
ings with internal clearance and waviness. Journal of Sound and
Vibration 294, 1 (2006), 23–48.

133



i
i

“”PL˙template (v1)”” — 2022/5/1 — 21:36 — page 134 — #142 i
i

i
i

i
i

BIBLIOGRAPHY
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